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Abstract

We study various structures of general Volterra-type integral and weighted composi-
tion operators acting between two Fock-type spaces ]—"(f and F}, where ¢ is a radial
function growing faster than the function z — |z|?/2. The main results show that the
unboundedness of the Laplacian of ¢ provides interesting results on the topological and
spectral structures of the operators in contrast to their actions on Fock spaces, where
the Laplacian of the weight function is bounded. We further describe the invertible
and unitary weighted composition operators. Finally, we show the spaces support no
supercyclic weighted composition operator with respect to the pointwise convergence
topology and hence with the weak and strong topologies.
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1 Introduction

Itis known that generalized Volterra-type integral and weighted composition operators
share some similar structures in some spaces of holomorphic functions. Both have
been extensively studied on Fock spaces, where the Laplacian of the weight function
is bounded; see for instance [5, 6, 11, 13]. In contrast, it seems rather not much is
known about the structures of both classes of operators on Fock-type spaces .7-'(5 when
the Laplacian of the weight function ¢ becomes unbounded over the complex plane
C. It is the main purpose of this work to investigate this case and show how the
unboundedness of the Laplacian plays a decisive role in determining the operators’
basic structures.

We begin by introducing the weight function ¢ and the Fock-type spaces _7-'5 where
our work takes place. We consider a twice continuously differentiable function ¢ :
[0, o0) — [0, 00), and for each point z in C, we extend it by setting ¢(z) = ¢(|z]). We
further assume that its Laplacian Ag is positive and 7(z) >~ 1 whenever 0 < |z| < 1
and 7(z) =~ (Ag(|z]))~ /2, otherwise, where T is a radial differentiable function
satisfying the conditions

lim 7(r) = lim t/(r) = 0.
r—00 r—00

In addition, we require that either there exists a constant C > 0 such that (r)r€
increases for large r or

lim t'(r) log(t(r)~H =0.

Here, the notation U (z) < V(z) (or equivalently V(z) 2 U(z)) means that there is a
constant C such that U(z) < CV(z) holds for all z in the set of a question. We write
U(z) @ V(z)ifboth U(z) < V(z) and V(z) S U(2).

We note that there are many examples of weights ¢ that satisfy the conditions
above. The power functions as ¢, (r) = r™, m > 2, the exponential type functions
Yu(r) =e, a>0,and pg(r) = eeﬁr, B > 0, are all primary examples.

Let0 < p < o0, and ¢ and t satisfy all the above mentioned admissibility condi-
tions. We define the Fock-type spaces .7-'(5 as spaces consisting of all entire functions
f on C for which

I£I15 = / |f(2)1Pe™P*Ddm(z) < oo,
C

where m denotes the usual Lebesgue area measure on C. Several operators in f(f,’ had
been extensively studied in the past; see for example, the embedding and Volterra-
type integral operators [2, 10], multiplication and the differential operators [10], and
composition operator [8, 9, 15]. The results in [8, 9] revealed the composition operator
manifests poorer basic structures when it acts between two different Fock-type spaces
in contrast to its action between classical Fock spaces. This happened due to the fast
growth of the Laplacian of ¢. In this work, we study the general Volterra-type integral
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and weighted composition operators, and plan to enlighten how the fast growth of the
Laplacian of ¢ significantly changes their basic structures as well.

The rest of the manuscript is organized as follows. In Sect. 2, we consider problems
related to bounded, compact, and Schatten S, class general Volterra-type integral oper-
ator. Theorems 2.1 and 2.3 provide answers to these problems. Section 3 is concerned
with weighted composition operator W, y. Corollary 3.1 identifies the bounded and
compact W(, ). Then, we consider the operators Schatten S, class problem where a
complete answer is given in Theorem 3.2. We further characterize the invertible and
unitary properties of W, 4 on ]—"5 as stated in Theorem 3.4. We end this section with
Proposition 3.5 which shows that no weighted composition operator is supercyclic
with respect to the pointwise convergence topology and hence with the weak and
strong(norm) topologies on the Fock-type spaces. In Sect. 4, we present the proofs
of the results. For the sake of simplicity and generality, we may present the proof of
Theorem 2.3 at latter stage than all the other proofs.

2 The General Volterra-type Integral Operator V(g

For pairs of holomorphic functions (g, 1), the induced general Volterra-type integral
operator is defined by

Vi f () = /O U w))g (w)dw.

There exists a lot of literature about V(, y) which is difficult to give a proper and
complete review now. Thus, we may limit ourselves to the works most relevant for this
work and refer readers to [12, 13] and the references therein. One of the main reasons
the operators are worthy of study stems from their applications in linear isometries
[3].

Now, we are prepared to state our first main result about V(, y). We express the
results in terms of the function Mg,y defined by

M.y (@) 1= 18'@)1(1 + ¢/ (2)) 1V 7V,

Theorem 2.1 Let (g, V) be a pair of nonconstant entire functions on C and0 < p, g <
00.
(i) If p = q, then V(g y) : .7-"5 — .7-'3 is bounded if and only if Mg y) is uniformly
bounded over C, and compact if and only if M(4 y(z) — 0 as |z| — oo.
(ii) If p < q,then V(g y : .7-—(5 — fg is bounded (compact) ifand only if M (g 4 (2) —
Oas |z| — oc.
(iii) If p > q, then V(g y) : _7-'5 — ]—"g is bounded (compact) if and only if Mg y)
belongs to L% (C, dm).

As noted earlier, various properties of V(¢ y) acting between classical Fock spaces
were extensively studied in [12, 13]. The statement in part (ii) of Theorem 2.1 provides
one remarkable difference with the corresponding results. Unlike the classical case,
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boundedness and compactness are equivalent when the operator acts between ]—'£ and
]-'(Z whenever p # g. As it will be seen in the proof, this property stems from the fast
growth of the Laplacian of ¢. On the other hand, this growth of ¢ obviously makes
it possible that more pairs of symbols (g, ¥) are admissible for bounded(compact)
Vi(g.y) than the classical case. Thus, the operator enjoys a richer operator-theoretic
structure on the spaces F, .

