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Abstract

In this article, we provide the rigorous mathematical convergence proof both in space and time of the two dimensional
Black Scholes equation with stochastic volatility. The spatial approximation of this three dimensional problem is performed
using the finite volume method coupled with a fitted technique to tackle the degeneracy in the Black Scholes operator, while
the temporal discretization is performed using implicit Euler method. We provide a mathematical rigorous convergence proof
in space and time of the full discretized scheme. Numerical results are presented to validate our theoretical results.
© 2023 The Author(s). Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in
Simulation (IMACS). This is an open access article under the CCBY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In financial markets many different products are traded. Focusing on the foreign exchange market, we are
basically faced with exchange rates of different currency pairs and derivative products which depend on the
underlying rates. The most common examples are swaps, forwards and different kind of options [10]. At time
of maturity T, the value of a call option for instance is by contract equal to the value of an underlying minus a
predefined so called strike value if the underlying exceeds the strike and otherwise zero, so the price of the option
is based on the value of the portfolio at the beginning of the contract. For an accurate assessment of the price it
is essential to have a realistic stochastic model. Black and Scholes [4] in 1973 proposed a simple model based on
geometric Brownian motion and derived options prices under no arbitrage principle. Their work was a breakthrough
and the results are still widely used. Since then, several improvements and extensions were suggested in order to
obtain a more realistic model and hence more accurate option prices [7,11]. We concentrate on stochastic volatility
models [11] where as the name suggests the volatility is not constant like in the Black Scholes model but a stochastic
process itself and examine the numerical approximation as in many cases the exact solution is not available. The
first numerical approach to Black Scholes equations is the lattice technique [5,12]. This approach is equivalent to
an explicit time-stepping scheme, and therefore is very unstable. Other numerical schemes based on classical finite
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difference methods applied to heat equations with constant coefficients have also been developed [2,3]. Since the
Black Scholes equation is degenerated, classical finite difference methods may fail to give accurate approximations
when the asset is small. To overcome this drawback, some authors [19,20] suggest to solve the differential equation
in a truncated space interval excluding the singularity points. In [20], S. Wang presents a novel discretization method
for the Black—Scholes based on a finite volume formulation coupled with a fitted local approximation to handle the
degeneracy of the operator. In Huang et al. [8] the authors proposed a fitted finite volume method for the one
dimensional Black—Scholes equation in Hull-White’s model of stochastic volatility. In [9], the authors studied the
spatial convergence of the one dimensional Black Scholes in Hull-White’s model of stochastic volatility. Note that
to the best of our knowledge only full convergence proof of the non stationary case has been presented in [19]
for one dimensional options as the proof in [9] is only for stationary (independent of time) two dimensional Black
Scholes model. Recently three dimensional fitted finite volume method has been extended in [18] for Hamilton—
Jacobi—Bellman equation. The local approximation is determined by a set of two-point boundary values problems
defined on the element edges.

Here, we applied the fitted finite volume method [18] to three dimensional problem, which is indeed the two
dimensional Black—Scholes Hull-White’s stochastic volatility model. Furthermore, we provide the mathematical
convergence proof of the fully discretization where the time discretization is performed using the implicit Euler
method. Furthermore, we prove that the discrete Black Scholes operator obtained after the fitted finite volume
space discretization is an M-matrix. To analyze the method, we formulate the scheme as a finite element method
in which each of the basis functions of the trial space is determined by a set of two-point boundary value problems
defined on element edges. Using this formulation, we establish the stability of the method with respect to a discrete
energy norm, and show that the error of the numerical solution in the energy norm is bounded by O(h+ At), where
h denotes the mesh parameter and At the time discretization stepsize.

The rest of this article is organized as follows. In Section 2, preliminaries and mathematical setting are provided
and the proof of theoretical results on existence and uniqueness of the continuous problem. In Section 3, we develop
the finite element framework for the fitted finite volume method. The coercivity proofs of the corresponding discrete
bilinear form are also provided to ensure the existence and uniqueness of the discrete solution. In Section 4, fully
discretization scheme is provided along with the proof of our main theorem based on convergence of the numerical
solution toward the continuous solution. We present some numerical results to demonstrate the convergence of the
numerical scheme. Finally, our findings are summarized in Section 6

2. Preliminaries and mathematical setting

Two assets European option pricing with a stochastic volatility developed in [11] is given by
af 1, 2f 1, 3*f 1, ,3f 02 f
o7 + TR + 7Y zay2 + 52 & 322 +ny'01’28x8y
*f > f af af af
3/2 3/2 o hel - _ =0
+z xSPl,aaxaz +z y§p2’38y8z —i—rxax +ryay —I—,uzaz rf
on 2 =10, X] x [0, Y] x [¢, Z],where \/z = o and T the expiry date.
We will use the following final condition and Dirichlet boundary conditions

f(T,x,y,2) = fr(x,y,2), (x,y,2) € £,
ft,x,y,2) = fplt,x,y,2), (t,x,y,z) € [0,T] x 3£2.

Note that x, y denotes the price of the underlying stock, & and u are constants from the stochastic process governing
the variance z, p ; is the instantaneous correlation between x,' and y;, p; 3 is the instantaneous correlation between
x; and z;, pp3 is the instantaneous correlation between y, and z,, X, ¢, Y, Z and T are positive constants. Note
that the volatility of the assets o = o(¢) and the interest rate r = r(t) depend of ¢. The function fr(x,y,z)
is the payoff and fp(¢) the Dirichlet boundary condition value. The independent variable z is strictly positive
(z > 0). However the case that z = 0 is trivial because it means that the volatility of the stock is zero in the
market. The stock then becomes deterministic, which is impossible unless the stock is a risk-less asset. In this

ey

1 This is indeed the stochastic price of the asset x at time 7.
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case the price of the option is deterministic. Therefore it is reasonable to assume that z > ¢ for a given (small)
positive constant ¢. The solution domain of the above problem contains six boundary conditions surfaces defined
byx=0,x=X,y=0,y=Y, z=1¢,z= Z. For the boundary condition at z = ¢ and z = Z, we need to solve
the PDE in (1) by taking & = u = 0 for two particular values 0 = /Z and o = +/Z with the boundary and final
conditions defined above. By using the changing variable f := ve®’ where « is a positive arbitrary constant, and
setting t = T — t Eq. (1) becomes

av 1281) 123v 1$2 0%v @)
o 2" Yoz 2 Zay ¢ IR IPN
3% 9% v v v
_ 32 w_ % —0.
z xém,aaxa yépzaa o ax Ve TR +r+ov=
By including the boundary condition, (2) can be written as the following inhomogeneous divergence form
ov(t,x, v,z
% — V- (k(u(t,x,y,2) +cv(z,x,y,2) =g, 3)

where g is a known function coming from the contribution of the boundary condition, k(v(z, x,y,z)) =
AVu(t,x,y,z) +bv(t,x,y,z) is the flux, b = (x by, y by, 2b3)" and
ail an as
A= |ay axn ax|,
azr azxp  ass

with
[ 1 5, 1,5
aj| =—-0°x°, ap==-0 , ax = —£°z7°, 4
n=; n =507y, as 25;' “4)
1 1 3 1 3
ap =da = sz Yp1,2, A13 = a3l = EZZ x&p13, axz=azp = EZZ yép23.
b _ 1 3 1
1=r—s3zp12— 372286013~ 2,

1
by=r—3zpi2—322€p3—2,
1 1
by=p —& = 1z2Ep13—5226ms
! 1
c=3r+a+pu—E —zpo—3z2Eps—3226ps—22.

®)

Let L?(2) be the space of all p-integral functions on {2 for p > 1 with usual modification for p = co. When p =
2, we denote the inner product on L*(£2) by (v, u) = fQ u vd{? and the norm ||v||(2) = fn v¥d2. Letl=1,2,...,
W/ (£2) denote the usual Sobolev space such that for p = 2 we simply denote Wj(£2) by H'(£2), |- |; and || - ||;
respectively the semi norm and norm on H'(§2). We also use | - [|0.00.2:= || - l0.00 to denote the L> - norm on 2
and |v]l1,00,2:= [|v]l1.c0 to denote the sup-norm of Vv on the (open) set {2. We shall use the standard notation for
function spaces C™(§2) and C™ (2) of which a function and its derivatives up to order m are continuous on {2(Resp.
12). For any Hilbert space H({2) of classes of functions defined on 2, we denote

L*0,T; H(Q)) = {v(r, S (r, ) € H(2)ae in[0, TT; |[v(z, )z € L0, T])} . 6)

Clearly, L?(0, T; L*>(£2)) = L?*([0, T] x £2). To handle the degeneracy in the Black—Scholes equation we introduce
a weighted inner product on L*(£2)by (1, v)s = [,(z x> uj vi +2 y*us va+ 2> uz v3)d 2 for any u = (uy, us, uz)"
and v = (vy, v2, v3)T € (Lz(Q))S. The corresponding weighted L%-norm is given by

1/2
||v||o,uv=(/ zx*v] +2y* v 42 v3d9> : )
Q
The space of all weighted square-integrable functions defined as
L3 ={ve (L)’ Ivlos < oo}, ®)

is a Hilbert space according to [15]. Using L2(£2) and Lé(()), we define the weighted Sobolev space H, Ulj (12), by
Hi(2)={v:v e L*(), Vv € L;(D)},
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where the derivative in Vv is understood in weak sense. Furthermore, using the inner product in L2(£2) and sz(.Q),
we define a weighted inner product on H Ulj (£2) by

(u, U)Hz%(m = (u, V)2 + (Vu, Vv)L%,(Q)
which corresponds to the norm
Iol7 5 = 0I5+ IVl -
Following again [15], one can prove that (Hul)(()), G, ')Hl(9)> is a Hilbert space.

