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Abstract

We study the closed range problem for generalized Volterra-type integral operators on
Fock spaces. We first answer the problem using the notions of sampling sets, reverse
Fock—Carleson measures, Berezin type integral transforms, and essential boundedness
from below of some functions of the symbols of the operators. The answer is further
analyzed to show that the operators have closed ranges only when the derivative of
the composition symbol belongs to the unit circle. It turns out that there exists no
nontrivial closed range integral operator acting between two different Fock spaces.
The main results equivalently describe when the operators are bounded below. Explicit
expressions for the range of the operators are also provided, namely that the closed
ranges contain only elements of the space which vanish at the origin. We further
describe conditions under which the operators admit order bounded structures.
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1 Introduction and Preliminary Results

We denote by C the complex plane and H(C) the set of entire functions on C. For
1 < p < oo, consider the Fock spaces F, consisting of all f in H(C) for which

”f”p = (27‘[ f(C |f(Z)|p€_7|Z| dA(Z)) <00, p<o0

sup,cc | f(@)le 2 < 00, p =00

where A denotes the Lebesgue area measure on C.
For f and g in H(C), we define the Volterra-type integral operator V, and its
companion J, by

Ve f(2) ::/0 fw)g'(wydw and J,f = Vyg. (1.1

The two operators are related to the pointwise multiplication operator, My f = gf,
by f(0)g(0) + V, f + Jof = Mg f. The boundedness and compactness properties
of the operators on Fock spaces were characterized in [5, 12, 14]. It was shown that
V, is bounded on F, if and only if g is a polynomial of at most degree two while
compactness is characterized by degree of g being at most one. Similarly, J, or My is
bounded if and only if g is a constant function, and compact only when g identically
vanishes. Inspired by all these, the question whether generalizing the operators to
V(g,l//) and J(g,l/,), where

Z Z
Vg f(2) = / F@)g' (wydw and Jig,y) f(2) = / I w)gw)dw,
0 0
(1.2)
improve their boundedness and compactness properties were investigated in [12, 13,

15]. Here, we remind that the initial motivation to study V(g ) and J(, y) came from
their applications in the study of isometry; see for example [6]. Setting,

1 L 2 1.2
Mg.y)(2) = 1§ @1 + |z) " tez W=D ang
Mg (@) = 1211+ ¥ @D + [z]) ez (PP (1.3)

for all z in C, the following result was proved in [15].
Theorem 1.1 Let 1 < p,qg < ocand g, ¥ € H(C).

() If p < q, then

(@) Vig,y) : Fp — Fy is bounded if and only if sup,cc Mg y)(2) =: M < o0,
and compact if and only if Mg y)(z) — 0 as |z| — oo.

(®) Jgy) : Fp = Fq is bounded if and only if sup ¢ M(g (@) = : M < oo,
and compact lfand only U’M(g,w)(z) — 0 as |z] — oo.
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(i) If p > q, then V(g y : Fp — Fg is bounded (compact) if and only if M, y) €
L"(C,dA). Similarly, Jgy) : Fp — Fq is bounded (compact) if and only if
Mgy € L"(C,dA), where r = pp—_qqforp < ooandr = q for p = oo.

The result shows the compactness and boundedness structures of V, and J, are indeed
significantly improved under such generalizations. For example, by setting ¥ (z) =

z+band g(z) = e_zz, we observe that the boundedness statements in (i) and (ii) hold
for any b in C while both V, and J, fail to be bounded. Similarly, for ¥ (z) = %z +b

and g(2) = e_%b %, the compactness statements in (i) and (ii) hold for all b in C while
neither V nor Jg is compact.

The following two useful lemmas follow from Theorem 1.1. The lemmas provide
some explicit expressions for the function g or its derivative.

Lemma1.2 Let1 < p <ooand g,y € H(C). Then

() if Vig.y) : Fp — Fq is bounded, then y(z) = az + b with 0 < |a|] < 1. If
la| = 1, then

K_ap(2)(a1z+az) +az, b#0

1.4
b1z +byz+ b3, b=0, (4

g(2) =

for some a;,b; € C,i =1,2,3 and all 7 in C
(ii) if Jg,y) : Fp — Fy is bounded, then ¥ (z) = az+bwith0 < |a| < 1. If |a| =1,
then

g =80)K ap. (1.5

Similarly, for |a| < 1, we get the following representations.
Lemma1.3 Letl < p <ooandg,y € H(C).

(i) Let V(g y) be bounded on F, and hence vy (z) = az + b for some a, b € C, and
0 < la| < 1. If g’ is non-vanishing, then V(g y is

(a) compact on F), if and only if
g/(Z) — eao+a1z+azzz (16)

2
for some constants agy, ay, ay in C such that |ay| < %

2
(b) not compact on F, if and only if g’ has the form in (1.6) with |ay| = %

and either ay + ab = 0 or a; + ab # 0 and

_(1—=laP)(a1 + ab)
2lay +ab>

(ii) Let J(g y) be bounded on F, and hence ¥ (z) = az + b for some a,b € C and
0 < |a| < 1. If g is non-vanishing, then Jq y) is
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(a) compact on F), if and only if

g(z) = ebo+b11+b212 (1.7)

for some constants by, by, by € C such that |by| < %
(b) not compact on F), if and only if g has the formin (1.7) with |by| = izalz and
either by + ab = 0 or by + ab # 0 and

(1= la*)(a1 + ab)?

by = _
: 2|by + ab|?

The proof of both Lemmas 1.2 and 1.3 will be given later in Sect. 3.

1.1 The Closed Range Problem

The closed range problem has been one of the basic problems in operator theory which
finds lots of connections in various parts of mathematics, especially, in the theory of
Fredholm operators, generalized inverses and dynamical sampling structures [10, 11].
The problem has been studied by many authors on various spaces of analytic functions;
see for example [7, 16, 19] and the reference therein. Recently, the second author
studied the problem for V,, on Fock spaces, and proved that a bounded V, has a non-
trivial closed range if and only if g has a non-zero degree two term in its polynomial
expansion [11]. Clearly, J, has closed range if and only if g is a constant. Similarly, in
[10] it was proved that a bounded composition operator Cy, : f — f o ¢ has a non-
trivial closed range on the spaces if and only if ¥ is a first degree polynomial. One of the
main goals of this work is to consider the generalized operators V(¢ y) and J(g y), and
answer the question whether such generalizations improve the closed range structures
of Vg, Jg, and Cy as it already does for boundedness and compactness. We plan to
answer the question first using various notions including sampling sets, reproducing
kernel thesis, reverse Fock—Carleson measures and essential boundedness from below
of the functions M g ) and M (¢,v)- Then, we analyze further such notions and describe
the integral operators with closed ranges using simple conditions in Theorem 2.6.

The rest of the paper is organized as follows. In the next section we present the main
results of the paper and answer the closed range problem for the integral operators in
Theorems 2.3, 2.4, 2.5, and 2.6. As a consequence, we characterize conditions under
which the Volterra-type integral operator V, and composition operator Cy, admit closed
range structures in Corollaries 2.7 and 2.8 respectively. Next, we consider the question
of when the integral operators have order bounded structures and provide a complete
answer in Theorem 2.9. This result is applied in particular for the operators V,, J, and
Cy and obtained interesting results in Corollaries 2.10 and 2.11.
Sect. 3 deals with the proofs of all the results obtained while the last section contains
some further discussions on the main results.