Note that Theorem 2.1 excludes the trivial cases where either i or g is a constant.
The operator V(, y) reduces to zero whenever g is a constant. On the other hand, if
¥ = « is a constant, then an application of the estimate in (3.1) gives

Vg fllg = 1f (@llully.

In this case, V(g y) : ]-"£ — ]—'g, p < g isbounded if and only if u € .7-'3. Such trivial
cases will be excluded in the rest of the results as well.

The Volterra-type integral operator V, is recovered upon choosing ¥ (z) = z in
V(g,v)- Thus, the following is a special case of Theorem 2.1.

Corollary 2.2 Let g be a nonconstant entire function on C and 0 < p, g < oo. Then,

(i) If p=gq, then Vg : ]-"(f — fg is bounded if and only if |g|/(1 + ¢') is uniformly

bounded over C, and compact if and only if |g' (z)|/(1 + ¢'(z)) — 0 as |z| — oo.

(ii) If p < q, then Vg : ]—'£ — .7-'3 is bounded (compact) if and only if |g'(z)|/(1 +
¢’ (2)) = O0as |z] = oo.

(iii) If p > q, then Vg : F — F{ is bounded (compact) if and only if g' /(1 + ¢')

belongs to L% (C, dm).

The first two parts in the corollary simplify the first part of Theorem 3 in [2]. In
contrast to the corresponding results on the classical Fock spaces, part (ii) asserts
that boundedness and compactness are equivalent. Observe that the corollary shows
a richer structure of V, compared to its action on the classical setting, where this
operator is bounded only for polynomial symbols of degree at most two [13].

We now turn our attention to special class of compact Vg ) on the Hilbert space
]—"5, namely the Schatten S, (.7-"5) class, and plan to prove the following.

Theorem 2.3 Let1 < p < oo and (g, V) be a pair of nonconstant entire functions on
C such that V(g y is bounded on ,7-'3,. Then, V(4 y) belongs to the Schatten S, (.7-'([2))
class if and only if Mg y) belongs to L (C, dmy,), where

dmy (z) = Ap(|¥ (2)Ndm(z).

The Schatten class membership of V(, y) on the classical Fock space was investigated
in [12, 13]. Interestingly, comparing the result there with Theorem 2.3, we conclude
V(e.v) has a richer structure on .7-'(/% even if the integral factor Ap(|Y(z)]) — oo as
|z| = oo.
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3 The Weighted Composition Operator

For a pair of holomorphic functions (u, ¥r), we define the induced weighted composi-
tion operator W, y) by W, y) f = M, Cy f, where Cy f = f oy and My, (f) = uf
are, respectively, the composition and multiplication operators. As indicated earlier, in
[8, 9], we studied the operator Cy, acting between the spaces 7, and F . In contrast
to the classical setting, for p # ¢, it was proved that Cy is bounded if and only if it
is compact. This happens due to the fast growth of the Laplacian of the radial weight
function ¢. A natural question is whether a similar phenomenon happens with the
weighted composition operator W(, v, bypassing any possible interplay between the
multiplier function u and . As Corollary 3.1 shows, this is indeed the case.

A useful tool in the study of integral operators is Littlewood—Paley-type description
of the underlying spaces. For Fock-type spaces 5, this was done in [2] and reads as

£l = 1£ ) +[c|f’(z)|”(1 +¢'(2)Pe P Ddm(z), (3.D

for any entire function f and 0 < p < oo. An immediate consequence of (3.1) is
that by simply replacing the function |g’|/(1 + ¢’) by the entire weight function « in
the proof of Theorem 2.1, we deduce the following interesting corollary, where all the
results are expressed in terms of the function
My (2) = |u(Z)|e<P(!0(Z))—<P(Z).
Corollary 3.1 Let (u, ¥) be a pair of nonconstant entire functions on C and 0 <
p,q < 0. Then,
(i) If p = q, then W, y) : .7-"(5,’ — ]-'(Z is bounded if and only if m, y is uniformly
bounded over C, and compact if and only if m, y)(z) — 0 as |z| — oo.
(ii) Ifp < q, then W, ) : ]—'g — ]—'Z is bounded (compact) if and only if m ) (2) —
Oas|z| — oo.
(iii) If p > q, then W, y) : .7-'(5 — ]-'g is bounded (compact) if and only if m, y)

belongs to L% (C, dm).

We remark that the discussion following Theorem 2.1 applies for the weighted com-
position operators as well. It is also worth noting that in [5], the result analogous to
Corollary 3.1 in the classical Fock spaces was simplified further to give an explicit
expression for the multiplier function u. The simplification relied heavily upon the
explicit expression of the reproducing kernel function. The lack of such expression
for the kernel in our current setting makes it difficult to give analogous formula for u.

We can now go further and describe all weighted composition operators which
belong to the Schatten S, (.7-'3,) class.

Theorem 3.2 Let (u, V) be a pair of nonconstant entire functions on C, 0 < p < oo,
and W, ) is bounded on _7-'(%. Then, W, y) belongs to the Schatten S, (.7-'(/2;) class if
and only if m, y belongs to L? (C, dmy,), where

dmy (z) = Ap(|¥ (2)Ndm(2).
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Unlike Corollary 3.1, where its proof can be directly obtained by simply replacing
g'/(1 + ') by the weight function u in the proof of Theorem 2.1, the proofs of
Theorems 2.3 and 3.2 do not necessarily follow one from the other. As it will be seen
in the next section, the conclusion in Lemma 4.2 fails to hold with a compact V(g )
while it does for a compact W, y).