Let 90 = ((x.y.2) € 802 : x # 0.y # 0} denote the boundary segments of £ with x = X, y = ¥, z =
Candz = Z. Let
Hy ()= {v: v € Hi(£2) and v]yg, =0},

w

The weak formulation of our problem (2) is given by

Problem 2.1. Find v(r) € H, ;(£2) such that for all u € H; ,({2),

(a;(;)’ u) + B(), u: 7) = (g, ), ©)

where B(:, -; 7) is a bilinear form defined by
B(w(t),u;t) = (AVv+bv, Vu)+ (cv,u). (10)

To prove the existence and uniqueness of Problem 2.1, we need the following assumption and lemma.

Assumption 2.1. We assume that
pi; >0 and Zp,-,j € [0, 1). (11)
i#]
Lemma 2.1. Let v, u € HOI@(Q). Then
1- There exists positive constant M, independent of v and u such that,
: <
1B, u: 0l < Mol o)l o (12)
2- There exists positive constant y such that
. 2
|B(U, U7T)| 2 y”U”Holu”;(‘Q)’ (13)
uniformly with respect to © € [0, T].
Proof.
1. For any v, u € HO{ID(Q) we have
|B(v,u; 1)l < [(AVv, Vu) [+ [ (v, Vu) |+ | (cv, u) | (14)

For the term | (A Vv, Vu) | in (14) we split it into two parts as follows:

1 1 1
| (AVv,Vu)| < / EZ x2 Ul + Eyzz Vylty + 552 2z v u,d 2
2
1 1 3
+ / sz y p1,2(vx Uy + Uy Uy) + Ex 722§ p13(vx Uz + Uy vy) (15)
2

1 3
+§ y22& pa3(vyu; +uy vz)dQ’ )
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For the first term on the right-hand side of (15), by Cauchy—Schwarz inequality we obtain

1 1 1
/ —zx% vy + =¥’z vylly + —£2722vu.d? (16)
0?2 2 T2

1 1

1 2 2

Si[f xPvi+zyi vl + 82 vzdﬁ] [/ exPul 2y ul+Ez uzdﬁ}
o o

<M ”v”HOl,uZ;(Q) : ”u”HOI.ﬁx(“Q).

For the second term,

1 1 3
/ 53Xy P12y uy +uyvy) + 5% 22 & p13(vy Uz + 1y vy)
2

1 3
+§ vz2§ p2,3('~’y Uy +uy v,)d{?

1
< / _nypl,Z(vxuy+Mxvv)dQ‘
0?2 '

1 3 1
+ ‘/ zxﬁsm,s(vxuﬁuxvz)dﬂ‘+‘/ Eyz%s;)z,s(vyuﬁuyvz)dn,
2 2

SO

1
‘/ F3Xxy p1,2(vx Uy + Uy U))d.Q'
0?2

A

1
/Ezwmzvxu dﬂ‘+‘/ SZXY P12 Uy Vy dﬂ‘
2

1

S&[/ szvde] |:/ zy2u2d0i|
2 Lo Q

1

+ Pr2 [/ y2v2d91| |:/ zxzuzdﬂ]
2 Q

Using the same technique yields

(rz v y2! uy)| B2 vz

1 3
/ E <Zx y 101,2(vx Uy + Uy vy) + xz2 SPI,S(Ux u; + Uy vy)
2

3
+y228 p23(vyu; +uy vz)) d()' .

1 1
2 2
SM|:/(zxzvf+zy2v§+§2z2vf)dﬂi| -|:f(zx2u§+zy2uf+€2z2u§)d0} 17
Q 17
1 1
2 2
+M [/ @x*v;+zy° vy + €77 vf)d()} . |:/ @x’u; +zy*u; —i—ézzzuf)dﬁ}
Q Q
=M ||U||H(;Jb(g) : ||M||H(§’ﬁ)(9)-
Thus combining (16) and (17). We obtain
[(AVv,Vu)| <M ||v||]-[01ﬁ)(_()) : ||u||H01ﬁ}(Q). (18)

For |(b v, Vu)|, using integration by parts, we have

/bv~VudQ’=/ bvu~nds—/uV~(bv)d!Z
2 a0 . 10,

0

§M||v||o||u||o+‘/ ub-Vvd(l‘.
(93
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Furthermore, since b = (x by, yb,, z by)T, by Cauchy—Schwarz inequality, we obtain

1 3
/ub~Vvd(2 < /uxvx r——Zm,z——Z%E,Om—Z daf
0 o 2 4

1 3
+ /uyvv V——Zpl,z——Z%$P2,3—Z daf

1 1
+ /uzvz [u —éz—zZ%‘fPls—zZéfﬂ)zs} dﬂ’
2
< M[l(xve, )|+ [(y vy, u)| + 1z vz, w)l]

1 1
2 2
SM|:/x2v§+y2v%+zzvzde] |:/ u2+u2+u2d!2}
I} | 7}
<M . .
= ”U”Hol_m(“o) ”u”H(;,m(Q)

Therefore we have

f ub-vVodf2
2

l(cv,u)] = M lvllollullo.
1
2. For any v € HO,rfu(‘Q)

1 1
/bv~Vde:—/ vzb-nds——/v2V~bd(2
2 2 902 2 0

1 2
— V. bd
2/91’

sinceb-n=0 on 92\dfp and v =0 on 9{2p. Using (21), we have
B(v,v; 1) = (AVv,Vv)+ (bv, VV) + (cv, v)

:(AVv,Vv)+<(c—%V.b>v,v),
((c—lv-b>v,v)
2

W &1 3 3 1pn
_ 2 =z o2 — 7V — s
= <|: r+a+ > > 2Zp1,2 405,01,3 z/76p3—z v, v

4
2
Z K ”v”LZ(Q)v

<M ”U”H()l,w(ﬂ) : ”u”[-]&w(g) (19)

(20)

21

with K = K(«) > 0, since « is arbitrary. Assumption 2.1, we also have
1 3
3 [/ 2P0+ YV 2xy pravty) +E VI +2x 22 E pravn;
Q

3
+2yz2& pr3vy Uz] g
1
= 5/ (I—pra—p13)zx* v+ (1= pro— p3)2y* vl + (1 — prs — p3)E* 202 d Q2
2

1
+ 5 / o13E@ P x v+ Ezv )+ 023 Py vy +E 20 )+ p1aE P x v, + 22y )P dR
2
2
> CIVUIE,

We finally have
B, v, 0l = CIVUI o+ Klvi2
2
2yl o ™
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Theorem 2.1. Under Assumption 2.1, the Problem 2.1 has a unique solution.
Proof. The proof uses the previous Lemma and can be found in [6, Theorem 1.33 page 40]. W

3. The finite element formulation of the fitted scheme and its consistency
3.1. Representation of the projection of the exact solution on the fitted finite volume grid

We are now discussing the finite element formulation for the discretization scheme. We follow the works
developed in [9,16,17] with the difference that we are working here in the three dimensional Black Scholes model.

As usual, we truncate the problem in the finite interval Iy = [0, Xmax], I, = [0, ymax] and I, = [£, Zmax]. Let the
intervals I, = [0, Xmax], Iy = [0, Ymax] and I; = [{, Zmax] be divided into Ny, N, and N3 sub-intervals:

Ly = (xi, xiq1), Ly, o= (s i), Iy = (2ks 2e41),

i =0~'~N1—1,j=0~'~N2—1, k =0---N3 —1with0 = xg < x; < «----- < XN, = Xmax,
O=yo<yr<-«+---- <VNy =Ymax and § =zp <zg < ------ < ZN; = Zmax- We also let
Xi + Xiq1 Xi + X1 Y+ Y+
Xit1/2 = 5 Xi—1)2 = s Vit+1/2 = S
(22)
yi+yi-1 Zk + Zk+ Zk + k-1
Yi—1)2 = I Zk+1/2 = s Tk—1/2 = s

foreachi=1---Ny—1 j=1.---N;—1 andeachk =1---N3— 1. These mid-points form a second partition of
I, x Iy, x I if we define x_12 = X0, Xn;+1/2 = Xmax> Y—1/2 = Y0» YNy +1/2 = Ymax and Z_1/2 = 20, ZN341/2 = Zmax-
Foreachi =0,1,...,N;, j=0,1,...,N;and k =0, 1, ..., N3, we define

hy, = Xit12 = Xi—1/2, hyj = Yj+1/2 = Vj-1/2 (23)
hy = Zkv12 — 2k-172, h = Tinja?{hx,-,hyj, hy b (24)
Riju = [Xic12 Xiv12] X [yj=1/2, Yiw12] X [2x=1/2: 2%41/2] - (25)

Integrating both size of (3) over R; jt,i=1,...,Ni—1, j=1,...,N,—1landk=1,..., N3 —1 we have
(Ny — 1) x (N, — 1) x (N3 — 1) balance equations

0
/ —vdxdydz+ —/ V. (k(v)) dxdydz+/ cvdxdydz =/ gdxdydz. (26)
Ri,jk ot Rijk Ri,jk R

i,j.k
Multiplying the {i, j, k}th Eq. (26) with an arbitrary real number, say u; ;x, and adding the results, Ostrogradski
Theorem, integrating by parts and using the definition of flux k(v) where n denote the unit vector outward-normal
to 0R; jx, we have