We conclude this section with a word on nations that will be used in the rest of the
manuscript. The notion U (z) < V(z) (or equivalently V (z) 2 U(z)) means that there



Closed Range Integral Operators on Fock Spaces Page50f31 107

is a constant C such that U(z) < CV(z) holds for all z in the set of a question. We
write U(z) > V(z) if both U(z) < V(z) and V(z) S U(2).

2 Main Results

We may first note that if ¥ = b is a constant, then the operators have clearly closed
ranges given by R(V(q.y)) = { f(b)(g — g(0)) : f € F,} and

e

RU) = [£®1G: 1 € 7y 66 = [ s},

Similarly, if g = ¢ is a constant, then V(, y) reduces to the zero operator which
obviously is closed. The next result shows J(, y) has also closed range as well.

Proposition 2.1 Let g, € H(C) and 1 < p,q < oo. Let Jgy) : Fp — Fy be
bounded and hence (z) = az +b, 0 < |a| < 1. If g = c is a constant, then J(g y,)
has closed range given by

R(Jgy) = {cf o —cf(b): f € Fp}. @2.1)

We may assume now that both the symbols 1 and g are nonconstant, and provide the
next key necessary condition.

Theorem 2.2 Let g, v € H(C) be nonconstant and 1 < p, g < 0o. Then a bounded

(1) Vig,y) : Fp — Fy has closed range only if p = q.
(1) Jig,y) : Fp — Fq has closed range only if p = q.

The result makes it clear that the action of the integral operators between two different
Fock spaces results no non-trivial closed range property. Therefore, we will restrict
ourselves to study their actions only on the space F),.

2.1 Sampling Sets, and Closed Range V(g ) and J4

Ghatage et al. [7] introduced the notion of sampling set for a space to study bounded
below composition operators on Block spaces. Since then, the notion has been used
to investigate the closed range problem in various Banach spaces. Now, we generalize
the notion and for 1 < p < oo, a subset S of C is a (p, n) sampling set (dominating
set) for F), if there exists an n in Ng := {0, 1, 2, 3, ...} and a positive constant &, such
that for all f in F),

ol
SUP;es ({+|Z|Z)'l€ 2, p=X®

1
(n) P _P,2 7
(fs e £ a40)". p <o

Sall fllp <

where ™ denotes the n'" order derivative of f and f° = f. Here, an interesting
question is to ask for examples of sets which satisfy the sampling set condition for
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Fp. Due to the norm estimates in (3.2), the whole complex plane minus any set of
measure zero is a prototype example of a (p, n) sampling set forn = 0orn = 1. In
fact, applying the n'? order derivative Littelwood—Paley type estimates in [8, 17], it is
easy to observe that the prototype example works for all n in Np.

For each € > 0, we define two associated sets

Qfgﬂﬁ) :={z€C: Mgy(z) > €} and G?gn//) = tp(Qfng)),

where Mg ) is the function as in (1.3). With this, we may now state the next main
result which provides a number of equivalent conditions for V(, y) to have closed
range on Fock spaces.

Theorem 2.3 Let g, € H(C) be nonconstant, 1 < p < 0o, and V(g y be bounded
on F . Then the following statements are equivalent.

(1) Vig,y) has closed range on F;
(ii) There exists € > O such that Gfg " is a (p, 0) sampling set for F,;
(iii) For all z in C, there exists a positive constant C such that

1Vig.ph Kzllp = ClIIK: |l p, (2.2)

where K, (w) = e is the reproducing kernel function in F, I’
(iv) There exist positive numbers €, r, and o such that

A(G{y N Dz, 1) = or?
for all z in C and D(z, r) is a disc of radius r and center 7 in C;
(v) The function M is essentially bounded away from zero on C. The rang o
(8.%) Y y 8
Vig,w) is given by

R(Vig.p) = {f € Fp: f(0) =0}. (2.3)

Let us now give some examples that illustrate the improvement of the closedness
property for the integral operator V. Set ¥ (z) = az+b, |a| = land g(z) = zK_z(2).
Then by Theorem 2.3, the operator V(g y) has closed range for all 5 in C while V,
fails to have.

Next, we consider the integral operator J(, y. For € > 0, we may set again

Alyy) =1{z€C: My y)(2) > €} and TG, ) = '/f(Afg,w))’

where the function M(g,w) is as in (1.3), and state the next main result.

Theorem 2.4 Let g, € H(C) be nonconstant, 1 < p < oo, and Jg y be bounded
on Fp. Then the following statements are equivalent.

(1) Jg,y) has closed range on Fp;
(i1) There exists € > 0 such that F(Ggﬂﬂ) is a (p, 1) sampling set for Fp;



Closed Range Integral Operators on Fock Spaces Page7of31 107

(iii) For all z in C, there exists a positive constant C such that
Vg K:llp = ClIIK:lp;
(iv) There exist positive numbers €, r, and o such that

AT, 4y N D(z, 1)) = or?
forallzinC; _

(v) The function Mg y is essentially bounded away from zero on C. The range of
Jg,y) is given by

R(Jgp) = {f € Fp: f(0)=0}. 2.4)

The operator J, is bounded if and only if g is a constant [12]. A nonzero constant
g obviously generates a closed range operator J, but the property gets improved
significantly under J(g ). For example, set ¥ (z) = az + b, |a] = 1 and g(z) =
K_gp(z). Then J(g ) has closed range for all b in C while J, is not even bounded.

2.2 Reverse Fock-Carleson Measures, and Closed Range V(4 ) and J g

The notion of Carleson measure has been well studied and used in various contexts
since its introduction by Carleson [2] as a tool to solve the corona problem. In this
section, we generalize the notion and for each 1 < p < oo and n € Ny, define a
(p, n) Fock—Carleson measure on Fock spaces. We call a positive Borel measure  is
a (p, n) Fock—Carleson measure for F), if there exists a positive constant C;, such that

Alf(")(z)lpdu(z) < Gl flp (2.5)

for all f in F),, where as before f ™ is the n'" order derivative of fand f O = f.
The measure p is called a (p, n) reverse Fock—Carleson measure if the inequality in
(2.5) is reversed. When n = 0, the definition reduces to the classical version.

We may now state the following result, which gives two more equivalent conditions
to the lists in Theorems 2.3 and 2.4 whenever p < oo.

Theorem 2.5 Let g, v € H(C) be nonconstant and 1 < p < oo.

(i) Let V(g y) be bounded on F),. Then the following statements are equivalent.

(a) Vig,y) has closed range on Fp;
(b) There exists € > O such that uf o) isa (p,0) reverse Fock—Carleson measure,
where

_Py,2
dinfy @) = X, ,, @2 dAR):
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(©) W(g,y,p) is a (p,0) reverse Fock—Carleson measure, where

P —1 z 2
ity @ = 18 G @IPA + v @) Pe T dA).

(ii) Let J(g,y) be bounded on F . Then the following statements are equivalent.