We remark that Berezin-type integral transforms have been also among the forms
used to describe Schatten class membership of these class of operators on various
spaces of functions. The following proposition shows the corresponding Berezin-type
integral transform needs to be integrated against area measure weighted with the
unbounded Laplacian of ¢.

Proposition 3.3 Let (u, ¥) be pair of nonconstant entire functions on C, 0 < p < oo,
and W ) is compact on ]—"5. Then,

(i) If2 < p < oo and Wy, y) belongs to the Schatten S, (.7:(%) class, then

[E||W(u,w)k1/f(z>|I§A<p(|¢(z)|)dm(z) < 00, (3.2)

where ky ;) = Ky )/ 1Ky (2)ll2 is the normalized reproducing kernel function at
the point Y (2).
(ii) If0 < p < 2 and (3.2) holds, then W, y) belongs to the Sp(f(%) class.

The analogous of these conditions on the classical setting have been proved to be
necessary and sufficient, see for instance [9]. The conditions are likely to be both
necessary and sufficient in .7-'(% as well but remains to be verified. However, note that
the already obtained condition in Theorem 3.2 is simpler to apply than conditions
based on Berezin-type integral transforms.

3.1 Normal, Unitary and Invertible W,

The normal, unitary and invertible weighted composition operators on the classical set-
ting were characterized in [5]. The characterization there used effectively the explicit
expression of the reproducing kernel function again. In this section, we explore these
properties on the space F, 5. We manage to represent the multiplier function u in terms
of the kernel function. However, the lack of an explicit and workable expression for
the kernel function still makes it difficult to simplify the representation further.

Theorem 3.4 Let (u, ) be a pair of nonconstant entire functions on C. Then,

(i) W(u,y) is abounded invertible operator on ]-“5 ifandonly if Yy (z) = az+b, |a| =1
and there exists a positive constant C such that

1
ol <muy)(2) <C (3.3)

for all 7 € C. In this case, W(;l ) is itself a weighted composition operator with
symbol (m, W’l).
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(ii) W y) is a unitary operator on _7-'(% if and only if ¥(z2) = az + b, |a| = 1,

w* —wl —w , where
) = P T ()
l _2
u= _”# (3.4)
u(0)Kp o yr

and ||1||2 refers to the norm of the constant function 1.
(iii) Let Wy be a bounded normal operator on f; and hence ¥ (z) = az + b with
la| < 1. If eithera # 1 ora =1 and b = 0, then

_ UGk, s
Ko ’ '

where 7 is the fixed point of ¥ and u(zp) = u(0)||1 ||%KZO (b).

In the context of part (iii), if zop = O, then as it will be seen in the proof, Ky is a
constant function. Relation (3.5) implies u is also a constant function. In this case,
W,y 1s normal if and only if the corresponding composition operator Cy, is normal
on ]—"(’27. The latter obviously holds since it is diagnoseable with respect to the standard
orthonormal basis z* /||z"*||2, m > 0 in .7-'5.

In the rest of this section, we give some results on the linear dynamics of weighted
composition operators on .7-'5 for 1 < p < oo. It turns out that like the classical
setting, no supercyclic weighted composition operator is supported on the spaces ]-"(f,’
even in the case when the spaces are structured with weaker topologies.

3.2 Weak and 7p-supercyclic Weighted Composition Operators

The various linear dynamical structures of W(, y) on the classical Fock spaces are
now well-understood including convex-cyclicity [7]. Whether the unboundedness of
the Laplacian of ¢ has an effect on the dynamical structures as it does for bounded-
ness, compactness and Schatten class membership is another noteworthy problem to
investigate. In this section, we plan to study the supercyclicity structure with respect to
the pointwise, weak and strong(norm) topologies in the spaces. It would be interesting
to know whether the cyclicity and convex-cyclicity results on the classical setting can
be extended to the spaces f(f,’ as well.

We may begin by recalling some definitions related to the iterates of an operator. A
bounded linear operator 7' on a separable Banach space H is said to be hypercyclic if
there exists a vector f in H for which the orbit, Orb(T', f) = {f, Tf, T*>f, T>f, ...}
isdensein H. Such an f is called ahypercyclic vector for T'. The operator is supercyclic
with vector f if the projective orbit,

Projorb(T, f) = {AT"f, +€C, n=0,1,2,...}

is dense. For a comprehensive account of the theory of dynamics of continuous and lin-
ear operators, we refer to the monographs [1, 4]. The weak and 7,,-supercyclicities are
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defined by simply replacing the norm topology above by these respective topologies on
the space. Clearly, weak supercyclicity is a stronger property than t,,-supercyclicity.
More generally, the next diagram exhibits the relations among the various forms of
cyclicities for bounded operators.

Hypercyclic . > Supercyclic ./ * Weakly supercyclic

Tyt — supercyclic
We will prove the following result.

Proposition3.5 Let 1 < p < oo and (u, ¥) be a pair of entire functions on C such
that Wy ) is bounded on F;. Then, W, yy cannot be supercyclic on F}y with respect
to the pointwise convergence topology.

As illustrated in the diagram above, pointwise topology is weaker than the weak
and strong topologies on ]-'(ff and hence the space supports no supercyclic (weakly)
weighted composition operators. The analogous statement on the classical Fock spaces
was proved in [7]. It turns out that the same conclusion remains enforce for f(f and
hence the unboundedness of the Laplacian has no effect in this regard. The questions
when the operator admits cyclic and convex-cyclic dynamical structures and how these
are related to the fast growth of the Laplacian of ¢ remain open for further investigation.

4 Proof of the Results

Before we pass to the proofs of the main results, we need some preliminary observa-
tions and backgrounds. We may begin by proving a few basic lemmas which provide
useful information about the growth and form of the symbol for the composition
operator. The lemmas will be used to prove our main results in the sequel.

Lemma4.1 Let (g, V) be a pair of nonconstant entire functions on C. If Mg y is
bounded on C, then ¥ (z) = az + b for some a,b € C with |a| < 1.