Ni—1Ny—1 N3—1 Ni—1Ny—1 N3—1

d
Z Z Z /73 %uih]‘,k dxdydz — Z Z Z ([)RLM k(v).nds) Ui jk

i=1 j=1 k=1 YTijk i=l j=1 k=l
Ni—1 Np—1 N3—1 Ni—1 Ny—1 N3—1 (27)
+ / cvu; jrdxdydz = Z Z Z/ gu; jxdxdydz.
i=1 j=1 k=1 *Rijk i=l j=1 k=1 YRijk
For any arbitrary function u € C°(£2), we define the mass lumping operator P from C°(12) to L>®({2) by
Pu)| =ulyjz), i=0,1- N —1j=01---Ny—1, k=0,1---N3— L.
ij,
If in addition, the function u satisfies homogeneous Dirichlet boundary conditions, we have P(u)l3n, = 0.
Therefore, using the mass lumping P, (27) can be written as follows:
ad N
(a—” P(u)) + By(v. Pu): 1) = (g, P(u)), where (28)
T

Bi(v, P(u); ) =
394
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Ni—1 Ny—1 N3—1
i=l j=1 k=1 *
Ni—1 Np—1 N3—1
i=l j=1 k=1 *
Ni—1 N;—1 N3—1

D IPIDY

i=1 j=1 k=1 *
Ni—1 Np—1 N3—1

“h
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P(M()C,‘, Yjs Zk))

2

i|(xi+l/2q}’jszk)
k

(xi—172:Yj2k)

(xivyj41/2:2k)
th] P(M(xi9 ij Zk))

(xiyj-172:2k)

(xi-¥j2kt1/2)
hx,i| P(M(Xl’, yja Zk))

(xi.y)>2%-172)

. Yz)
23030 M I (VA RS PG,y 20)
i=1 j=1 k=1 " Y < A (xic1y2.3).%)
Ni—1 Na—1 N3—1 50 50 1 (a1 22)
=22 2|y (g, s a—) chy P(u(xi, yj. 7))
il =1 k=1 L < A (xiyj-1/202)
Ni—1 Np—1 N3—1 v v _(xiv)’j!zk+l/2)
- < <d5 8_ + d6 a_> : hyj : hxi P(u(xi’ Yjs Zk)) + (C(T) v, P(M)),
i=1 j=1 k=1 L y A (xi.yj.2k-172)
Ni Ny N3
(P(u), P) =Y 3> uijuvijulijur 1, v € COAD), (29)
i=0 j=0 k=0
. 1
Lk = (xis12 —xic12) X (V412 = ¥j-12) X (2kt1/2 — 2k-1,2) is the volume of Ry, di = 32P12Y
1 1 1 1 _ 1 _
b = =Ep32t dy = F3p2x, dy = 55 22 prs, ds = 3 P12x€p13, ds = 550)’/02,3, a =52 &=
1 1
57 and a3 = 552. Note that

Ni—1 Ny—1 N3—1

22 )

i=1 j=1 k=1
Ni—1 Ny—

i=1 j=

NG

(xit1/2:j2k)
)]
(xic1/2:5)52k)

1 N3—1
Z ( ) P(u(xi, yj, 2z lijk-
1 k=1 y Xi1/2:Yj2k

For the sake of simplicity, we will denote

av

(dn )
dy

P(u)) = (P <d,,a—v) , P(u)) =
dy

ov

i=1

Pu(x;, yj, 21))

Ni—1 Nr—1 N3—1

av
Z (d” 8_> Pu(xi, yi, ) li ok,
y Xi+1/2:Yj %k (30)

9
(d,, —”> = (d,, —> . ne{l,2,3,45,6)
dy Xit1/2 dy Xip1/2: 5%k

and therefore the rewritten value of éh will be

By(v, P(uw); 1) =
Ni—1 Np—1 N3—1

pIp3

=1
1—1

”M

=
NZ\.

-1

=

3—

k=1

Il
—_
~.
Il
—_

Xit1/2
[ (alx——i-blv) hyj-hzk} P(u(x;, yj, zx))

Xi—1/2

v Yj+1/2
- [y (02 ya + by v) - hy, 'hzk] P(u(x;, yj, z1))

Yji-1/2
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Ni—1Ny—1 N3—1

- Z Z Z |: <a3z_ + b3 v) “hy; 'hx,:|Zk+l/2 P(u(x;, yj, zx))

i=l j=1 k=1 Zk—1/2
- (dla—”, P(u)) = (dza—”, P(u)) = (d3a—v, P(u)) - (dﬂ, P(u)) Gb
ay 0z ax 9z
— <d5a—v, P(u)) — <d6a—v, P(u)) + (c(t) v, P(u)).
ax ay

Applying the composite (w.r.t. the partition {Ri,j.k, i=1,...,.Ny—1;, j=1,....,.Np—1; k=1,...,N; — 1}),
the mid-point quadrature rule to all terms except the second one we obtain the above for all u € C°(£2)

Ni=1 Na—1 N3—1 e
( ) PP Z[ (M-an) hh} Pu(xi. y;. %)

i=1 j=1 k=1 Xi—1/2
Ni1—1 Np—1 N3—1 . v Yj+1/2
> Z [ (azya— + by U> “hy; 'hzk] P(u(xi, yj, 2x)
i=1 j=1 k= y Yji-172
Ni—1Np— _ dv Zk+1/2 (32)
- Z Z [ <3za—z+b3 v) +hy, h} Pu(xi, ;> 24))
=1 j=1 k=1 ’ k172

d ov P d av P d ov P d v p p dv »
_ < oy’ (u)) - ( 257 (u)) - ( S (u)) - < i (u)) _ < o, (u)) 3
(dsg—;), P(u)> + (c(¥) v, u), ~ (g, u)n, Where

(u, v), = (P(u), P(v)). The expression (32) is a representation of the projection of the exact solution Pu on the
fitted finite volume grid and will play a key role in the sequel of this paper.

3.2. Fitted finite volume scheme

We will denote by v; j« the nodal approximation of v(z, x;, ¥;, zx) = v;, . Applying the fitted finite volume
approximation to (32) as [18], we then arrive to the system

dvi j k
dt

ijik ijik ijk _
teiiavij+ ei,j,k—l Vi j—1.k + e,-,,,',k+lvi,j,k+l = &ijks

i,j J.k J.k
+e;” 1,j.k Vi— ljk+eljkvljk+el+11kvl+1]k+el] 1.k Vi, j—1k (33)

fori=1,...,.Nj—1 j=1,...,N,—1 and k= 1,..., N3—1. This can be rewritten as the Ordinary Differential
Equation (ODE)
dv(t)
dt
where E(t) is an N x N matrix with N = (N;—1)x (N, — 1) x (N3 —1), v = (v,;j,k), g= (g,-,j,k), i=1,...,N—1,
j:l,...,Nz—l and k:l,...,N3—1 Bysettingnl _Nl—l l’lz_Nz—l' l’l3_N3—1 I:](l j,k):
i+(j—Dni+(k—Dniny and J = J(@", j', k') =i"+ (" — Dny + (K" — Dnyna, we have E(t)(I, J) = ( J’,‘k/ ,
i'vi=1,...,Ny—1, j,j=1,...,N,—1 and k',k=1,..., N3 — 1 where the coefficients are defined by

+ E(7)v(7) = g(1), (34)

Bi.jk
ook Bk Bk biivip,jkXiii
iHlLjk = g h. i+1/2 Bijk _ Bijk\’
i i X \ i+l X
Bi— 1,j.k
l]k bll 1/2,j.k Xi—1

—Xj—
l le =12 Bi— 1,j.k /31 1,j,k ’
Xi X -

i Xi1
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Blijk
ik dujkx dsijk bai 12k Vit
bR T hy, Yi+1/2 Biijk P\’
J / vi Vit Yj
Blij—1k
ik b2i,j—l/2,k Yi-1
e’ = —Vyi_ y
i,j=1k Yi-1/2 Blij—1,k Bli,j—1.k
ARY V-1
Baijk
gk ik ik b3; jkv1/2 2y
Liktl T T T h k+1/2 B2ijk Brijk\’
z Z h jk J
k k 2 \ kg1 2y
B2i,jk—1
gk bsi jk-12 4}
ijk=1 = T<k=1/2 Bai,jk—1 Baijk—1\"
% \Zk — Lk
gk e diijr | gk | Bijk | daijr | dsijr | dsijk
ik = Cijk
hy, hy hy, h hy, hy;
Bi—1,jk Bli,j—1,k
brioija,jkXi baij—12.k Y
+ Xi—12

h Bi-1,j.k Bi—1,j.k TYj-172 Bli,j—1,k Blij—1k
xi \Xi —Xio1 vi \Yj Vi
B2i jk—1 Bi.jk
byi jr—122; o Driv1/2,jk X
( Bai,jk—1 /32i,j.k—l> P2 ( Bi.jk ﬂi.j,k)
Zk - Xj X i

Lk g1 it1 X

+ Zk-1)2

Bii,jk
biijv12kY;

T Vit Blijk Blijk
vi Vit 7Y

Baijk
b3 jkr1/2 2

+ 2412 ( Bai jk ﬂZ[,_/,k) ’
2k

Zkt1 Lk

fori =2,...,Ny—1,j=2,...,No—landk=2,...,N;— 1 and

Lk -
€k = o5 x1(dix — b11y2,.1) V0, jks
Bl jk
1)k - 1 dsijx 31k biitiy2,jk %)
€ljk =5, xl(alk+b11/2,j,k)+gcl,j,k+—h +—h + X14172 TR
X2 X1 x] hy, (x2 SE X )
Bi.jk
ik _ dsijx d3ijk . D1is1/2,j.k %)
2,j.k — T h - I A2 B1,j.k Brik\’
5 Js s Js
x] x| hy, <x2 — X )
: 1
i1,k -
€0 = —5— Y@k — b2i1/2.4) Vioks
»Y, 2y2
Bli 1k
: 1 1 dy; dg; by; o
i1,k - 1i,1,k 6i,1,k 2i1+1/2,k Y1
ey = 2—)’1(f12k+b25,1/z,k)+gci,l,k-i- h T T Thmn hie B\
Bli1,k
ok _ dijix deik v bai1/2.k Vs
B2k Ty T h T2 Bli1k Britk)’
Y v hy, <y2 -V )
B2i.j,0
gl =, b3ij12%
i,j,0 = <12 B2i.j0 Baijo\’
21 \%1 — <o
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eff} = lc:',_/,l iy B + 21412 b3i’f§'l_+_l/2 Zlﬂzj_,l_ +zip b3j§jfl./2 Zlﬂzj.;.o_ —,
o 3 hz, h, h, (Zzzl,].l _lel,j,l) he, (lez.],o _ Zoz,,].o)
et = Jbegr deiga 21412 bsi’j’l,fl/z Zzﬂzjvj,’l, :
s h, h, h, (Zzﬂzl-ﬁl _ Z’f%/.l)
Let
D jkmmni
e G IR T T B N N B S RN N