(@) J(g,y) has closed range on Fp;

(b) There exists € > 0 such that Qfg " isa (p, 1) reverse Fock—Carleson measure,
where

@1 + [z Pe E aA);

€ —
dO(g (@) = xre,

(©) Og,y.p) is a (p, 1) reverse Fock—Carleson measure, where

)4 “lo2
d0ig (@) = g @IP (1 + ¥ @D Pe T dAR).

2.3 Some Consequences of the Results above

Now we consider some concrete cases and simplify some of the main results obtained.
More specifically, an application of Lemmas 1.2, 1.3, Theorems 2.3, and 2.4 provides
the following interesting and easy to apply condition.

Theorem 2.6 Let 1 < p < ocoand g, ¥ € H(C) be nonconstant.

(1) If Vig,y) is bounded on F) and hence (z) = az + b, |a| < 1, then its range
is closed if and only if |a| = 1 and g'(z) = (cz + d)K_gp(z) for some c,d € C
and ¢ # 0.

(i) If Jig,y) is bounded on F), and hence y(z) = az + b, |a| < 1, then its range is
closed if and only if |a| = 1.

Note that while the closed range properties for both V(g ) and Ji, y) require that
|a| = 1, the operator V(g y requires in addition a non zero ¢ in the explicit expression
of the function g’.

An immediate consequence of Theorems 2.3 and 2.6 is the following.

Corollary 2.7 Let 1 < p < oo and g € H(C) be nonconstant. Let V, be bounded
on Fp, and hence g(z) = az? + bz + ¢ for some a, b, c € C. Then, the following
statements are equivalent.

(i) Vg has a closed range on Fp;

(i) a #0;
(iii) Cisa (p,0) sampling set for F,.
The composition operator is related to the integral operators in (1.2) by Cy f =
Ja,y) f + f (¥ (0)). Then an application of Theorems 2.4 and 2.6 gives the following
equivalent conditions.

Corollary 2.8 Let y € H(C) be nonconstant and 1 < p < oo. Let Cy, be bounded
on F), and hence Y (z) = az + b where |a| < 1 and b = 0 when |a| = 1. Then the
following statements are equivalent.
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(i) Cy has closed range on Fp;

(i) la| = 1;
(iii) Cisa (p, 1) sampling set for F,;
(iv) ICy K lp = 1Kl forall zin C;
(v) Cy is surjective on F),.

2.4 Order Bounded Integral Operators

Another important question is as to when the generalized operators admit ordered
bounded structures in their actions between Fock spaces. Recall that an operator 7T :
Fp — Fq is order bounded if there exists a positive function 4 in L4 ((C, d Aq) such
that for all f in F, with || f]l, < 1,

IT(f (@) = h(z)

almost everywhere with respect to the measure A, where dA;(z) = e_%mzd A(z) for
q < oo and for ¢ = oo we take the supremum of the function against the weight

e~I?*/2_ For the integral operators, we prove that such property holds if and only if
the respective functions in (1.3) are in LY. We state the result below.

Theorem 2.9 Let 1 < p,q < oo and g,V € H(C). Then the operator

() Vig,y) : Fp = Fy is order bounded if and only if Mg y) € LY(C, dA).
(i) Jg,y) 1 Fp — Fy is order bounded if and only if M(g 4 € L9(C, dA).

In particular for the operators V, and Jg, we get the following more simplified and
interesting versions.

Corollary2.10 Let 1 < p,q < oo and g € H(C). Then

(i) Vg : Fp — Fy is order bounded if and only if g is a complex polynomial of at
most degree one and q > 2.
(i) Jg : Fp — Fy is order bounded if and only if g is identically zero.

The generalized operators in (1.2) improved again the order bounded structures of V,

and J,. Indeed, setting ¥ (z) = %z +band g(z) = e~b% we observe that both Vig.v)
and J(g y) are order bounded while neither V, nor J is.

From Cy f = Ja,y)f + f(¥(0)) and Theorem 2.9, we record the following
characterization of composition operators on Fock spaces.

Corollary 2.11 Let v € H(C) and 1 < p,q < oc. Then Cy, : F, — F, is order
bounded if and only if W (z) = az + b for some a, b € C and |a| < 1.

3 Proofs of the Results

In this section we present the proofs of the results. We may begin with Lemmas 1.2
and 1.3.
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Proof of Lemma 1.2 The proof of the linear form for ¥ under a bounded V, y) or
J(g,y) 1s given in [15]. Thus, we proceed to show the representations in (1.4) and (1.5)
whenever |a| = 1.

(1) Since the operator is bounded, using the notations in Theorem 1.1,

1
Mgy (@) = 18/ @)1 + |z]) "2 laztblP =1
B2 B
=e 2 g @QKap@IA+z) <M

for all z in C and hence

2
18" Kap(2)] < Me™ T (1 + 2. (3.1

For simplicity, let 1 = g’Kgzp. Since h is an entire function, we may consider its
Laurent series expansion and write

° .
h@) =) ajd,
j=0

where the a}s are constants in C. Setting z = re'?

g io\ 240 2 2 2j
hre)P— = laol® + ) Lo Pr

T i1

, an integration gives

from which and (3.1)
s 2
loto|* + Z |0lj|2rzj < M%?e PP (1 4 1)2
j=1

This holds for sufficiently large » only when «; = O for all j > 2. Therefore,

h(z)
Kap(2)

= (a0 + 12)e"® = (ag + 1)K _ap(2).

g =

We arrive at the form of g after integration by parts.
(ii) For this part, we use Theorem 1.1 again and argue as in the preceding one,

~ 1
Mg, 1@ = 811+ ¥ @D( + |z~ e2(WOF1E
= 8@ Kap()|(1 + laz + b1 + |z~ < M
for all z in C. This shows the function g Kz is bounded and hence a constant C by

Liouville’s theorem. Therefore,

g=CK g =g0)K _gp.
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Proof of Lemma 1.3 (i) By Theorem 1.1, the function M, y) is bounded

1 2 2
18'(2)] < M(1 + |z])e2 (e ~laz+l)

for all z in C. It follows that g’ has order at most 2. The rest of the proof and part (ii)
follow from a simple variant of the proof of [3, Theorem 3.2].

Before proceeding to the proofs of the main results, we recall the following
Littelwood—Paley type estimate on Fock spaces. For each f in F,, it holds that

£l =~ ('f(0)|p + [l @IPA + |z|)*Pe—§'Z‘2dA(Z))F, P 4
|F O]+ sup.ec | f/ @I + [z) e 31, p = oo,

The estimates are proved in [5, 14], and we will appeal to them several times in the
sequel. O

Proof of Proposition 2.1 For each f in F,,,

Jgu) f(2) = C/O f'W)dw = cf (Y(2) — cf (b),

and hence equality of the sets in (2.1) holds. We proceed to show that the range set is
closed. Let ¢(f, (¥) — fu(b)) be a sequence in R(J(4,y)) Which converges to c¢f in
the space F;. We need to show that ¢f belongs to R(J(g,y)). If ¢ = 0, the assertion
obviously follows. Thus, assuming ¢ # 0 and applying (3.2)

W@ — fe)|? .