Proof 1t follows from the assumption that

14+ ¢'(2)

! < T
Meol8'- 12D = smmrva

“.1)

where Moo (g’, |z]) is the integral mean of the function g’. From (4.1), definition of ¢,
and the fact that Mo (g’, |z|) is a nondecreasing function of |z|, we get

lim sup o (¥ (2)) — ¢(z) < 0. 4.2)

|z| 00

If not, one would find a sequence z; such that |z;| — oo as j — oo,

lim sup (¢ (z)) — ¢(z;) > 0,

|zj|—00

@ Springer



Integral and Weighted Composition Operators Page9of24 80

and hence

14+ ¢'(z))

W GN—0G))’ (4.3)

Moo (g, 12D <
which gives a contradiction since the right-hand side expression in (4.3) tends to zero
when |z;| — oo, while g’ is a nonzero function and M« (g, |z|) is a nondecreasing
function of |z|. By (4.2) and since ¥ is an entire function with its own power expansion,
we deduce ¥ (z) = az + b with |a| < 1.

Lemma4.2 Let (u, V) be a pair of nonconstant entire functions on C. Then,

(i) If mq,y) is bounded on C, then ¥(z) = az + b for some a,b € C such that
lal < 1.

(ii) If mq,y)(2) = Oas |z| — oo, then Y (2) = az + b for some a, b € C such that
la] < 1.

We remark that part (ii) of Lemma 4.2 does not necessarily hold if we replace m )
by Mgy unless |g'(z)|/(1+¢'(z)) > 0as |z| — oo. Consequently, by Corollary 3.1
and Theorem 2.1, while compactness of W, y) implies ¥ (z) = az + b with |a| < 1,
compactness of V(, ) does not necessarily imply |a| < 1.

Proof Part (i) follows by arguing as in the previous lemma. Thus, we set ¥ (z) = az+b
with |a| < 1 and proceed to show that |a| < 1 in part (ii). Aiming to argue in the
contrary, assume that |a| = 1. Then, we can choose a sequence of numbers z; such
that |zx| — oo M(azxb) > 0, and |u(zx)| # 0 as k — oo. Now, for sufficiently large
|z |

Ju(zi)[# DD = () VI > u(z) > 0,

which gives a contradiction since u is a nonzero entire function.

Next, we recall a few basic properties of the spaces .7-"(5 . The spaces were studied
by several authors in the past. We refer the reader to [2, 9, 10] for a more thorough
exposition. By Proposition A and Corollary 8 of [2], for a sufficiently large positive
number R, there exists a number n(R) such that for any w € C with |[w| > n(R),
there exists an entire function F(y, g) such that when z belongs to D(w, Rt (w)),

| Fw.ry(2)]e ?@ ~ 1, (4.4)

where D(a, r) denotes the Euclidean disk centered at a and radius » > 0. Furthermore,
the functions F(y, g belong to F} for all p with norms estimated by

I Fa.myllh = t(w)?,  n(R) < |wl. (4.5)

An explicit expression for the kernel function in F; 5 is still an interesting open problem.
However, an asymptotic estimation of the norm

IKwl3 = ©(w)2e>™ (4.6)
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80 Page 100f24 T. Mengestie, M. H. Takele

holds for all w € C.
For subharmonic functions ¢ and f, it also holds a local pointwise estimate

|f(2)|Pe P <

Po—Be(w) 4 4.7
Ry /D(Z‘”(Z))Lf(w)l e m(w) @7

for all finite exponent p, any real number 8, and a small positive number o: see
Lemma 7 of [2] for more details.

We end this section by recording the following covering lemma which will be
needed in the proof of Theorem 3.2.

Lemma4.3 Lett : C — (0,00) be a continuous function which satisfies |t(z) —
tH(w)] < 4—1L|z —w| for all z and w in C. We also assume that t(z) — 0 when |z| — oo.
Then, there exists a sequence of points z; in C satisfying the following conditions.

(i) zj & D(zk, t(zk)), J #k;
(ii) C = U, D(zj. 1(z)));
(iii) UzeD(Zj’t(Zj)) D(z,1(2)) C D(zj,3t(z}));
(iv) The sequence D(z;, 3t(z;)) is a covering of C with finite multiplicity.

The lemma was proved in [2] by adopting an approach originally from [14].

4.1 Proof of Theorem 2.1

The notion of embedding has proved to be useful tool in the study of several opera-
tors. We plan to use it here too. Thus, aiming to reformulate our results in terms of
appropriate embedding maps, we may first set a pullback measure

(&)qe—qw(z)dm(z) (4.8)
—“1(E)

"

for every Borel subset E of C, and note that (3.1) gives for each f in .7-'5

g ()17
c 1+ ¢'(2))1

= fc |f @17 d g y.q) (@), 4.9)

IVig.n fllg = Lf (W (@)]7e D dm(z)

where

lg' (Y~ ()| ge—ae@ @)
(149124

diig,y,q (@) = dmy~(2)).