Following the work in [9, Theorem 3.1], we define the trial space using the following function

|: Bi—1,j.k -1 Bi—1,jk
=) )
i Bi.j.k - O\ Piik

) )] e e

Xi

Xi—1

X

Xi—1

s J KU,y

Xi

Xit1

1,
2

N\ Brij-1k NI T Biij-1k
y Yj—-1 Yj-1 B
- —1
Gijr(x,y,2) = N\ Prijk N\ Plijk Bli,jk
y—J 1—<y—j> 1—<L> ) (X,y,Z)GD,-]-klll,
y i Yi+i Yi+1 2

Z

Bai jk—1
X )€ D. .. 11
Zkl) , (x,y.2) Lk Lo

B2i,jk
) , (x, Y, 7) € Di,j,k,%,%,l’

<k
Zk—1

T
AR

I

-~

, otherwise.

Z

Zk+1

Zk
Zk+1

(37)

fori=2,---,Ny—1, j=2,--- ,Ny—landk=1,---, N3 — 1.
The finite element trial space is chosen to be

Sy =span{¢; jx(x,y,2), i=1, ,Ny—1, j=1,--- ,N—1, andk=1,--- , N3 — 1},

Ni—1 Ny—1 N3—
2k s

and for any u;, € S;, we have the following the representation u;, = Zi:l lluhL jk ®ijk, Where

Upi jk = Unp(Xi, ¥j» Zk)- B
Let Q1, Q2 and Q3 denote three mass lumping operators from C°(£2) to L>(£2) such that for any v € C'(£2)

a i1 j 9 - i? .7

0, (_U) _ v(x Yj+1 Zx) —v(x Yj Zk)’ (38)
dy Rijk hy./
8 i 5 K - i 5

0 <_v) — V(Xit1, Yj, 2k) — V(X Y, Zk)’ (39)
0x Ri,j,k hxl‘
3 i K - i s

0; (—”) — 20 2y Zer) = W, 3y ) (40)
BZ Ri.j,k th
v v(Xi, Yitt1, 2k) — v(Xi, Y, 2k)

0 <d1—) =dii j AN AR 1)

dy Rijk h)’j
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i=0,1,...,N;, j=0,1,....Nz, k = 0,1,..., N3, the same for other terms. Furthermore, using the flux
approximations in Section 3, this motivates the following semi discretization of (28) in the space S
dvp(T)
ap tn) By(vy, P(up); t) = (8, un)y, Yup € Sp where (42)
h
Ni—1 Ny—1 N3—1 Xiy1/2
Bu(op, Pup); ) i=— Y > )" [ <a1 X+ by vh> hy; hz,c} P(uy(xi. yj, 20))
i=1 j=1 k=1 Xi—1/2
Ny—1Np—1 N3— Vit
- Z Z [ (llzy — +b Uh) hy, 'hzki| Pup(xi, yj, 2k)
i=1 k= Yj-1/2

1
Ni—1 szl N3—1 BU} k+1/2
- |:Z (61_3Z8—Z1+b3 vh) “hy, 'hx,»] Pup(xi, yj, 21))
i %12

‘ d vy,
- <Q1 (dlai),P(uh)) - (Q <d2 o ),Pwh))
y 9z
0
( (@%) , P(uh)) - (Q3 <d4—h) , P(uh)>
X 0z
avy vy,
) P(up) (Ql <d6_> , P(”h)) + (c(T) vy, up)y, -
X ay

We introduce the natural interpolation operator I, : C°(£2) — S, by

|
—
Q
[ 5]
—
S~
¥ |

Iyu= Zui,j,k¢i,j,ks where  u(xi, ¥, 2x) = ;i jx, (43)

ij.k
i=1,...N—1j=1,....,N,—1, k=1,..., N3 — 1. (44)
Before further discussion, we will first define some norms and semi-norms on Sy,. Note that (28) is the representation
of the exact solution on R; ;; and will play a key role in our error analysis.

Let us define the discrete functionals || - [[1.n., | * l1.nys | - ll1.n, and || - llo., on S,
Ni—1 Ny—1 N3—1 Bi.j.k Bi,jk
” ”2 1—1 Np— 1L N3— ) o xl_:_{ +x x; i J, B 2 (45)
Unlly p, = E E E Xit1/2 0110, j by 2y Bk Pk Univ1,j,k — Uhijk | >
i=1 j=1 k=l Xl —X
Ni—1 Nr—1 N3—1 Bii, J.k Bii J.k 2
= 0 > S yiipb g g 2 46
||Mh||1,h), = Yi+1/292; 120 zkm Uni j+1,6 — Unijk | » (46)
i=1 j=1 k=1 T
Ni—1Ny—1 N3—1 Bi jk B2 jk 2
I 2 2'2 b wu —uy 47
hily, hy — Zk+l/2 3; k4172 y/ x, 52[ ik ﬁZl,j.k hi,jk+1 hi,j.k )
i=1 j=1 k=1 e+l T %k

Ni—1 Nr—1 N3—1

lnllsn =D > D wnpjpliojs (48)

i=1 j=1 k=1
for any u;, < Sh, where li,j,k = (X,'.H/z — x,'_l/z) X (yj+1/2 — yj_|/2) X (Zk+l/2 — Zk—1/2)~ It is casy to show that
I-I11.nys -1k, and |||l1.n, are the semi-norms on S,. We define the weighted discrete Hul)—norm:

2 2 2 2 2
lunlly = Nunlly p, + Nunlly gy + lenlly p, 4 lunll - (49)

The following result, extends [9, Theorem 4.1] and shows the coercivity of the bilinear form Bj(-, -; ) with respect
to this norm,

Theorem 3.1. If h is sufficiently small then, for all u, € S, we have
By(un, P(up); ©) = Cllusllj,

where C denotes a positive constant independent of h and uy,.
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Proof. The proof is done exactly as for [9, Theorem 4.1]. W

Remark 3.1. Note that using the coercivity property in (50) with the fact that the linear mapping v — (g, uy), is
continuous in Sy, the existence and uniqueness of the discrete solution uy, in (42) is ensured (see Theorem 1.33, [6]).

The coercivity result in Theorem 3.1 will be important in our convergence analysis in the next section.
3.3. Consistency of the fitted finite volume method
Let 01(1), 02(u) and p3(u) be defined, respectively by
_ Ou _ Ou _ du
o1) =aix—+biu, oow):=ay— +byu, o0s(u) :=azz— +byu.
0x dy 9z

We denote by Qli,j,k(u) the approximation value of g;(u) at (xi+1/2, Vi, zk) forl =1, (x,-, Vit1/2s zk) for [ =2 and
(xi, Vi Zk+1/z) for [ = 3 using the fitted scheme in Section 3.2 for [ € {1, 2, 3}

| _ .
3 [(alk + b1y 0k — (A1 — blxl/z,j,k)uo,j,k:l ,i=0,
by; ) (xﬁi._/,k Wisd ik — Piik 'k)
Qli,j,k(”) = i+1/2,j.k \ri41 Hitlj, i iJj, i1 Ni— 1 (51)
Bi.jk Bi.jk ’ v AV ’
Xigl — X
j=1,...,Na—1,k=1,...,N;— 1
11 _ _ .
3 [(a2k + bai gy ik — (A2 — b2i,y1/2,k)ui,0,k:| , J=0,
Bii,j.k Blijk
_ ) b \ Vi Mirk =Y Ui jk
02i,(U) = j=1,... . Ny—1
Blijk Blijk ’ v ’
i+ T
i=1,...,Ny—1,k=1,...,N;—1 (52)
Bai,jk Bai,jk
b3 jrri2 \ bt Wikl — 2 7 Uik ]
1= . N1 1
L. — ,S i‘ ., /3 iv .‘ b b 9 9
Qs,_j,k(u) Zkiljk _ Zk2 Jik

j=1...,No—1,k=0,1,...,N;3 -1
As in [8], we define the global approximation 01,(u), 02,(#), 03,(u) where in long notation, o;,(u)(x,y,z) =
o1,(u(t,x,y,2)), (x,y,2) € I, x I, x I, by
01y W1, xryxr, = 017 (1),
QZh(”)llxxlijlz = in,j,k('/i)
03, (W 1 xryxr, = 03 j 1 (1),

fori=0,1,...,Ny—1, j=0,1,...,N,—1 and k=0,1,..., N3 — 1. We will need the following assumption
of the local quasi-uniformity of the spatial mesh [14]:

IA

Assumption 3.1. There exist constants ¢; > 0, ¢, > 0 and ¢3 > 0 such that cl_1 hyy <hy <cihy,, cz_] h}’j+l

hy, < cahyyy e3 hyy <hg <cshy i=0,...,Ni—1j=0,...,Np—1, k=0,...,N3— L.