A+ 12D ~$1:PgA) > 0

(fn
2 () — fu(0) — O9 = |ef )] + |c|? |
le(fa@) = fu®) = O 2= |ef O + el [C

then the result follows from the previous lemma. Thus, assume v is nonconstant and
consider the function

hp=c'foy teF,

It follows that for all z in C

Jgnhy(@) = /0 Fwydw = f(2) = f(0) = f(2),

and hence f belongs to R(J(g,y))-
Our next lemma identifies conditions under which V(, y) and J(¢ y) become injec-
tive maps. O

Lemma3.1 Let g, ¥ € H(C)and 1 < p,q < co. Then a bounded

1) Vig,y) : Fp — Fy is injective if and only if both g and  are nonconstant.
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(i) Jig,y) 1 Fp — F4 cannot be injective. On the other hand, J, v restricted to
the subspace ]:0 {f € Fp: f(0) =0} is injective if and only if both g and
are nonconstant.

Proof Suppose V(g y) is injective. Then g is obviously not a constant, if not Vi, 4
reduces to the zero operator. On the other hand, by Lemma 1.2, ¥ (z) = az + b,0 <
la] < 1.If a = 0, we consider the functions f1(z) = z — b and f>(z) = 2(z — b),
and observe that V(g y) f1 = V(g y) f2 while fi # f>. Therefore, ¥ is not a constant
either.

Conversely, assume both g and v are not constants and Vg y) f1(z) = V(g y) f2(2)
for some f1, f> € Fp. Then taking derivatives on both sides,

g (@) (filaz +b) — fr(az+b) =0

for all z in C. This shows that fj = f> at all points z except possibly on the zero set
of g’. Since both functions are entire, by uniqueness we deduce f; = f>.

(ii) We observe that J(g ) maps all constant functions to the zero function and fails
to be injective. The proof for J(g, ) restricted to ]—'g or the space modulo C follows as
in part ().

Next, we recall the connection between the closed range problem and bounded
below of linear operators on Banach spaces. An operator 7 is said to be bounded
below if there exits a positive constant ¢ such that ||7f] > c| f]| for every f in the
underlying space. As known from an application of the Open Mapping Theorem, an
injective bounded linear operator on Banach spaces has a closed range if and only if
it is bounded below; see for example [1, Theorem 2.5].

By Lemma 3.1 and the discussion preceding it, if both g and i are nonconstant,
then Vi, y) : F — F4, 1 < p < q has a closed range if and only if it is bounded
below. Note that if either i or g is not a constant, then boundedness from below
fails. For example for ¢ = b, the estimate || V(g ) fllqy = llglly = Sl fll, does not
necessarily hold for each f. Consider the sequence f, = z" and observe that when
n — o0, || fullp — oo and cannot be bounded by || g||, for all n € N.

On the other hand, since J(, y) is not injective, we consider its restriction on the
space .7-'2 Note also that since for each f in F, the function f — f(0) belongs to

]-"2 and Jg y) f = Jgyv)(f — f(0)), using the equivalent norm in (3.2), the range

of Jg,y) coincides with its range when it acts from ]-'2 . We may now record the
following. O

Lemma3.2 Letg, v € H(C)and 1 < p,q < oco. Suppose both g and  are noncon-
stant. Then a bounded

1) Vig,w) : Fp — Fy4 has a closed range if and only if it is bounded below.
(i) Jig,y) : fg — Fy has a closed range if and only if it is bounded below.

Because of this lemma, the closed range problem for the integral operators reduces
now to finding conditions under which the operators are bounded from below. Thus,
in the rest of the manuscript we focus on such conditions.



Closed Range Integral Operators on Fock Spaces Page 130f31 107

3.1 Proof of Theorem 2.2

(i) Let us consider the case p < g < oo firstand assume Vg y : F, — F, has closed
range. By Lemma 3.1, the operator is bounded below. We consider the sequence of
the monomials f,(z) =z",n =1,2,...in F, and by [18, p. 40],

np

1ullp = (%) . (3.3)

Applying (3.2), Lemma 1.2, and Theorem 1.1

1Vig.n fullg = /C 8@+ 12D @ @)le 2 A )
N [c M?g,w)(z)lfn(lﬂ(z))Iqe‘%“”‘Z)‘sz(z)

< M9 fc @7V OFaa) <1 £l
This and boundedness below imply

I fullg = €ll fullp (3.4)
for some € > 0. By (3.3), the estimate in (3.4) holds only if
1 1
n 2 >e

for all n in N, which gives a contradiction when n — 0.
Similarly, for p < g = 0o, we have

2
I fulloo = (n/¢)""?, (3.5)
and by (3.2), Lemma 1.2, and Theorem 1.1 again

_
Vi) fulloo = Su(rc) Mg ) (D fu(¥(2))]e” 2
Z€E

_ P
< Msuglfn(t/f(z))le 27 S falloo-
ze

Therefore, with (3.5) and bounded below

n

(1/e)" = W alloo = €l fullp = (%) ns

for some € > 0. This gives a contradiction when n — oo again.
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If p > g, then by Theorem 1.1, V(¢ y) : F, — Fy is compact. It is known that a
compact operator has a closed range if and only if the range is finite dimensional. On
the other hand, by Lemma 3.1, the linear operator is injective on F, and hence its
range is infinite dimensional.

The proof of part (ii) goes by following similar arguments as in part (i).

3.2 Proofs of Theorem 2.3 and Theorem 2.4

The proofs of Theorem 2.3 and Theorem 2.4 will be rather long. Thus, we will split
them and reformulate various statements to make them more accessible. To this plan,
the equivalencies of the statements in (i) and (ii) are proved in Proposition 3.3. The
assertion (i) implies (iii) is simply a special case. Thus, we prove (iii) implies (iv)
in Proposition 3.4 and (iv) implies (v) in Lemma 3.5. We conclude the proofs of the
theorems after showing (iv) implies (i) in Lemma 3.6.

Proposition 3.3 Let g, v € H(C) be nonconstant and 1 < p < oo.
(1) Let V(g y) be bounded on F. Then V(g y) is bounded below if and only if there
exists € > 0 such that G?g " is a (p, 0) sampling set for F .

(ii) Let J(g y) be bounded on Fp. Then J(, y) is bounded below on .732 if and only if
there exists € > 0 such that FFg ") is a (p, 1) sampling set for }"2

(i) Assume p < oo and suppose that G( W) isa (p, 0) sampling set. Then there exists
a 8 > 0 such that for each f in F),

sislp = [ 1@ ¥ aac),

G(g-w)

Applying (3.2),

I Vig.w) flIh =~ /@ 18 @A+ 12D 11 F W @) Pe TP dA)

z /Qe (g 1//)(Z)|f(w(Z))|p€_7W/(Z)‘ dA(Z)

(&.¥)

> e”/e IF@IPe 5 aAR) = ers| £

G(gn/l)

from which boundedness from below follows.