It follows that V(g y) : F5 — F is bounded (compact) if and only if the embedding
map I : ]—'£ — L4(C, p(q,v.,q)) is bounded (compact), respectively. We proceed to
use this equivalent reformulation to prove the assertions in Theorem 2.1.
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Part (i) and (ii): If p < g, setting

S(w) := f eqw(Z)dM(g’l/,’q)(z)
D(w,5t(w))

for some 6 > 0, and taking (4.8) into account, we may rewrite S(w) as

tTf(w)

1
S(w) = —— / eq(p(Z)d/J'(g,w,q)(Z)

TP (w) D(w,5t(w))

1 g’ @l1et?® 19 @) -1

Dd

T > (w) /D(w sty (I +o' (¥~ l(z)))q m(y = (2))

1 1 1

4.1

1:27{](“)) /;)(w st (w)) (g p W @)m @), (4.10)

Now, by [2, Theorem 1] and (4.10), the embedding map 1, : ]—"£ — LY(C, pu(g,y,q))
is bounded if and only if S is uniformly bounded on the complex plane. In other words,
Vig.w) : Fb — F¢ is bounded if and only if

1
sup S(w) = sup 2(1—/ (g nW L@)dmy(2)) <oco. (4.11)
weC weC ‘CF(U)) D(w,8t(w))

Similarly, V(g y) : Fiy — Fg is compact if and only if

lim S(w)= Ilim
|lw|—o00 |w|—o00

M @ @)dm (T (2) = 0.
/D(w srawy) &V
4.12)

2q
77 (w)

Thus, we plan to show that the corresponding conditions for p < g in Theorem 2.1
are equivalent to conditions (4.11) and (4.12). First note that by [2, Lemma 20]

o w)+1=¢'(2)+1 (4.13)

for all z in the disk D(w, §7(w)). Furthermore, since |g’ e‘p“/’)|" is subharmonic,
applying the pointwise estimate in (4.7) and relation (4.10), we have

2p—2q

t(w) 7 ME W) S —— fD . M, @ @)dm@ T () (4.14)

2q
7 (w)

for all w € C and some § > 0.
(i) We prove when p = g. Assume that M(g w) is finite. Then by Lemma 4.1, ¥ (z) =
az+b,0 < |a] < 1and hence ¥~ '(z) = =2, It follows that

1

Sup ———
weC T2(W) Jpaw.stw))

M{, @ @)dm @ (@)
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1

< sup sup M, (@) dm(y~" (2))
weC T2(W) zepw.stwy) & D(w,57(w))
=lafsup sup MG () < lal” sup M, () < 00

weC zeD(w,8t(w))

and (4.11) holds as asserted.

Conversely, if (4.11) holds, then the relation in (4.14) obviously implies Mg ) is
finite.

For compactness, arguing as in the boundedness part, we easily see that (4.12) holds
if and only if Mg y)(z) — O as |z] — oo.
(ii) Let p < g and suppose that (4.11) holds. We need to show that Mg y)(z) — 0
as |z] — oo. It follows from (4.14) and the admissibility condition for ©

292
Mg gr) <77 ) (sup $)) " £ 5 ) — 0 as jwl > ox.
weC

Next, by assuming that M, y)(w) — 0 as |[w| — o0, we proceed to show (4.12)
holds. Observe that the assumption and (3.1) imply g € fg since

/%e—w@m(@ < sup( ¢, w)(z))/ e~V dm(z) < 00. (4.15)
C

It follows that there exists a positive constant C such that

1

2 (w ) v
2q
TP (w)

= Clale ™7 )M, (" @)).

W' @)dmy ' (2)) = Clal? W w))
/D(w b)) (g V) z z (g ")

2q
7 (w)

To this end, taking into account (4.15) which shows that the weight function |g’|/(1 +
@) grows at a rate slower than the rate at which the function e~% decays and the
definition of 7, we deduce

2p—2q

T )M, (T w) = 0

as |w| — oo and hence (4.12) follows.

Part (iii): Let 0 < ¢ < p < oo. Invoking the reformulation in (4.9) again, V(g y) :

.7:5 — fg is bounded (compact), respectively, if and only if the embedding map
a4 ]—'(5 — L9((y,q)) is bounded (compact). By [2, Theorem 1], boundedness or
compactness of /; holds if and only if for some § > 0, the function

G(z) == e d (g ) (w)

1
=2
2(2) Jp(z.8t(2))

12(2) Jp(.st2))

M, o O )dm§ (w))
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belongs to Lﬁ (C, dm). Thus, we plan to show that the condition in the theorem is

equivalent to this reformulation and assume first M, y) € LPL—pq (C,dm). Applying
Holder’s inequality

»_ 1 =
[C 6@ 77 dm(z) = fc (— Mfg,w)o/fl(w))dm(w(w))) dm(2)

12(2) Jp(ese)

_Prq
S / () f M )dmy ! (w))dm(z) =
C D(z,87(2))

Since w € D(z,8t(z)), by [2, Lemma 5], there exists a positive constant ¢ with

1

-T(w) < 1(2) < ct(w). (4.16)

c
Then, for any ¢ € D(z, 6t(2))

[ —w| <|¢—2z]+ |z —w|] <28t(z) <28ct(w) = Br(w), B:=2c.

This shows that D(z, §7(z)) C D(w, Bt(w)) which together with Fubini’s Theorem
and (4.16) again imply

g1 =/ (Z)f XD st(2) (WM ]/,)(1#_1(w))dm(l//_l(w))dm(z)
/ M(; ,‘Z)(lﬂ_l(w)) <f XD(w,ﬂr(w))(Z)T(Z)_zdm(z)> dm(y ' (w))
C
M(’; :j,)(t/f‘l(w)) (/ r(z)_zdm(z)> dm(y = (w))
D(w,Bt(w))

/ MI5 @ w)dm (- (w) = / M0 @dm(2) < oo,

where the last conclusion follows since ¥ ~!(w) = (w — b)/a and a # 0.
To prove the sufficiency assertion, it suffices to show the local behavior of the
measure [, y,q) in (4.11). Using the local estimate in (4.7), we have

P

p_ 1 P—aq
/C 19IPT dm(z) = /C (— M;fg.w)(w*l(w))dmw*l(w))) dm(z)

12(2) Jpz,s7(2))

Pq

M(‘; i (@dm(2),

and completes the proof of Theorem 2.1.
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4.2 Proof of Theorem 3.2

Sufficiency. We recall that a compact operator 7 belongs to the Schatten S, class if
and only if the positive operator (7*7)?/? belongs to the trace class S;. Furthermore,
T € S, if and only if T* € S, and ||T||5p = ||T*||5p. Thus, we may first consider

the case p < 2 and estimate the trace of (W(,,y) W )p /2 by

(u,9)