For the sake of simplicity, let us rewrite the discrete value o1,, 02;,, 03, as follows

Uil xiyx1, =
Uni,jk — Unho,jk
hx,
Unit1,jk — Uhi,jk
hy;

a_lk(1+ﬁ0,j,k)x1/2 +bll/2,j,kuh(),j,kv i=0,j=1,....hp—1Lk=1,...,N;3—1

aie (14 v 1) X1 +biiviojattnijis L=1,....,Ni—=1,j=1,..., N — 1,

k=1---,N;—1
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QZh(uh)llXxlyj xI, =

- Uni 1k — Uni 0k . .

arg (1 +/31i,0,k) )’1/2[]1—l +b2i,1/2’kuh,~,0’k 1= 1, ey N] — 1, ] =0, k= 1, ...,N3 -1
Y0

_ Upi j+1.k — Uhi jk . .

ary (1 + Vz,',j,k) yj+1% + b jr1pkttni g, i=1,...,Ni =1, j=1,..., Ny — 1,

Yj

k=1,...,N; =1

03, (Ul xryx1,, =

Uni,jk+1 — Uhi, jk

as (1+ v 1) et ;A +b3ijar1punijx i=1,...,Ni—=1, j=1,..., N, — 1,

<k
k=0,1,...,N;—1
where

Biik—1 Bijx—1 Baijx—1

Bijk by X 43 ‘ Biij h)’j y,j+1] Baijxhzy i ‘

yli,j,k: Biik B _17 7/2,‘,,',1(= Blii Blii _la y3i,j,k: Ba; Bo: -1 (53)
(xAl,‘], —x l,j.k) E ( '11,‘],1( _ '11.‘],1() (Z 2i,j.k —z 21.],1()
i+1 i Yit1 Yj k+1 k

Proof. We start with the case i = 0. By (51),

11 _ _
o1 )l xryxt. = 3 [(alk + b1y Nk — (A1 — b1xl/2,j,k)uho,j,k]

1_ 1
= S [wn1 jx — o jk] + Eblmz,j,k [n1, .k + wno ji]

2

1 [tnt jx —unojx] 1
- 5Js 5

= Sahy """+ Sbix 5 jk (1. jx =+ uno juc] -
2 hy, 2
: Unijk — Uho,jk Ny )
Since upy j g = Uno,j i + hyy—"———", X192 = > we obtain
hy,
- [“hl,j,k - “ho,j,k]
1 Uil 1y xtyx1, = (dix + blxl/z,j,k)xl/zh— + bixy )y, kU0, j ks
X0

using the fact that (a;;, + blxl/g,j,k) = (a1 + aixPo,jx) = aix(1 + Bo,jx), we have the result.
Forthecasei=1,...,N; —1

b Bi,j.k Bi.jk
Li+1/2,,k \Xix1 Univ1,jk — X; Uni jk

u =
Q1 Un)l1y, x1yx1. TR
i+l TN
b]i . o Un: o — Up -
_ +1/2,j.k ﬂl,],k 1 hi+1,j,k hi,j.k ﬂl.j,k
- lgi,j,k ﬂi,j,k xj+1 Xi+1 hx,- h + uhi,j.k —X;
it1 — X H

b h Bijk—1
Li+1/2,j.kMx Xig 1 Uhi+1,jk — Uni,jk b
Xit1 + Dtlit12.j.kUhi,j k

Bi,j.k Bijk hy.
i+l T !
_ Uhit1,j.k — Uhi jk
= [alk (L4 v1i4) Xit1 <—h + britiy2,jktnijk |
Xi

since biiyi ik = dixBijk- M

Under Assumption 3.1, there exist constants C,, > 0, C,, > 0 and C,, > 0 depending
Ni—1 Bo; j and ci, ¢2, ¢3 such that the

Ny =1
N3 =1

Lemma 3.1.

only respectively on max i=1
j=1,..N

following estimates hold
Vi jaXivt| S Cphy, i=1,... Ny =1, j=1,... . Na— 1 k=1,...,Ns— 1,

V2 jayint| S Cphy i=1,... Ny =1, j=1,.... Ny =1L k=1,....Ns — 1,
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|V3i,j,k2k+1| =Cphy,i=1....Ni—1,j=1...,Nb—-1,k=0,1,...,N; — L.

Proof. We follow the same procedure as in [1, Lemma 2] and use (53). Let us just prove the first inequality as
the others follow the same lines. Note that

Bijk—1
b1i+1/2,j,khx;xi+1 — 4 (l+ )
Bi,jk Bi.jk = Ak Vi jk
Xigr — X

with yy; ; , being defined in (53). Using the Taylor expansion
Yhiik = xfi’j’k + B jxEPik Tl (y — x;) where x; < £ < .

For ¢ = x;, we have

Bijk—1 Bijk=1 ikl
y (XiH) l/ —-1= Xitl o
li,j.k Bijx=1 ’
%‘ x! i,

Similarly, by the Taylor expansion

Yl = gPkTl 4 (B g — DnPt T2 — §), where & < < .
We also have for ¢ = x4

o Bi,jk—2
Vi = Brix — 1)% <g)

and, thus

) Bijk—2
Xit+1 n
W jaxivl = 1Bijk — 1|_§ £ hy,, where x; <& <n < xj41.

To estimate the factor (1/£)%:i+~2, we have to distinguish between the cases Bi.jx <2 and B; jr > 2. In the first
case, we use that £ < n and obtain

<n>ﬁi,j,k—2 <$>2—ﬁi,j,k <n>2—ﬁi,j.k
2 =(2 < | = =1.
3 1 1

In the second case, we use that n < x;,; and obtain

Bijk—2 . Bijk—2
() =)
& Xi

Since x;_; > O foralli =1,..., N; — 1, we have the following estimate
i i hx- hx- hx- X;
H=L=1+—’=1+—’§1+—'§1+C1
X; X; X; hy,_, +xic1 Ry,

by Assumption 3.1. Therefore

n Bijk—2
(E) < (14 cp)fiis=2,

Similarly,

Xi+1 Xi+1
< <.

E T

So we finally obtain the estimate. W

The consistency results of the fitted finite volume method are given in the following Lemma.
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Lemma 3.2. Letv € HI(2)N Holw(.(l) with q > 5/2, under Assumption 3.1 there exist positive constants
Ci, Co, C3 depending on cy, ¢z, c3, Cy, Cy,, an and independent of h such that
av(ts ) yy Z)

Xi+1 8@1
Xi1/2: )3k SCI /xi a + dx +|v(7:"s y,Z)| dx,
i:o,...,Nl_Lj:l,...,Nz—l,k:]y.“,Ns_l

Yir1 [0 ov(t, x, -, 2)
(Qz(v) — th(lh v))xie}’/+1/2’2k < Cz/ Haﬁyz + ‘— + |v(z, x, -, Z)|:| dy,
’ Vi

(01(v) — 01,1y v))

dy
i=1,...,Ny—1, j=0,1,...,.No—1 k=1,...,N3—1

G+ 119 ov(t, x, y, -
< 03/ H—QS ’ + ‘—( Y 4 o, x, y, -)I}dz,
% 0z 9z

i=1,...,.Ny—1, j=1,...,Np -1, k=0,1--- , N3 — 1.

(54)

(03(v) — 03, v))

XisYjsZk+1/2

Proof. As we are working in three dimension, we have H?({2) < C'(§2) with ¢ > 5/2 according to the Sobolev’s
embedding Theorem. The proof of our Theorem follows the same lines as [1, Lemma 3]. Note that in that proof
they only need v € H?(£2) as their proof is done in one dimension. M

4. Full discretization and error estimate

Let 0 = 19 < 11 < -+ < 1) = T be a subdivision of the time interval [0, T] with the step sizes
Aty = Ty — Tw > 0, m € {0,...,M — 1} and At = maxo<u<m—1 Atn. The fully discrete method
with the parameter 6 € [0, 1] for (2) reads as follows: Find a sequence v,ﬁ, v,%, ...,y € S, such that for

me{0,...,.M—1}

it
(u, up |+ B (00 + (1= 0], P(up); o)

Aty
h (55)
— (08" +(—60)g" w), Yuy € i,
vy = von,

where Ty = 07"+ (1 —0)T" = 1,, + 0A1,, 8" = g(t,) and vy, € S, is an approximation to vg. By
representing the elements v} is terms of the basis {q&,-,j,k}y}’;l:’lNz_l’er of S, and choosing u, = ¢,,,, for

p=1....NN—1l,g=1,....,Np—land r = 1,..., N3 — 1, we have the following corresponding form

1
My vy — My v m+6  m+1 _ m+6.m _ o pm+l oy,
— 46 By 4 (1= 0) B"y = 0 b 4+ (1— 0) 5", where (56)
Tm
Ni—1,Ny—1,N3—1
Mh = ((d)i,j,kv ¢p,q,r)h)p’lq,r:1 : } s
i k=1
Ni1—1,Nr—1,N3—1
B;n = (Bh(¢i,j,ks ¢p,q,r; Tm))p.lq,rzl : } s
i\ k=1

Ni—1,Na—1,N3—1

by = ((8(Tm)s $i.jn); 4y

The initial condition v,? is obtained from the representing of v in the basis of Sj, and the matrix M}, is diagonal.

Remark 4.1. M, + Az, 6 B,’Z’+0 is an M-matrix since B,'l'”'g is an M matrix and Az, > 0. Therefore, the above
problem (56) is uniquely solvable and our method preserves the positivity.

Remark 4.2. In the sequel we will focus on the estimate the error for & = 1. The proof for 6 € [%, 1) follows the
same lines.

2 Constants in Assumption 3.1 and Lemma 3.1 respectively.
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Our error analysis for 6 = 1 is given in the following theorem under the assumption that the solution v of (3)
is sufficiently smooth.