Conversely, we argue towards contradiction and assume G( W) is not a (p, 0)
sampling set for each € > 0. Then, there exists a unit norm sequence ( f)ren in F
such that

/m fe@Pe B dA@) > 0as k — oo, (3.6)
(&.v)
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We may apply (3.2) again and write

/ p »
”V(”)f"”p‘</uk [C " )%lmw(zwe—z'z2dA(z),

( ) (8 ¥)

and proceed to estimate the two pieces of integrals separately. For the first,

/ L 18 @U DT @ @Pe H dA )

L

= /Q o M @AW @)Pe VO da)

(8.¥)

< MP/ o A @Pe HVOFdae)

Q(xnﬁ)

:/l/k fe@IPe EFdAR) > 0, as k- oo
Ge

which follows by (3.6). We estimate the remaining integral as

fc e 1€/ @+ 12D P LA @)Pe B dAR)

Q(m//)
= / s MG, b @AW @) EVOF A )
C\L )
— P~ 5w )P 2
= Cat | fi(¥(2))[Fe™2 dA(z) < k7 -0

& ¥)

as k — oo. Now, both integral converge to zero when k — oo and contradicts
boundedness from below.
Next, we show for p = oo and consider first the sufficiency. For f in Fu,

212 7)2

S1flee < sup [f@le™ T = sup [f(pr@)le T 3.7)

2€Gl, 4

Applying eventually the estimate in (3.2), we have

_ve 1g'(2)] R
sup | f (¥ (2)] = sup | f (Y (2)|e 2
€ y) o e, ,, Mgy @I+ 1z]) ‘
! £'(2)| w1
=< P S e |If(w( Dle™ T = —lVigy) flloo

(&)

from which and (3.7), V(g ) is bounded below.
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Conversely, suppose V(4. y) is bounded below. Then there exists a positive constant o
such that for each f in F,

2
Wiy flloo = sup 15 1F@@le > 0l flloo

zeC1+

It follows that for each f, there exists w s in C such that

1g'wp)l e
T g P @I 2 1 e

On the other hand,

wyl® [ (w )2
|1g+(| f)|| |f((wy))le” Eas Mgy (w )| f (Y (wy))le” 3

< M yy(wp)ll flloo

and hence M, yy(ws) > a/2. Setting € = /2, we observe that wy € Qfg,w)‘
Furthermore,

lwy* ¥ (w )2
EC o le 5 = (g ) e

> (@/2)% 11 flloo
and from which

4 Mig'(wy)l ol

Iflloo < ;m|f(¢(wf))|€7 2

w2

4
MMyl G wle™ 7

aM? )l
= 7 L Wwp)le
2

4M _lz?
<—5 sup |f(2)le” 7.
o
2€G, 4

A

Hence, Gfg,llf) is a (p, 0) sampling set.
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(i1) We argue as in the proof of part (i). If 1"( ) isa (p, 1) sampling set for _7-'2 for
some € > 0, then for each f in f-g

18I sy peBleP / @GN 2iyp
/<c(1+|z|)ﬁ'f(‘”(z”' e Men DT Tmeprt © 4AQ@

e L@ _ppp
zlalz/rf T

_ SeP/ If(z)l

E‘le 8€p p
5 ga) > 252 .
Wl Je Gt e’ @2z e ILf1p

where the last estimate follows by (3.2). This proves the sufficiency.
Conversely, suppose on the contrary that Ff 2.1) isnota (p, 1) sampling set for F,
for any € > 0. Then there exists a unit norm sequence fi, k € Nin J, such that

/l/k |fk/(Z)|p€_g|z|2dA(z) — 0as k — oo.
(&.¥)

We now proceed to estimate || J(g,y) fx ||£ as

N lg@I” —2zP?
1 gy frllp = m|fk(l/f(2))|pe 7N dA(z)
|g(z)|[7 ’ p _B‘ledA
</é§kw> /c <w>)<1+| pr V@I =A@,

where we denote the two integrals by /7 and I». To estimate /1, we observe

I = Mp/l/k |f]é(1//(2))_|p ~IVEPgA()

A A @D
~ |fk(z)|p £|Z|2
_/:/kw I +1z I)P oA =0,

as k — oo. Similarly, we estimate [ as

P
L= f 18D o Pt aA)
C\A

) T+ eD?
1 / |fk/(W(Z))|p %W(Z)‘sz(Z)
= ke o, I+ W(Z)l)”

1
”fk”p w0 koo,

which contradicts the assumption that the operator is bounded below.
The case p = oo follows in a similar way.
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The following local estimate from [18, p. 37] may be needed in our consideration
further. For each entire function f and p # oo, there exists a positive constant C such
that

12 C u!z
f@Pe " <5 fw)lPe™ "5 dAw), (3.8)
r D(z,r)

where D(z, r) is a disc in C with center z and radius r.

Proposition 3.4 Let g, v € H(C) be nonconstant and 1 < p < oo.

(i) Let V(g y) be bounded on F. If V(g y) is bounded below on the kernel functions,
then there exist positive numbers €, r, and o such that

A(G{, 4y N D@ 1) Z ADG, 1)) = o1 (3.9)
forall zin C.

(ii) Let J(g y) be bounded on F,. If Jig ) is bounded below on the kernel functions,
then there exist positive numbers €, r, and o such that

A( (e N D@ 1) 2 > A(D(z, r)) > or? (3.10)
forall zin C.
Proof (i) Let p < oo and @ > 0 such that for all w € C

cp lg'(2)|” 2|
@ < [Vigykullp < > mmw(x/f(zmpe 5P gA)

_ 2(/ / ) lg'(2)1”
T\Jeag,, C\Qf

(I+|zp?
where c is a positive constant from the relation in (3.2) and € a small positive number
which can be made a bite more specific later. It follows that

k(W ()|Pe™ 5 dAz),
(g.¥)

/ g @U DT k(@)1 e 2 dAR)

g9

> 2 f 18/ A + 12D 1P lhw (W () [P TP dA(z)
cp C\Qfy )
2o _ Pz

= ;—fm ML, 4 @l @) [Pe BV OFaA ()

&.¥)

-2 6p/ Ik (W ()P EVOPdA(Z)

cp C\Q(g,\//)

2m o 27[0{ 2meP
> T e [ e VO aae = T - S

cp C cp plal
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By change of variables,

2
k@ Pe 80 @OPga () » 22l 2rel

/ g W= t@)P 3.1D)
G, A+ @Dr '

Next, for each w € C and R > 0 we estimate from below the left-hand quantity in
(3.11) on the set G( W) N D(w, R) as

/ —1 P -

L ke Y P aa)
P

=/ 18" @)l

G, AL+ 1@D?

B / lg' (' @)IP

G¢ \Dw.R) L+ 1Y 1@D?

Ik (2)|Pe™ TV OP A7)

lky(2)|Pe™ 2V OP g A(o).