(SIS

P
tr((W(u,I/,)WE;’W))Z) :/C<(W(“v‘/f)w()§lﬂ/f)kz) ,kz>dm(z)

< /(; (W(MJ/,) W()Z,W)kz’ kz>

14
2

dm(z) = /C I, ke 5 dm (2), (4.17)

where the inequality holds since 0 < p < 2, W(u,W)WfZ " is a positive operator, and
k, = K,/|| K|l is a unit norm vector, see [16, Proposition 1.31]. On the other hand,
by the reproducing property of the kernel function,

Wi, gy Ku(@) = (Wi Ku, K) = u(W) Ky ) (2) (4.18)

from which and estimate (4.6), we get

IWE kol = LT o) —pa),
) (¥ (w))

This along with (4.17) and compactness of W,y imply

D

» p
(W Wio ) ?) < f <—r(://(?)u)1))) lu(w)|PeP W D=0 g ()
C

|u(w)|? w))—p(w
Sf(cr(w(w))zepw(w D=0 g (2) Z/Cmf)un//)(Z)

dm(z)
ey
T2 (Y (w))

)

where the last inequality follows by definition 7(w)? > 72(w) for all p < 2. Con-
P
sidering this and condition (4.17), we conclude the trace of ((W(M,w)WE’;,w)) 2 s
finite.
Suppose now that p > 2 and recall that a compact map W, y) belongs to S, if
and only if the sequence (|| W, y)en ||2) belongs to £ for any orthonormal set {e, } of

}"(g [16, Theorem 1.33]. We have

]

Z( / |en(wz))|2|u<z>|2e—2¢<z>dm<z))2. (4.19)
C

n=1

o0
> IWpenlls =
n=1

We may first dispose the case when p = 2. As it is known, W(, y) belongs to the
Hilbert-Schmidt class S (F7) if and only if
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o0
D I Wapenll3 < oo.

n=1

In this case, (4.19) and (4.6) give

D I Wayenls = f@ (Z |en(w<z>)|2>|u<z>|2e—2‘ﬂ<z>dm<z>
n=1 n=1
:f 2 () (@) 22V D2 g ()
C
_ /(C T2 (@)m, ,, (dm(z) < oo,

Now for p > 2, applying Holder’s inequality for the integral in (4.19), we deduce

%
I, = ( / |en(w<z))|2|u<z)|2e2"’(Z>dm(z)>
C

< ( / |en(w<z>)|2|u<z>|"eW‘”e(”)w““z))dm(z))
C

p—2

2

x ( / |en(W(z))ﬁe—w(‘“mdm(z))
C

Upon performing a change of variables
[C len (W (@) Pe ™Y Ddm(z) < llenll* = 1,
which implies
I, S fc len (Y (2)) P u(z)|P e P#@ P =200 @ gm (z).

On the other hand, because of the reproducing property of the kernel and Parseval’s
identity,

Ku(2) =) ex(@es(w)and [Kyl5 =" len(w)]. (4.20)

n=1 n=1

From (4.20) and the estimate in (4.6), we obtain

Z len (U (@) ~ 172 (Y (2)) eV @),

n=1
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and hence

|u(z)|p
E w e, ||f ~ E 7 </—e[’(w(1//(z))—<p(z))dm z
IWopenll — " e T(¥(2))? @

n=1
dm(z)
- [cmf"*”@ 2@ [cm?u,w@)w(lﬁ(z))dm(z) < o0,

Therefore, the sufficiency condition follows.

Necessity. Now let us prove the necessity assertion. We may again follow two
cases and assume first 0 < p < 2. Since W,y is assumed to be in S, the operator
W(";, w)W(u,w) belongs to S, /2(f£). Then, there exists an orthonormal basis (e,) for

]—'q% such that (W, y))* W y) has the canonical decomposition
oo
W(tt,w)W(u,W)f = Z)Ln(fv en)en, 4.21)
n=1

where (A,) is the sequence of the singular values of the positive operator W,y W(’; )
We recall that the operator W(’; vy Wy with the above decomposition belongs to

S,(F;) if and only if

o0
W W I5, = D 1l < co. (4.22)

n=1

On the other hand, estimate (4.6) yields

p 2
My, (@) / @ p(pwon—vo) _ 1Kyol3
————d o~ _— d
/cfz(lﬁ(z)) "= [ 2w 2 ener@ "

o0
=) / (@) 7e™PD ey ( (2)) P P72 Ddm ).
n=1 C

Applying Holder’s inequality with exponent % > 1, we observe that the above sum is
bounded by

) ( /C IM(Z)Ize_z‘p(Z)Ien(llf(z))lsz(Z))2

n=1

x ( / Ien(W(z))|2e‘2¢’(‘”(1))dm(z)) . (4.23)
C

2-p
2
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It follows from our assumption W, ) is a compact operator and hence by Lemma 4.2,
Y (z) = az + b with 0 < |a| < 1. From this and definition of t,

/ len (W (2))12e 2V D dm(z) = |al*. (4.24)
C

Then, the sum in (4.23) is bounded (up to a constant multiple) by

L 00
2 )4

> ( [E IM(Z)IZe_z‘”(Z)Ien(w(z))lzdm(z)> = Wy Warens en))
n=1

n=1

o0
2 2
= DM = Wy W 152, = 1 W I, < oo

n=1

Suppose now that2 < p < oo andlet W, ) bein S, (.7-'3,) class. Then, it is compact,
and by Lemma 4.2 again, ¥ (z) = az + b,0 < |a|] < 1. Let ¢ be an orthonormal
basis in .7-"(3. Using the sequence in Lemma 4.3, define an operator T by Ter(z) =
Sveo (@) = Fyen(@)/t(¥(zk)). Observe that by (4.5), fy () is a sequence of unit
norm functions in the spaces and by [2, Proposition 9], T' is a bounded operator in ]-"(5.
Consequently, by [16, Theorem 1.33]