Theorem 4.1. Let v2 = vop = I,v(0) and assume (11) in Assumption 2.1 holds. Let v;' be the numerical
solution of the fully discretized scheme (55) with 6 = 1. Then if the solution v of (9) is such that v €
CO,T; HI(2) N HYO, T; H'(£2)) N H*0, T; L*(2)) with g > 5/2 and 01(v), 02(v), 03(v) € C(0, T; H'(12)),
then there exists a positive constant C such that the following estimate holds

v(Tm) — vy llon = € (h + A7). (57)

Proof. We follow the same procedure as in [I, Theorem 7] for the one dimensional penalized Black—Scholes
equation. Remember that [, v is the S, interpolant of v defined in (43), let us notice that

() = vy llon < () = TIn v(@)llon + 15 v(Tw) — vy llon (58)

For the first term on the right-hand side of (58), since v(r) € H?(2) then there exists a positive constant C3
depending on v (see [13, Theorem 3.29 page 138]) such that

lo(z) = Iy v(@)llos < C3 A2 [u(D)l,, (59)

where | - |, is the semi-norm on H?2(£2). Furthermore, for v € C(0, T; H?({2)) there exists a positive constant C3,
depending on v, T, Xmax, Ymax and Zmax such that

lv(zm) — Iyv(tw)llon < Cap h. (60)

To complete the proof, we need to estimate the second term on the right-hand side of (58), more precisely
O™ = I, v(t,)—V}" in the discrete L>-norm (45). By adding and subtracting appropriate terms and by using Eq. (55)
(with the test function u, € S), we easily derive the following equation respect to @”*! :

@m+l —en
(A—,uh> + By (©"F, P(up); Tws1) (61)
Tm h

11 m - I m 8 m

_ [( n (T, +2 nu(T, ),uh) _< v(t, H),P(uh)>]
Tm h 31’
[ B I (@), P); Ti) = By 0, P 7| (©2)
+ [(gm-ﬁ-l’ P(Mh)) _ <gm+l7 uh)h] — Ylm + Yén + Y‘m’
where

m 1y V(Tng1) = 1 v(T) AV(Tin41)
(B ) (25 )

Yy = [ By (v, P T = By @), Pua); i) |
vy =[(&"", Pun) — (g™ un), ]
The estimation of Y3" is done exactly as in [1, ¥;"] and we have
1Y3"| < Cahllupllo.n- (63)
The estimation of Y{" is done exactly as in [1, (54)]. Since P(I, v) = P(v), we have Y{" = (w™, P(u)) with
o PO = PG 90

64
Az, ot ©4)

By Cauchy-Schwarz inequality
1YL < lw™ llollunllo,ns (65)

where
1 T+l av(s) /‘T'"“ 3%v(s)

o < IT'(Aty, h) = — P—-1 d ——| ds. 66
lw™llo < I (AT, h) Arm/fm ‘( )( P )O s + . 52 |, s (66)
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In the following subsection we will estimate the term |Y)"| as it contains new terms not appearing in [1]. We

follow [9, Theorem 4.3]. Estimation of |Y;'| we have
Y7 = By (I v(tmp1), P@i); Tui1) = By ((Tns), Pui); T
Let us set
821(y v, wy, ) = By (v, P(n); Tmy1) = By (I v, P(un); Tupa) -

Indeed from the definitions of Bh and By, we have

—1Ny—
|821(1hv,uh,r)|=' ZZZ (Q1() = @1y v)) - hy, -y T2 Pl (xi, vy 2i)—
i=1 j=1

Xi—1/2
k=1

> 2 [y (ew) = 02Ty v)) - hy - e ]2 Plun(ai, v 20))

1/2

i=l j=1 k=1
Ni—1 Np—1 N3—1

- [z (03(v) = @3 () - Iy - o |7 7% Platnxis 35 20))
i=1 j=1 k=1

(67)

<d1 o <d1 el ”) , P(uh)) <d2 W _ o, ( o ”) , P(uh))
y ay 9z
ov al, v ol v
- <d Pl 0 (d3 ™ ),P(uh)) - (d4£ — 03 (d4 a2 ),P(Mh))
ov al, v ov ol v
- <d5 Py 0> (ds ™ ) , P(Mh)) (ds F 01 (ds oy ) ) P(Mh))

+ (c(©) v = P(c() Iy v), P(up)) ‘

For the first term, by changing variable i =i + 1, since uy_;x and u,y, ;i are equal to zero, we have

Ni—1 Ny—1 N3—1

_ Z Z Z th(lh v) hz"]:tiji Uni jk

i=1 j=1 k=1

_ _ _ Bi.jk Bi.jk
NiZ1N TN britiy,jk (Xm Vit jk — X Vijik

1
= — Z Z Z Xi+1/2 Pk B -hyj “hy Uni ik

i=1 j=1 k=1 Xigr — X

Bi—1,j.k Bi—1,j.k
NiZ 1Ny 1 N3— bii_ip2,jk (xi Vijk — X;i_q Vi—1,j.k

+ Z Z Z Xi—1/2 xﬂi—l,j,k /3, Lk 'hyj “hy Uni,jk

i=1 j=1 k=1 i — X
Ny—1 N3—1
= E E X1 ( (1 + Diy, . j001, jk) “hy;hguny i+
j=1 k=1
Ni—1 Ny—1 N3—1

Bi.jk Bi.jk
1l+l/2.j,k Xit1 Vil jk — X Vi, jk
§ : § : § : Xi+1/2 Biix Biik 'hyj “hy, (”hi-H,j,k _Mhi.j,k)
i=1 j=1 k=1 Xigr — X
Ni—1Ny—1 N3—1

Z Z Z Xit12 (014 Un v))xiw2 Uhiv1jk — Uniju) =Py, -y

i=0 j=1 k=1
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Then, re-arranging the three first sum in (67) and using boundary conditions u;, = 0 on 9{2p, we have

1821 v, up, T < |(c(r) v — Plc(T) Ih v), P(up))|

Ry

ov al, v Jav ol v
+ |- <d1(S) 35 " 01 (dl(s) ) ) P(”h)) - (dz(s) — =03 (dz(s) > , P(“h))
y dy 9z 0z

Ry
0 ol 0 ol
+ |- (dgm a—” -0 (ds(s) ! ”) , P(uh)> - <d4(s> 20, <d4<s> d ”) , P(uh))
X 0x 0z 0z
R3

0 0l 0 a1y,
+ |- <d5<s> a—“ -0, (ds(S) L ”) , P(uh)> - (de,(s) LY <d6<s> ! ") , P(uh))
X 0x ay ay

Ry
Ni—1 Ny—1 N3—1
+ Z Z Z xip172 (01(v) — 01, (I v))xM/2 (Uhiv1jx — Unijx) - hy; - by
=0 j=1 k=1
Ni—1Na—1N3—1
+ Z Z Z Yi+1/2 (02(v) = 02, (I v))ym/z Ui jr1x = Uni i) - hy - hy
i=1 j=0 k=1
Ni—1 N,—1 N3—1

+ Z Zk+1/2 (QS(U) — 03;,(n v))

i=1 j=1 k=0

cenyp Wi jkt = Uni i) g - B |

We have that |8,1(I, v, up, 7)] < Ry + Ry + R3 + R4 + Rs.
As in [1, 6512], we have

Ry = Gy h(le(@ly + [vly) llunlln.

Vi j+1.k — Vi, jk s _ Vijk+1 — Vijk
h 5 2i,j,k - h
Vj %

ov ol v
d Pl O | di 3
y y Xit1/2:Y) 5%k

ov ol v
(55 - 0: (%))
< Z Xi1/2:¥ 3k

By setting 8y; jx = , we also have

) Uni j i li,jk
) Uni jrlijk

Ni—1 Ny—1 N3—1
ov
< E E E dy — —d1ijxS1ijk| | ni i lijk
i=1 j=1 k=1 Y7 xiv1203j02
Ny—1Ny—1 N3—1
1 2 3 81)
+ E E E dy — —dvijk 02 k| | Unijxlijk
i=1 j=1 k=1 Y7 xigipeyjan
Ni—1 Ny—1 N3—1 I v . Vi ik
i1k — Vi,
< E E <d1 —) —dy i | F—— Y ! Upi i lijk
i=1 j=1 k=I y Xi+1/2:Y %k Vi
Ni—1Na—1 N3—1 5 o — v
i jk+1 — Vi,
+ <d28_) —dj jk (—j " : ) Uni jilijk
i=1 j=1 k=l z Xi41/2:Yj 2k k
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Ni—1 Np—1 N3—1
v, j+1 k— Vi jk
< E E ( ————\dviv12.jk — drijk || ) Unijulijk

i=l j=1 k=1
Vi, j+1,k — Vi jk
- (—h Unijxliojk
Xit1/25Y )2k Yj
v

Ni—1 Np—1 N3—1
FX T s (
Vi jk+1 Vi, j.k
EEre— <d2i+1/2,j,k - d2i,j,k> D Uni jilijk
—1 No—1 N3—
FY S e (8—

i=1 j=1 k=1
Vi jk+1 — Vi jk
- <—h Upijiliojk
i=1 j=1 k= 2 Xi+1/2:Y) %k 2k

Taylor expansion with integral remainder gives us

v —vijkl < Ro(v)], with (68)

X y 4
|Ro<v>|=/ f / o' (s)|ds,
Xi YYyj Y2k

setting x = x;, y = y;41 and z = 2

ov

dy

Ni—1Ny—1 N3—1

I

lljlkl

IRo(v)| < hy,|vly < hlvl;, where |v];is the semi-norm of H'(12).
Therefore

[vi j+1.k — Vi jkl
—— < |yl . (69)

hy; -

For v € HY(2) C C!(f2)°, Taylor expansion with integral remainder yields

ov Vi 9%
Viyk = Vijk T —yj)— + — X (¥ — y)dy

9 9y?