The difference of the integrals above is bounded below by

2 —1
2nalal _277617_/ lg' (¥~ @)I? |kw(z)|pe_§wﬁl(Z)|2dA(Z)
cp p c\pw,r) 1+ 1= ))P
2ralal>  2meP P2
= - / ML @) k(@) Pe HdA)
cp p C\D(
2 2 2yeP
. 2mojal” 2me —Mpf ko ()P 5P dA(2). (.12)
cp p |z—w|>R

On the other hand, using the local estimate in (3.8), the exists a positive constant Cy
such that

/ lg' W @I”

oAy N Sl @P
bty (L [T @pr @I AR

=M’ / lkw(@)Pe 5 dA(2)
Gfg,w)ﬁD(w,R)

CiM?P
<= / / k(O 1Pe 24P dA)dA()
R €y"Dw.R) J D@ R)

C\MP2r
< ——5llkw ||p/ dA(z)
PR? € ADw,R)

(&.¥)
_ C]MI’ZT[ (GE

R (¢.y) N D(w, R)).
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This together with (3.12) imply

A(G¢

(. " D(w. R)) _ olal® 2 P

R2 = cC\MP MPC, 2nC

/ kw(2)[Pe 51 dA().
|z—w|>R

Since the integral above is convergent, we can choose R big enough and € so small (if
need be ) such that

A(GE¢, ,, N D(w, R))
&.¥) ’
gy = >8>0,
where
alal? eb p

b= omr ~ MrC,  2nC

/ kw217~ 2 d A ()
|z—w|>R
and completes the proof for finite p. Letnow p = oo and o < || V(g y)kw ||oo for all w
in C. Since V(g v is bounded on both F; and F, by the inclusion property on Fock
paces we have a < || V(g y)kwlloo < I V(g,y)kwll1 and then we argue as above setting
p = 1 to arrive at the claim.

(i1) The proof of this part follows from a simple variant of the proof of part (i). O

Lemma3.5 Let g, ¥ € H(C) be nonconstant, and 1 < p < oo.

(i) Let V(g y) be bounded on F,. If there exist positive numbers €, r, and o such
that (3.9) holds, then Mg y) is essentially bounded away from zero on C.

(ii) Let Jg,y) be bounded on F). If there exist positive numbers €, r, and o such that
(3.10) holds, then Mg v is essentially bounded away from zero on C.

Proof (i) The sufficiency of the condition follows easily. We prove the necessity and
suppose that V(g y is bounded below. Let € be as in Proposition 3.4 and £ = {z €
C: Mg y)(z) < §}. Then we aim to show that A(E) = 0. Suppose on the contrary
that A(E) > 0. Then we can find a disc D of radius §; and center w contained in
{z€eC: My y)(z) <8} forsome0 < §; < % suchthat) < A(D) = 812. Now using
the constant B in Proposition 3.4 and setting §; = (|ale)/2,

BAD(w, 1)) < A(GS, ;) N D(w, 81)) = f dA()

Gfgaw)ﬂD(w,(S])

= |a|™2 f dA(z) = |a|™? f dA(2)
Q4 W (D(w,51) ¢, ,,nD(w.51lal 1)

(&.¥)
= la| AR, ;) N D(w, 81la| 7)) =0

since Q¢ " N D(w, I(Su_ll) has no element in it. Hence A(E) = 0.

(ii) This follows from a similar argument as in the proof of part (i). O

Lemma3.6 Let g, ¥ € H(C) be nonconstant and 1 < p < oo.
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(i) Let V(g y) be bounded on F. If M(g y is essentially bounded away from zero
on C, then Vi, y) has closed range and its range is given by

R(Vig.y)) = Fo. (3.13)

(ii) Let Jg y) be bounded on F),. Ifll7[(g,1/,) is essentially bounded away from zero
on C, then it has closed range and its range is given by

R(Jig.p) = Fy.- (3.14)

Proof (i) Let ¥/ (z) =az +b,0 < |a|] < 1 and y > 0 be an essential lower bound for
M g.y. Applying (3.2), for each f in F, and p < oo,

g’ (W1 (@2))IP
c (L+y=t@)hr

=lal” / M2, T @I @Pe E aac)

Vg £l = lal F@Pe BV O g

_ _ P2 _
> yPlal 2fc|f<z>|”e 2 AR Z yPlal 2N Il

Therefore, the operator is bounded below and hence has closed range.
To prove (3.13), for each f in .7-'2 , consider the function

1
L= g @) #£0
hr@ =8y
limy—: 7= § W (@) =0.

Clearly, V(g yyhr = f. Weclaimthat h s € fg . Since g’ is entire, it vanishes at most
in a set of measure zero. Then we estimate the norm of & 7 as

TR [
— dA
g MA@

— |f/(¢71(Z))|p _E‘w—l(z)‘Z

- fM(g 1/,)(110 ())—(1+|1ﬂ_1(2)|)1’e 2 dA(z)

_py "/ Pl
T2 Je+ Dy

lhpllp =

VTOPGAZ) S IFIL < oo

For p = oo, we replace the integral above by the supremum and argue similarly.
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(i) If @» > 0 is an essential lower bound for M , then arguing as above,

gy fllp = P C%U( YPe 5V @R dA(z)
_ ! @I g
= |a|2/ MP ())(1+| 07 2 dA(z)
> a_Z Me_%msz(z) ~ oL lal 2| £I15.

“lal? Je (14 1zhP
and p < oo. For p = oo, we argue with the supremum in stead of integral again. To

prove (3.14), for each f in fg , consider the function

S~ I(Z)) , g(w—l(z)) 7& 0
1r(z) = s ()
f lim SO~ '(w)) g(w—l(z)) =0
U e w))” ’

and argue as in the proof of (3.13). O

3.3 Proof of Theorem 2.5

In this section we prove the results related to reverse Fock—Carleson measures. By
Proposition 3.3, V(; ) has closed range on F), if and only if there exists € > 0 such
that Gf 2. isa (p, 0) sampling set for F,. Consequently, there exists a positive § such
that

plzl? plz?
[ vrereae = [ 1rore,, @ dao = ;.

G(g-w

for all f in F,. This shows ;Lf 2. 1) is a (p, 0) reverse Fock—Carleson measure, where

( = XG¢ -4
ditgg y)(2) = Xag, , (e 25 dA(2),

and this proves the equivalency of (a) and (b).
Next, we show the equivalency of (a) and (c). Since ¥ (z) = az + b with a # 0 is
bijective on the complex plane,

J h2
IVig flI = / 18/ @)1+ 12D~ P Lf (W @)=

; CW @I et
—la flf()l”((lﬂw D e )dA(z)

= [c |f@Pdiig,p.p (@ = ClISII
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for some C > 0, where

PW

Aty @ =18 @ @I UalP A + 1y @) Pe™ dA( ).

Hence, the assertion follows.

ii) The equivalency of the statements in this part can be established by following
similar arguments as above. By Proposition 3.3, the operator J(, y) has closed range
on F, if and only if there exists € > 0 such that F( ) is a (p, 1) sampling set for

fg. Thus, there exists a positive 8 such that

plz\z

f' @I g _/ ) _
/F&V,) a7 Izl)l’ 2 dA(z) Lf' (@) xre, (@ )(1 e I)I’dA(Z) > Bl fIIb.

for all f in F,. Therefore, 6(6 W) is a (p, 1) reverse Fock—Carleson measure, where

— _DPy,2
do, 4 (@) = xre, , @1+ [z)Pe 2 dA ).