(0.¢] o
Z W) Foeolls = Z I Weg Tells,

k=1 k=1

which together with Lemma 4.3 implies

o0 p/2
lu(z) |282§0(1//(Z))—2§0(Z)dm (Z))
; f(%”(Zk))” (fnwf(zk),r(w@)))

3 p/2
=2 (/ |u(z)|2|f(‘/’(2k))(‘//(z))|232(’0(Z)dm(z)>
D (z4), T (¥ (z1))

k=1

o0
S D IWa fuenlls < o
k=1

On the other hand, if § is sufficiently small, using (4.7), we get

)@ > Sy(z)  dm(z)
( 1//)
——" dm <
/c (¥ (2))? @= ,;ft)(w(zk) sty TW(@)P T(¥(2)?
> dm(z)
Sp(2)———,
T(l/f(Zk))p /D(x/f(zk),az(w(zk))) p(Z)T(l//(Z))2

k:l
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where

p/2
Sp(z) = ( / |u(w)|?e Y W”‘”’(w)dm(w)) :
D(Y(2),8t(¥(2)))

It follows that

i _/ S,(z —dm(z)
=W @D)? Iogeswen | @)

oo p/2
Z (/ |u(w)|2e2‘ﬂ<‘/’(“’)>—2‘ﬂ<w>dm(w)) ,
Pt ”(w(Zk)) DY (@) 8T (¥ (z1))

and completes the proof.

4.3 Proof of Proposition 3.3

Note that since W,y is compact in F, 2 it admits a Schmidt decomposition, and there
exist an orthonormal basis (e;),cn of .7-"% and a sequence of nonnegative numbers
(Ag,u,w)) With A, 4,4y — 0 as n — oo such that for all f in .7-'37,

oo
Wy f = Z)"(Yl,u,llf)<f7 en)en- 4.25)
n=1
Then, W, y) with such a decomposition belongs to S, (.7-'5) if and only if
oo
Wan 1§, = D Prnanl” < oo, (4.26)

n=1

Applying (4.25), in particular to the kernel function, we obtain the relation

o
IWaen Ky 13 =D nuy Plea@ @)1,

n=1
and from which and (4.6) we have
dm(z)
W wky o |f ————
i 5 _ dm(z)
~ nou 2 " 2 P P‘ﬂ('/f(z))—_ 4.27
A(;')‘(”‘”' le (w(zm) (Y (2))Pe ey
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We may now consider two different cases depending on the size of the exponent p and
proceed first to show the necessity for the case p > 2. Applying Holder’s inequality
to the sum shows that the left-hand side in (4.27) is bounded by

p—2

o0 o0 =5 7 . dm(Z)
[E ;|A<n,g,w>|”|en(w<z>)|2<z|en(1/f(z>>|2) TP (Y (z))e PP ( >>m

~ Z A |? f len (¥ (2))[7e ™Y @ dm (z) ~ Z A l” = W 15
n=1 n=1

where the last equality follows from (4.26).
(ii) To prove the sufficiency for 0 < p < 2, observe that by estimate (4.6)

Wl —Dxmmlpnennz—Zlmmf'/ ea W @)L 2‘(”1;;”)2) dm2).

n=1

Since p < 2, Holder’s inequality applied with exponent 2/p and subsequently
invoking relations (4.3) give

P
7

2-p
- 5\ 7 IKypoly?
E n —=d
n=1 (n_l |e (W(Z)” > fz(W(Z)) )

= / (iwﬂu¢>|2|en<w<z>)|2)g”K‘“Z)”Z_pdm(z)
o\ o 2 (2))

dm(2)
= Wuk,”iszuk bA dm(z).
/;II wnky@ll 20 CII wkyolly Ap(y (2))dm(z)

Wl < [ (Z |A<n,u.¢,>|2|en(w<z>>|2)

4.4 Proof of Theorem 3.4
Part (i): Suppose that W(, v is a bounded invertible operator. Then by Proposition 3.1
and Lemma 4.2, it follows that ¢ (z) = az + b, |a| < 1. The adjoint operator W(u "
is also invertible and hence there exists a positive constant ¢ such that

IWe, gy Kol = clIK 13 (4.28)
for all z € C. By (4.18), we have

Wi K =u(@) Ky

which together with the estimates (4.6) and (4.28) yield

W@PIKy@IE |, 2p2ewen-200 _T@_
IK. |12 2(Y(2)

~ (@) PPV ONE — 2 ) >, (4.29)
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where we used the growth assumption on ¢ to compare 7 (z) and T (az+b) for |a| < 1.
The relation (4.29) shows u has no zeros in C. Furthermore, since ¥ is nonconstant
and hence a # 0, replacing z by ¥ ' (z) = (z — b)/a in (4.29) gives

200 (2)-20(2) s 1

TR TE = Mm@ S 2 (4.30)

forall z € C.Itfollows from Corollary 3.1 that the weighted composition operator with
symbol (1/u(y~1), 1) is bounded in .7-"5. Then, Lemma 4.2 implies that |1 /a| <1
which together with |a| < 1 gives the assertion |a| = 1.