Y lxip1/2..k v 0¥

fOI' w = yj+l

av
Vi j+ Lk — Vijk = hy; — + Ri(v)

Xit1/2:J-k

with

Yj+1
Ri(v) =/ (vj + hy, — ) v@w)du
Yj
Let us set u = y; +hy;s, whenu — y;, s — 0 and when u — y; +hy,, s — 1. Therefore

1
Rl(v):hgj/ (1= 5)v?(y; + hy,5)ds,
0

we finally have

v

ov _ (Ui,_j+l,k - Ui,j,k)
Xi+1/2:J:k h)'j

1
h
shlvlzf (1 = 5)ds = 5 ol < ol (70)
0

dy

Therefore since in S}, the discrete L? norm and the norm | - [l are equal,

—1 Np—1 N3—1
v, j+1 k — Vi jk
E E E ( — N d1ir12,jk — dijk Uni jrlijk

i=1 j=1 k=1
< Clvly h |di(D)], ”uh”O,h-

3 As we have already seen we need g > 5/2
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Ni—1 Ny—1 N3—1 I
> 3 3 a3

Vi, j+1,k — Vi jk
3 - (h— Uni jk li,j,k
i=1 j=1 k=l y Xit1/25Y )2k Yj

< h vy ldi(Dllo.n lunllon < h vy ldi(@llo Nlunlion-

According to (70)

av
H(I - 01 <8_> <Ch |vl,,
Y/ llo
and according to (68)
(I — P)vllg < Ch |vly, (71)

then we have

Ry < Clvly h |di(D)l llunllon + h [vly ldi(T)llo lenllo,n
+ Clvly h |da(Oly Nunllon + A la lld2 (Do lunllon
Ry = Gy, hlluplln,

where |-|, is the semi-norm on H?({2). Using the same procedure applying for R,, we get

R3 < Gy hlluplln,
Ry = Gy, hluplln.

Let us estimate the last term Rs:

Rs = Z Z Z xXig12 (01(V) = 014 U))Xi+l/2 Univ1jx — Uniji) Py, - hy
i=0 j=1 k=1
a
Ni—1 Ny—1 N3—1
+ Z Z Yi+1/2 (02(v) = 02, (I v))>‘j+1/2 (Uni 1 = Uniji) * hy gy
i=1 j=0 k=1
e
Ni—1 Ny—1 N3—1
+ Z Zks12 (03(v) — 03, (I U))Zkﬂ/2 Ui a1 = Wi ji) -y, - hy
i=l j=1 k=0
f
=a+e+ f.

We will focus our attention to estimate the a term of Rs and the terms e and f will follow the same procedure

Ni—1 Ny—1 N3—1

a< Y > > (o) — e, U))XM/2 [ Xig1y2 Wnigr je — Wi j )y, - hzy
i=0 j=1 k=1

Ny—1 N3—1

Z Z | (01(v) — 01,y U))x1/2 [x1/2 [Univr,jilhy; - by,

j=1 k=1

Ni—1 Ny—1 N3—1

+ )00 o) = o1y v))x,-+1/z | Xip1/2 | (i1 jx — ni jiOlhy; by

i=1 j=1 k=1

IA
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Using the fact that x;,, = h,, = %, and according to [1, (59)]

Bi.jk ﬁi, ik 172 1/2 1/2 Bi.jk Bi.jk~1/2
1/2 ( Xt =X % Xiv1y2 l+1/2]k( i1 TX )"
)

Xit1/2 = X410

;. j.k Bi,j.k Bi.j.k Bi,j.k
blz+1/2,k(x,+{ +x; (g —x T2
Then
Ny—1 N3—1
a<h Z Z ‘ Ql(v) th(Ih v))x 12 |uhl]k|h), Zk
j=1 k=1
Ni—1 Nr—1 N3—1 xlgz/k x/gt]k 172
1/2 1 — X

#XY fle - entnn), | ()

‘ > i+1/2 b i.J:k (72)

i=1 =1 k=1 1l+1/2]k(x1+] +x;7)

12 Bi,j.k Bijk~1/2

l+1/2bll+1/2jk(xli{ +x; )"

|(uhi+1,j,k - uhi,j,k)|hy' ’ th
Bi.jk Bi.jk 1/2 J
(i —x7)
<ap +an,
with
Ny—1 N3—1
an = hy, Z Z ‘(Ql(v)_th(Ih U))x]/2 lwny julhy; - ey
j=1 k=1

From Lemma 3.2 and using Cauchy—Schwarz,

Ny—1N3—1

d0
an < Cihy Y Z {/ [ : H+|v(r, LY, z)|] dx} hy, heluny, il
j=1 k=1 1070
Ny—1 N3—1 90 2 172
HET > { LT |22 ] dx} by it b
j=1 k=1 *0
Ny—1 N3—1 aQ v 2 172 Ny—1 N3—1
1
< Cing 4 3 Yt 22 em] arp | X et
j=1 k=1 j=1 k=1
Therefore
1/2 | Npy—1 N3—1
1100 v 2
ai = Ciihy, [/ |:3_xl oot Ivl} dx] D0 wnd haghy ey (73)
*o j=1 k=l

For the a, term,

Ni—1 Ny—1 N3—1 Pk _ Pk 172
_ 1/2 it1 X
ap=Y Y Y ((gl(v)—glh(lh D) M- x,-H/z( ﬁw_,k)) x

i=1 j=1 k=1 b11+1/2/k(x,+| +x;

1/2 1/2 Bi,j.k Bi,jkN1/2
Xiv1/2 l+l/2]k( it1 tX )Y

(xﬁl,].k _ xfi,j,k)l/z

[hiv1 o — Unijilhy; - ey

i+1
Note that
Xi+1 — 1+ hy, ; Xi — 1 hy, ’
Xit1/2 2Xiv12 Xig1)2 2Xit1/2
[ h, hy,

= = = ! <1, 1>1.
2xiv12 (it xip) g t+xip—x+x) Qx+hy)
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Using Taylor’s expansion we have

_ Bi.jk _ Bijk
Bi.jk Bi.jk 1+ ) 1 - )
x4t < 2xl+1/2 2x,+1/2

Bi, jk = Xit1/2

xﬁ-{k + xl <1+ _ )5111( N (1 )ﬂi,j,k
2x1+1/2 23514—1/2

h
() (l_, ()
< Puju 2x,+1/2 Prju 2x 1+l/2

Xi+1/2

< Cos Bijk ;s

= Xit1/2
i+ / x[
1+’3i’j’ko l_ﬁt]ko
xz+1/2 2xie1p
by; .
because §; jx = M’
' aig
Bijk Bi,j.k
il A
Xit1/2 Bk < Cyhy,. s

)

1i41/2,], k(x,+1 + X
From Lemma 3.2 and Eq. (74) and using the Cauchy—Schwarz inequality,

Ni—1 Nr—1 N3—1

ap < Cy Z Z Z {/):Hl [

i=1 j=1 k=1

901

‘_‘ + IU(T, 5 Y Z)|:| dx} hl/zh hz}\X

1/2 1/2 Bi, /k ﬂi.j,k 12
Xiv1/2 t+1/2]k( i+1 X )

Bi k ﬁk
(7" =2

|Mhi+1,j,k - Mhi,j,k|

Ni—1Np—1 N3—1

SCIZZZ{[M[M

i=1 j=1 k=1 i

) 12
‘—‘ + |v(z, -, y, z)|:| dx} hx,.hyj hg X

i

K21 ﬁzjk ﬂi,j,k 1/2
Xiv1/2 t+1/2]k( i+1 X))

Upitl,jk — Ui jkl
Bijk ﬁzvj,k 1/2 i I I
(g — X HY

Ni—1Ny—1 N3—1

<C1hzzz{yl. Zk/[ [891

i=l j=1 k=1

Bi.jk Bi.jk 172
b h Xit1/2b1iv12, (7 +x7)
vi ~hz [Wnitt,jk — Uni,jkl

(xﬂljk _xﬂtjk)

172

2
‘—‘+|v(r, Y, z)l} dx} X

i+1
Ni—1Ny—1 N3—1

a2 o [
j=1 Kl

1/2

2
‘—‘—FW(T, A z)I] dx X

172

('xl+1 - X )
12

Ni—1 Ny—1 N3—1 Bijk Bi,j.k
S I b ok Xiv12b1iv10, (7 + x0T 2
Z Yj "Mk Bi JJk :Bl J.k (uhi+l,j,k - uhi’j’k)
[ = =1
2
[ )—' + lv(z, -, y, Z)I} dx X Nuplly pn, -
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Then, we have

5
a< C71hxo{/ [ a1
X0

Ny—1 N-—1

172
- AT I D Sp SRS

j=1 k=1

) 12
Ny 8@1 v
+ Cnh Ox + PP + vz, -y, 2| dx X Nuplly g, -
X X X
Coming back to Rs
Rs=a+e+ f
90 . 2 1/2 | Nyg—1 No—1
1
=< C71hx0 { H ’a’ + |v(z, -, y, Z)|:| dx} Z Z uh%_,j,khxohyjhzk
j=1 K=I

172

N[00 v :
+ Cnh / or + ||+, y, Dl dx X gy,
X X ax

N3—1 N1—1
0
+ | Canihy, f |: £
Yo

5 12
‘—‘ + Ju(z, x, - ,Z)|:| dy} Z Z g hyoh iz
k=1 i=1

W Tl o 2 1/2
2
+ Con b {/ [ e ‘—’+|U(T X, ,z)l} dy} X lunllyn,
Y1
90 12 | Ny—1 Ny =1
3