Thus, the statements in (a) and (b) are equivalent.
Similarly, applying (3.2) again

1712
g f1I7 2/ 81+ 12D PIF (W @)IPe "5 dAG)

g t@)?  _pvle?
)4
= lal /'f()' (<1+|¢f Topr )dA(Z)

- fc O dbgp () = all I

for some o > 0, where

plv~ @R
2

by, (@) = lal A+ ¥ @D Ple@ @)1Pe” dA(z).
This gives the equivalency of the statements in (a) and (c).
3.4 Proof of Theorem 2.6

(i) By Lemma 1.2, for |a| = 1 we have

g @) =(cz+d)K _5(2) (3.15)
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for some ¢, d € Cand g’ vanishes at most at a point. To prove the sufficiency, consider
fin F), and using (3.2) for p < oo and ¢ # 0,

_ P2
”V(g’mf”i’]:/(C|Kfﬁb(2)|p|f(az+b)|pe 21zl dA(z)
=/ |K _ap(2)e 219031 |P| £ (a7 4 py|Pe=2l9stbl g A 2)
C

_p 2
:/CIf(az+b)|”e 2192 g A () = |1 £ 115

Therefore, the operator is bounded below and hence the assertion.
For the case p = 0o, we argue with supremum in stead of the integral to arrive at the
same conclusion.

For the necessity, first suppose for the sake of contradiction that ¢ = 0 in (3.15).
Using the sequence of kernel function K, (3.2) and boundedness from below,

P |d|” _ r p,—5lzl?
||V(g,¢)Kn||p—/(C—(1+|Z|)p|K_ab(z)| |Kn(az + b)|Pe” 2 d A(z)

_ |de™?|P flK(,, _p@I° LI
I(n—b)ﬁll’ c (I+1zh?

~ |de't I”In— I"PIKAlp 2 1Kl

dA(2)

for all n € N. Letting n — 00, we arrive at a contradiction and hence ¢ # 0.

Next, we consider the case when 0 < |a| < 1. By Theorem 2.3, M, y) is essentially
bounded away from zero. Since g’ is entire, its zero set does not affect the essen-
tial boundedness of Mg y). Thus, we can assume that g’ is non-vanishing. Then by

Lemma 1.3, the function g’ has the form in (1.6), g'(z) = e tazta® for some

a2
constants ag, a, ap in C such that |ay| < %

Case I:If |ap| < l_é’”z, then the operator is compact, and it is known that a compact
operator can have closed range if and only if its range is finite dimensional. On the
other hand, V(g y) is injective on F, which is infinite dimensional. Thus, the operator
cannot have closed range in this case.
For the next cases, we may first write

1 2 2
Mg.yy(2) = 18 @|(1 4 |z]) ez laz+bl™=IzD)

=C(+ |Z|)—1eﬂi((al+a5)z)+ﬂf(azz2)+|‘”2%]|z|2

for all z € C, where C = a0+ :

Case 2: If |ay| = é“l and a; + ab = 0, then

2 \a| 2
M(gﬂp)(z) c(1+ |Z|) 1 ()l(azz ) lal=t |Z|
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We write ay = |az|e %%, where 0 < 6> < 7 and replace z by ¢®w above to get

. 1-1a]?
M.y (e®w) = C(1+ [w]) L™ 2 Ol

for all w in C. This clearly shows that M, y is not essentially bounded away from
zero in this case.
Case 3:If a; + ab # 0 and

(1= lal®)(a1 + ab)?
2|a; + ab|?

then using the above polar notation for a;, we write

—2i6h

__(—laP)(ai +ab)® _

— ale
2]lay + ab)? l22]

and observe that (a1 + ab)e™"> = +i|a; + ab| is a purely imaginary number. Setting
(a; + ab)e”‘)2 =iy forsome y € Rand w = u + iv, we have

Mgy (€®w) = C(1 + jw])~Le~yvHal =D —wl?)
= C(1 + |w])~emvllal’=Dv?

Thus, Mg 4 cannot be essentially bounded away from zero in this case either.
ii) The proof of this part follows in a similar way as above using Lemma 1.2 and
Lemma 1.3.

3.5 Proof of Corollary 2.8

First note that because of the extra term in the relation Cy f = J y) f + f(¥(0)),
some of the conditions in Corollary 2.8 do not directly follow from Theorem 2.4.
Thus, we may first verify the assertion (i) implies (ii). Let ¥ (z) = az + b, |a| < 1
and suppose Cy, has closed range and hence bounded below. If o is such a bound, then
using the pointwise estimate,

2
F@I<e TSl (3.16)

for each f in F, we have

1ty fllp = ICy f = F@ODIp = [ICy fllp = 1f W O]

[ )2 1o
1fllps

TSl = o —e>

> |ollfll, —e
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2
where o can be chosen such that o # ¢'7 1t follows that J(1,y) is bounded from
below. Consequently, by Theorem 2.4

My (@) = (1 + [ @DA + )~ e2WOP=RD ~ o3 (al =Dzl iazb)HbI%)

is essentially bounded away from zero, and this happens only if |a| = 1, and hence
b = 0 by boundedness of the operator.

Next, we show (ii) implies (iii). Setting |a| = 1 and b = 0, we have 1\7(1,1/,) () =1
for all z in C. It follows that

Af ) =leC: Muy@=a)=C

foranye; < 1andhence F( L) = = C. Usingtherelation, J(1 y) f = Cy f—f(¥(0)) =
Cy f — f(0), Theorem 2.4, and Theorem 2.6, we deduce that C is a (p, 1) sampling
set for each f in F).

The assertion (iii) implies (iv) follow by the same argument as above by considering
the operator J(i y) and using its relation with Cy . The case (iv) implies (v) follows
easily since (iv) implies that a # 0 and hence for each f in F), the function 4y =

foy™h e Fpand Cylhy) = ™ (¥)) = .
3.6 Proofs of Theorem 2.9, Corollary 2.10, and Corollary 2.11

(i) Suppose M, yy € L9(C, dA). We need to show V(g v is order bounded. For f in
Fp, applying the pointwise estimate in (3.16)

Z Z w 2
Vi @1 = [ g @ ndu] < isl| [ g eau]. 61

Setting

h(z) = ‘/ (w)e ;)

and applying (3.2) for g < oo,
f h@)e 1 dA@) = [ '@ + 1273 WO kDA )
C C
_ q
= [CM(&IP)(Z)dA(Z) < 0. (3.18)
Similarly for ¢ = oo, we have

suph(Z)e_%IZIZ ~ sup 18'@1 3 W@P=1z) _

supM (z) < o0. (3.19)
zeC zeC 1 + |Z| &9
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By (3.18) and (3.19), it follows & belongs to L7 ((C, e~ % |Z|2dA(z)). Furthermore, (3.17)
implies

Vig.w) f (2] < h(2)

forallz € Cand f € F, suchthat || f|l, < L.
Conversely, suppose Vg, y) is order bounded. Then there exists a positive function

h e L9(C, e #1"dA(z)) such that
Vg f (@I = h(z)
for all most all z in C. In particular for the normalized kernel k,, = K, /|| Ky |l2,

@)

Vienku @1 = | [ & @kurandc] =| [ g @e™ s fuorae] < neo

for all w € C, where

W(c)@ﬂwﬁ

Jw(@) = Ky (g))e”

Observe that f, is bounded as a sequence of w, and the maximum happens when
w = ¥ (¢). It follows that

<, @2 L @)
sup [Vig k] = sp | [ '@ 5 fu©rae] = | [ 00 de| < heoy.
we

weC

Now, if g < o0, integration using (3.2) gives

z [ () [z (D qve? |22
/‘/ g ()es dg)”e—quA(z):/ g @F aval a4
c'Jo c (I+ |z

2
:AMfgyw)(z)dA(z) S[Ch(z)qef%dA(Z) < 0.