Conversely, assume that 1 (z) = az + b, |a] = 1 and condition (3.3) holds. By
(3.3), the multiplier function u has no zero in C. Applying Corollary 3.1, both W, y
and Wy, (-1, y-1y) are bounded. A simple computation shows

WanyWajuy—.0-9F = Waug-1y-1HWup f = f.

for ea?.h fe .7-'(%. Thus, W, ) is inve.:rtibljc a'\m.i W(;,IW). = W(l/.uw/'—l)’w—l)). .
Part (ii): Recall that an operator is unitary if it is invertible and its inverse and adjoint
coincides. Assume that W(, ) is unitary. Then by part (i), W(;’lw) =Wajuw-1),9-1 =

W(*;‘w) and for each f € .7-'%

Wy Wepn f = Wy W f = [

We proceed to show that u has the form in (3.4). Letting f = K in the above relation
and applying (4.18)

W,y Wiy Kz = Wapy (@ Ky o) = uu(@) Ky ) o ¥ = Ko,
from which setting z = 0 in particular gives
uu(0)Kp o v = Kp. 4.31)

Considering the standard orthonormal basis e, (z) = z"/||z"*|l2, n = 0 where we set
eo = 1/]|1]|2 and the series representation in (4.20)

. - 1
Kow) =Y en(w)e; (0) = ——

(4.32)
2
e I3

for each w € C. From which and by (4.31), K, o ¢ has no zero. Since u has no zeros
either, we conclude

Ko _ I3
uOKy () u@Kpoy
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To prove the converse, assume that # has the formin (3.4) and ®(z) = ||1|| %u O0)Kp(2).
Then for each f € F, 2 we have

W1y W f = Wiy @f @) = du ™) fr @)

= ||1||§u(0>1<b(z>% = f.
u(O)Kp(f (=)
Similarly, W(u,}p) W y-1)f = f.Thus, W(fm//) = W(;}w) = W(¢,y-1) and completes
the proof of this part.

Part (iii): Recall that an operator T on a Hilbert space is normal if it commutes with
its adjoint T*. The assumption implies ¥ (z) = az + b fixes the point zo = b/(1 — a)
whena # 1 and zo = 0, ora = 1 and b = 0. Applying W(";“//) to K,

W(E,l//)Kzo = M(ZO)KW(ZO) = M(ZO)KZO7

which shows that u#(zo) is an eigenvalue of W(*u " with eigenvector K. Since W, )
is normal, K is also an eigenvector of W, y) with eigenvalue u(zo) and

W(u,ll/)Kzo = “(Z)Kzo oY = u(ZO)KZ()

from which we conclude

K
u(z) = =200 @0)Ksy
Koy
Evaluating both sides of the preceding equation at 0 and applying (4.32) yield u(zp) =
u(0O)||1 ||%K 20(b), and completes the proof.

4.5 Proof of Proposition 3.5

Let f be any vector in F,. Then, its orbit under Wy, y has elements of the form

n—1

Wi o f = F@" [Tuov’ (4.33)

j=0

for all nonnegative integers n and ¥ is the identity map.

Assume on the contrary that there exists a 7,,-supercyclic vector f in ]—'3). It follows
that neither the multiplier function u nor the vector f has zeros in C. This is because if
any of them vanishes at point w, then (4.33) implies that every element in the projective
orbit of f vanishes at w which extends to the closure resulting a contradiction.

Next, since W(, ) is bounded, by Lemma 4.2, we may set ¥ (z) = az + b, with
la] < 1. It follows the map ¥ fixes the point zg = %a fora # landzgp =0,0ra =1
and b = 0. Then, the rest of the proof follows exactly the same arguments used in the
proof of Theorem 1.7 in [7].
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4.6 Proof of Theorem 2.3

The proofs for p > 2 and the sufficiency part for 0 < p < 2 are quite similar to
the corresponding proof of Theorem 3.2 by simply replacing |u| by |g’|/(1 + ') and
making some trivial adjustments. Thus, we only need to prove the necessity of the
condition for 1 < p < 2. To this end, observe that an immediate consequence of
(4.20) and Parseval’s identity is that

Ku(2) = Zen@e . and [k, = Y gwr. @
n=1

By [2, Lemma 22], we further have

|k = Sl = (/K (4.35)
n=1

ow

On the other hand, by the relation in (3.1), the inner product

e 20@)

(F.8)p = (OO + / FRTD

gives a norm on ]-"I/% equivalent to the usual one.
For 1 < p < 00, V(g y) belongs to the Schatten S, (_7-'3,) class if and only if

o
> UViganens en)pl? < oo.
n=1
for any orthonormal basis (e,) in the space with respect to the inner product in (4.36);
see [16, Theorem1.27] for more. Since p > 1, by Holder’s inequality
o0

> L g @)em @ b
p S
S WVig.prens en)nl? < Zl( [C e @, dm(z))

n=1

g’ (2)]P » b 20
= Z/ (1+¢'(z ))2| en(¥(2))| |€ (2| e dm(z)

@1 a0 )p_l
(/ <1+¢<z)>2 dm(z)

N lg'(2)|” P 2—p\ ,—2¢(2)
= [ 50 +(/),(Z))zn;uen(w(z)n ¢, P P)e ¥ Odm(2) (437)
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Similarly, since p < 2, applying Holder’s inequality to the sum above again and using
(4.6) and (4.35)

00 00 p/2 ; 2-p)/2
D lenW @)1 len ()P < (Z |en(w(z))|2) (Z |e;(z)|2)
n=1

n=1 n=1

d p 2
= 1Kyl | 2K, = 1Ky 5 (1K:le @)

W+ p)g() (2~
~ e TR (4.38)
TP (Y (2))(127P(2))

Next, we claim

7@ 9P
(W @)P(*P@) Y Y (2)

(4.39)

for all 1 < p < 2 and sufficiently large z. But this follows rather easily since by
definition of t

2—-p
reon20-p) « _ T ()
¢ (2) S T we)

as |z| — oo. Setting the estimate in (4.39) and (4.38) in (4.37)

o]

18’ (2)|P
Vig.prensen)pl” S
D 1Vig.prens en)pl /(C(1+<p/(Z))2 2(¥(2))

ePPW@)=re@ (o (7))P
(¢'(2) dm(2)

n=1

dm(z)
S fCM&,w(Z)m ~ /C M, (D Ae(Y (2))dm(z) < oo

and completes the proof.
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