+ C371hzo{/ [ H+|v<r X, )@ dz} Do Dty by

20 j=1 i=1

) 1/2
'—‘+Iv(f X, ¥, )I} dZ} X unlly p,

d
+ Cinh i/ [ Q3
21

12
YN [ 9 av :
= C4h / [ ﬂ + | +|U(71x1'1 Z)':I dy X
Y0 dy dy
N3—1 Np—1 Ny—1 N3—1
Z Z Mhiz,l,khyohxi th + ”uhHl,hy + Z Z uhij,khxohyj hzk + “uh”l,hx
k=1 j=1 j=1 k=1
; ) 12
X Csh{/ [ el ‘—‘Jrlv(r, Y z)l] dX}
X0
Ny—1 N;—1

1 ID0 D0 wad ey by A i, | x

j=1 i=l

o[-

Rs < Crh (loily + 10205 4 lsly + llvlly) Nunlly

where ||v||; correspond to the norm on H!({2). Therefore

1/2

2
‘—‘+|v(r X, y, )|i| dz}

1821 (v, up, T < Co ki luglly,

™|, we have

Using (75) to estimate |Y;
Y2 < Coy b llun -
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Coming back to the equation

@erl —emn
(—, Mh) + By, ((H)m“, P(uy); rm+1) =Y"+1"+Y",
Aty h
combining the estimates (63), (65) and (76), we get from (61)
@m+l _ @m
(—, uh) + By (0™, P(un); Tus1) (77)
Aty "

< I'"(Aty, W)llupls,
where

I'"(Aty, h) == 17" (Atu, h) + h (C4 + Cay)

(P—1) <8U(S)> ds + /Tm+l
as 0 -

We now choose in (77) the particular test function u;, = @™+, As in [1], using the coercivity property, we get

(@erl —emn

and according to (64)

1

Tm+1
F{"(Arm, h) = I/

3%v(s)
ds2

ds.
0

, Mh) + By, (up, P(up); tms1)
Aty n

=

A (O™ 5, — 10™15.4] + Clluall;

Following [1], we have

A%m (1" 15, = 10™15.4] < % [ Az, w] - % luen
then

10" — 107 1,4] = = [ (g, T

Aty ’ ' C
multiplying by Az, and summing up, thus we obtain

1 M—1 5
2 02 m
IOM15., < 10°15,, + ol > (At [T (A, )] (78)

m=0

It remains to estimate the sum on the right-hand side of (78). Following [1], we get

[ (At T <3 {[17 (AT, W] + 12 (Ca+ C2?) (79)
[Fm A h ]2 <9 1 /fm+1 Py av(s) d 2 N /'rm+1 3%v(s) d :
1 ( Tm>s ) — (A'L'm)z o ( ) 8S o s o asz o s ’
| [T dvu(s) ||? i | 92u(s) ||”
<2 |:A_'[m ‘/rm (P-1) s . ds + (A‘Cm) /Tm 352 . ds |,

and therefore,

M—1
> (A [M™ Az, )]

m=0
T
_, [ [
0

8%v(s)
ds?

2 T
P -2 4 Ay /
8S 0 0

2
ds |,
0
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where At = maxg a1 |At,|. Using the fact that,

.....

H(P s av(s) - av(s) ’
s o s |

and so we arrive at

M—1

> (A [T At )] (80)

m=0

Jvu(s) ||? 92u(s) |2
<2 02|22 + (A7) U(Zs) .
ds L20,T;H'(2)) ds L2(0,T;L2(£2))

Putting (78)—(80) together, we finally get the estimate

1015, = 16°15,, < € (h* + (A7)?), @1
By taking v0 = I, vy, we have ”@0”(2),/1 = 0 and we get the error estimate

@™ llo,n < Co (h + A1) (82)
which is actually

11n v(Ti) — v llon < Co (h + A7), (83)
combining Eqgs. (60) and (83) we get the proof

lv(@n) — vy llon < lv(@m) = Iy v(@llon + I1n v(Tm) — v} llo,n

< C31h+Co(h+ A1), (84)
<Ckh+A7r). 1

5. Numerical experiments

To check the robustness of the method discussed in the previous sections, some numerical experiments will be
carried out in this section. All computations were performed in Matlab 13. The final time in all our simulations is
T = 1. For the temporal error the exact or reference solution is the numerical solution with the smaller time step
At = 1/800 and mesh subdivision N; = 70, N, = 70, N3 = 2. For the spatial error we used the numerical solution
on the mesh with N; =24 = N,, N3 = 24 and Ar = 1/250 as the reference solution. Note we have projected the
numerical solutions on coarse grids in this reference grid in order to compute our spatial errors. For the test, we
choose 8 = 1 and u = 0 as it has been done in [8]. We have chosen the ramp payoff final condition given by

(T, x,y,z) = max(0, max(x, y) — E), (x,y,2) € I, x I, x I, (85)

where E < max(x, y) denotes the exercise price (strike price) of the options and the four boundary conditions are
given by

v(7,0,y,2) =0, v(r,x,0,2) =0, (86)
U(T, Xv Y, Z) = maX(X, )’) - Ev U(T3 X, Y9 Z) = max(xv Y) —E.

The domain where we compare the solution is 2 = I, x I, x I, = [0, Xmax] X [0, Ymax] X [{, Zmax]. We have
calculated the errors of the numerical solutions using the discrete norm defined on the left-hand side of estimate in
Theorem 4.1 given by

172
Ni—1Ny—1 N3—1 /

lv@) =l = D2 Liju x (" xiyj.20) = v 00| (87)
i=1 j=1 k=1

Table 1 is the spatial computed errors (§ = 1) of the fitted finite volume at time Ar = 1/250 on the computational
domain [0, 3] x [0, 1] x [¢, 0.36] with parameters values r = 0.1, u = 0,0 =0.6,§ =1, ¢ =0.01, E = 1.5,
p12 = 0.3, p1.3 = 0.34, pr3 = 0.35 and different mesh size N, N», N3
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Table 1
Spatial errors on the computational domain [0, 3] x [0, 1] x [¢, 0.36] with parameters values r = 0.1, u© =0,
0=06&=1¢=001, E=1.5, p12 =03, p13=0.34, p23=0.35 and different mesh size Ny, N2, N3.

Time subdivision 250

Mesh subdivision 12 x 12 x 12 6 x6x6 3x3x3
Error of fitted finite volume method 2.10 E-03 5.90 E-03 1.04 E-02
Table 2

Spatial errors on the computational domain [0, 3] x [0, 1] x [¢, 1] with parameters value r = 0.1, u =0, 0 =1,
£=1,¢=001, E=1.5, p12=0.3, p13=0.34, pp3 =0.35 and different mesh size Ny, N2, N3.

Time subdivision 250

Mesh subdivision 12 x 12 x 12 6 x6x6 3x3x3
Error of fitted finite volume method 5.00 E-03 1.31 E-02 2.14 E-02
Table 3

Temporal errors with the time steps Ar = 1/400; 1/200; 1/100; 1/50 on the computational domain [0, 3] x
[0,3] x [£,0.1] with parameters values r = 0.5, 0 =0, 0 =05, § =1, ¢ =001, E =1, pj» = 0.3,
p1,3 =0.34, p 3 = 0.35 and mesh sizes Ny =70, N, =70, N3 =2.

Mesh subdivision (N1 =70) x (N2 =70) x (N3 =2)
Time subdivision 400 200 100 50
Error of fitted finite volume method 0.00506 0.00914 0.0142 0.0232

Table 2 is the spatial computed errors of the discrete norm (6 = 1) of the fitted finite volume at time Ar = 2/250
on the computational domain [0, 3] x [0, 1] x [¢, 1] with parameters value r = 0.1, u =0,0 =1, =1, ¢ = 0.01,
E=1.5, P12 = 0.3, P13 = 0.34, 023 = 0.35 and different mesh size Ny, N, N3.

Table 3 is the temporal computed errors for (¢ = 1) of the fitted finite volume using the time steps Ar =
1/400; 1/200; 1/100; 1/50 on the computational domain [0, 3] x [0, 3] x [¢, 0.1] with parameters values r = 0.5,
uw =00 =02 & =1,¢ =001, E =1, pjo = 03, pj3 = 034, pop3 = 0.35 and mesh sizes
N, =70,N, =70, N3 = 2.

Tables 1-3 clearly show the convergence in time and space of the fitted scheme since the errors decrease when
the temporal stepsize or the spatial stepsize decreases.

By fitting the data in Fig. 1(b) in log scale, we have obtained 1.1 and 1.05 as slopes, so the spatial computed
rate of convergence for the method are very close to O(h). By fitting the data in Fig. 1(c) in log scale, we have
obtained 0.85 as order of temporal convergence. So our empirical rates of convergence are O(Ar) in time and O(h)
in space, which is in agreement with our theoretical result.

6. Conclusion

In this paper, we have presented and analyzed the finite volume method with fitted technique for the valuation of
options on two dimensional assets with stochastic volatility. We have seen that the method can also be formulated
using the finite-element method. Consistency of the spatial discretization and an upper bound of errors estimates
of orders O(h + Ar) for the fully discretization scheme have been established. Numerical experiments have been
performed to confirm the temporal and spatial convergence of the fitted scheme.
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Fig. 1. (a) shows the plot of the numerical solution for fixed value of z = 0.36 with final t time 7 = 1 with the value parameters r = 0.1,
nw=0,0=06&=1,¢=001, E=15, p1» =03, p1,3 =0.34 and pp 3 = 0.35 under the computational domain [0, 3] x [0, 1] x [£, 0.36].
The spatial convergence is presented in log-scale at (b) with more details in Tables 1 and 2. Graph (c) shows the temporal convergence
with more details in Table 3.
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