To prove (ii), in stead of the estimate in (3.16), we use

’ Zz
1f @ < 0+ 1zhe T 1 £l

which follows from Cauchy integral formula, and (3.16), and argue as in part (i).
For Corollary 2.10, we set ¥/ (z) = z and observe

/Mé w><Z>dA<z>=/ 1§ @191+ z)"9dA(z) < o0
c (

if and only if g’ is a constant and ¢ > 2.
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Similarly for the operator J,, we have

/ M(qg o (@DdAQ2) Z/ lg(2)|9dA(z) < o0
c C
only if g is identically zero.

Proof of Corollary 2.11

Suppose Cy, is order bounded with a bound function /. Then using its relation with
the integral operator and (3.16)

) [ =1Cy f(2) = fF O] = |Cy f(] + £ (¥ 0)]

v ) v
T fllp =h@) +e 2 =1hi(2)

<h(z)+e

almost for every z € C and f € F, such that ||f||, < 1. Note that h; €

L4 ((C, e‘%lz‘sz(z)) since the function / belongs to it. It follows that J(q ) is order
bounded. Then by Theorem 2.9, the function

~ 2 122
M) = A+ [0 @D+ [zh e T3 (3.20)

belongs to L? which further implies M(w,) is bounded. By Lemma 1.2, it follows
that ¥ (z) = az + b, |a] < 1. Now if |a| = 1, then a simplification shows ]l71(1,1/,) is
not L7 integrable. Thus, the necessity of the condition |a| < 1 is proved. Conversely,
suppose ¥ (z) = az + b and |a| < 1. We need to show that the resulting composition
operator is order bounded. The assumption implies

@2 _ Lz
2

M@ =0+ [p@DA+]zh e T T

belongs to L?. Then, by Theorem 2.9, the integral operator J(1,y is order bounded
with a bound function /5. On the other hand,

[Cy f@D = 1Ja,y) f@+ fFREON] < Japf@I+ [ f @ 0)]
12 1o
<hy(@)+e? |Ifllp <hs(z)+e? =:h3(z)
almost for every z in C and f in F, such that || /||, < 1. Itis easy to see that /3 is an
order bound for Cy, and hence the claim.
4 Some Discussions on the Main Results

In this section we discuss further some of the main results presented in Sect. 2. In [13,
14], it was showed that the operators in (1.2) are bounded from above if and only
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if certain Berezin-type integral transforms are bounded. Part (iii) of the condition in
Theorem 2.3 asserts that such transforms play important role in determining when
the operators have closed ranges and bounded below structures. Note that, this is also
called the reproducing kernel thesis property; the property of having closed range
or bounded below can be determined only from the operator’s action on the kernel
functions.

Condition (iv) of the theorem ensures every sampling set GEg " for the space is
dense in the sense that for all z in C, there exists a disc D(z, r) which contains a
positive measure subset of G¢ (g0)" This condition is in addition independent of the
Fock exponents p. Thus, if V(g ) has a closed range on some Fock space F ), then it
has closed range on all the other Fock spaces.

By Theorem 1.1, the boundedness property of V(. y is described by the bound-
edness of the function M, y) on the complex plane. Similarly, condition (v) of
Theorem 2.3 asserts that the essential boundedness from below of M, ) completely
characterizes the closed range and bounded below structures of the operator again. By
the relation in (2.3), we also deduce that V(, 4 cannot be surjective on F), for any
choice of g and v in H(C).

We note in passing that by Theorems 1.1 and 2.3, the discussions made above
applies to the operator J( ) as well. It is interesting to note that while the range of
the nontrivial integral operator J(, ) contain only functions in J, which vanish at
the origin, the extra term in the relation Cy, f = J(1,y) f + f(¥(0)) can make the
composition operator surjective as stated in Corollary 2.8

Theorem 2.6 is rather interesting in the sense that the conditions are simpler to apply
than those listed in Theorems 2.3, 2.4 and 2.5. It is known that a compact operator on
an infinite dimensional space cannot have closed range. By Theorem 1.1, compactness
of the operators implies ¥ (z) = az+b such that |a| < 1. But the converse of this fails.

For example set ¥1(z) = z/2 and g1(z) = 7 and apply Lemma 1.3 to observe that
the operator J(g, y,) is not compact. The same counterexample holds for V(, ) by
simply replacing g; by g}. In this regard, the interesting question was whether there
exists closed range noncompact integral operators whenever |a| < 1. Theorem 2.6
answers the question negatively; ensuring that closed range happens only when a
belongs to the unit circle.

Carleson measures have proved to be useful tools in the study of several operators.
For Fock spaces, such measures were characterized in [9]. Now setting a pullback
measure

g, py (E) = f (18 @11+ 1z e 5 dA) (4.1)
v—U(E)

for every Borel subset E of Cand applying (3.2), we note that for each f in F,
— _DPy,2
Vg £l = /C (18" @I+ 12D 1 F W @)I1Pe™ 2 dA)

:/le(z)l”dmgzw,p)(z)’
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where

lg' (W= () |Pe 51 @I

-1
A ionr AV @)

dit(g y,p)(2) =

and ¥ ~!(z) = (z—b)/a.Itfollows that V(4 ) is bounded on F, if and only if (g, p)
is a (p, 0) Fock-Carleson measure. By replacing g’ by g in (4.1), one can also deduce
that J(g ) is bounded on F), if and only if 1t (g, v, p) is a (p, 1) Fock-Carleson measure.
Similarly, Theorem 2.5 describes the closed range and bounded below properties of
both V4 y) and J(g,y) in terms of the notion of reverse Fock-Carleson measures.

We now turn to Theorem 2.9. Like the other main results, the order boundedness
of the integral operators are characterized in terms of the functions in (1.3). While
the closed range conditions require ¥ (z) = az + b with |a] = 1, on the contrary
order boundedness happens only when |a| < 1. Clearly, the conditions in the theorem
imply the corresponding conditions in Theorem 1.1. Indeed, if both p and ¢ are finite,
then order boundedness implies the stronger compactness conditions as well. On the
other hand, if at least one of the exponents p or ¢ is infinite, then the conditions in the
two theorems coincide. Furthermore, unlike the conditions in Theorem 1.1, the order
boundedness condition is independent of whether p < g or p > ¢q. Corollary 2.10,
which is a special case of Theorem 2.9, ensures that the operator V, : F), — F is
order bounded if and only if g is a polynomial of at most degree one, and p > 2.
By [5, Thoeorem 2], this condition coincides with the Schatten S, class membership
characterization of the operator when it acts on the Hilbert space F,. In this context,
the requirement p > 2 implies the operator fails to be Hilbert—Schmidt. Therefore,
not every compact V, is order bounded. Another consequence of Theorem 1.1 is
Corollary 2.11 which together with [4, Proposition 3] implies Cy, : F, — JF is order
bounded if and only if it is compact.
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