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a b s t r a c t

This paper aims to investigate the finite element weak convergence rate for semilinear
parabolic stochastic partial differential equations(SPDEs) driven by additive noise. In con-
trast to many results in the current scientific literature, we investigate the more general
case where the nonlinearity is allowed to be of Nemytskii-type and the linear operator
is not necessarily self-adjoint, which is more challenging and models more realistic
phenomena such as convection–reaction–diffusion processes. Using Malliavin calculus,
Kolmogorov equations and by splitting the linear operator into a self-adjoint and non
self-adjoint parts, we prove the convergence of the finite element approximation and
obtain a weak convergence rate that is twice the strong convergence rate.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The purpose of this paper is to analyze the weak convergence of the finite element method for the second order
emilinear parabolic SPDEs of the following type in the Hilbert space H = L2(Λ)

dX(t) = [AX(t) + F (X(t))] dt + dW (t), X(0) = X0, t ∈ (0, T ]. (1)

he model problem (1) is viewed in the Itô sense and the mild solution X(t) is sought in the Hilbert space H = L2(Λ)
here Λ ⊂ Rd (d = 1, 2, 3) is bounded with smooth boundary or is a convex polygon. In (1), the second order linear
perator A is not necessary self-adjoint and generates an analytic semigroup, F is a nonlinear operator satisfying a Lipschitz
ondition. For technical reasons the initial data X0 ∈ L2(Λ) is assumed to be deterministic. The norm and the inner product
n H are denoted respectively by ∥.∥ and ⟨., .⟩. Let Q : H −→ H be a positive definite self-adjoint operator. In the model
roblem (1), W is a Q -Wiener process in the filtered probability space (Ω,F, (Ft )t≥0,P). Note that the noise W can be

represented as follows [1,2]

W (t, x) =

∞∑
i=1

√
qiei(x)βi(t), t ∈ [0, T ], x ∈ Λ, (2)

where ei and qi, i ∈ N are respectively the eigenfunctions and eigenvalues of Q and βi (i ∈ N) are identically distributed
standard real-valued Brownian motions. Equations of type (1) are used to model many real-world phenomena such as oil
and gas recovery from hydrocarbon reservoirs and mining heat from geothermal reservoirs. However, analytical solutions
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f many SPDEs are rarely known. Therefore, numerical solutions are usually used to provide realistic approximations.
tability and convergence are usually the main features of a numerical algorithm. Convergence of a numerical algorithm
ims to ensure that the proposed scheme converges with a certain rate to the true solution with respect to an appropriate
orm. The strong convergence is well understood (see e.g. [3–9]) while the weak convergence is not yet well understood,
ee e.g., [10–19]. The weak convergence of the finite element method for stationary problem driven by spatial white
oise was investigated in [16]. In [10], the weak convergence of the finite element method was done for linear evolutive
PDE with a linear self-adjoint operator and the test functions that satisfy an extra condition, namely [10, (1.8)]. Weak
onvergence of the finite element method for linear SPDEs without the extra condition [10, (1.8)] was later investigated
n [20]. The weak convergence in space of semilinear SPDEs driven by multiplicative noise with nonlinear functions F or
is more complicated than the linear case and was investigated for instance in [11] with nonlinear drift function F such

hat F ∈ C2
b (H). Note that the Malliavin calculus and the self-adjointness of the linear operator A is crucial while proving

he results in the above mentioned papers. For instance, the proofs in [11] use the projections onto the eigenspaces of
. The drawback was that those projectors do not commute with the L2-projection Ph in (19). In addition, note that if
is a Nemytskii-type operator (i.e., is a mapping in the form u ↦→ F (u) = f (u(.)), where f ∈ C2(R)), then in general
/∈ C1

b (H), see [11, Section 2.3]. This excludes many interesting nonlinearities F . Therefore, it is interesting to investigate
he case where the nonlinearity can be of Nemytskii-type. Recently, Jianbo and Jialin [12] examined the weak convergence
n space under one-sided Lipschitz and polynomial growth of the nonlinear drift function F . However, the convergence
nalysis in [12] was done only for one-dimensional SPDE with linear self-adjoint operator. The case of SPDEs with cubic
olynomial nonlinearity has been investigated in [21], but by the means of a spectral Galerkin method. Here the space
iscretization is performed using the finite element method, more adapted to realistic applications. Andersson et al. [22]
sed a more general setting by avoiding the Kolmogorov equation and by using the following linearization of the weak
rror

E[ϕ(X) − ϕ(Y )] = E[⟨ϕ̄, X − Y ⟩], where ϕ̄ =

∫ 1

0
ϕ′(ϱX + (1 − ϱ)Y )dϱ.

he function ϕ being a test function. This approach was introduced in [23] for stochastic differential equations and in [24]
or stochastic partial differential equations. Although the setting in [22] seems to be more general, it is not clear how this
echnique can work for more general second order not necessarily self-adjoint operator in (1) or (16), since the application
as only done for self-adjoint operator in [22, Section 5].
The aims of this paper is to fill that gap by providing an elegant weak convergence proof of the finite element method

or (1) with not necessary self-adjoint linear operator A and under weaker assumptions on F , namely Assumption 2.2.
o achieve our goal, we first write our weak error representation formula in an appropriate form (see Proposition 3.2)
y using Kolmogorov equation. We then split the linear operator in self-adjoint and non self-adjoint parts, and use
alliavin calculus along with technical and careful estimates (see e.g. (63)–(70)). Although our approach follows some

ines as in [11], error estimate is more challenging since here in addition to the fact our linear operator is not necessarily
elf-adjoint, we are working under weaker assumptions on the nonlinearity F . Our main result reveals how the weak
onvergence order depends on the regularity of the noise, and is twice that of the strong convergence. More precisely,
e obtain convergence rate O

(
h2β−ϵ

)
, where β is the parameter defined in Assumption 2.2 and ϵ > 0 is an arbitrarily

mall number.
The rest of this paper is structured as follows. In Section 2 we recall some preliminaries and fundamental functional

paces. Section 3 is devoted to the finite element discretization and weak error representation formula in space. In
ection 4, we investigate the weak error of the finite element method.

. Mathematical setting and preliminaries

.1. Preliminaries

Let Ω be a sample space and U a separable Hilbert space with norm ∥.∥U , we denote by L(U,H) the space of bounded
inear mappings from U to H endowed with the usual norm ∥.∥L(U,H). We denote by L2(Ω,U) the Hilbert space of all
quivalence classes of square integrable U-valued random variables. By Ck

b (H,U) we denote the space of not necessarily
ounded mappings g from H to U that have continuous and bounded Fréchet derivatives Dg,D2g, . . . ,Dkg . We endow
k
b (H,U) with the semi norm |.|Ck

b (H,U), which for g ∈ Ck
b (H,U), |g|Ck

b (H,U) is the smallest constant K such that

sup
x∈H

∥Dng(x)(φ1, . . . , φn)∥U ≤ K∥φ1∥ · · · ∥φn∥, φ1, . . . , φn ∈ H, n ≤ k.

et Gm(U, V ) be the space of Gâteaux differentiable mappings with symmetric and strongly continuous derivative. We
enote by Gm

p (U, V ) the subspace of functions of Gm(U, V ) with derivatives of polynomial growth, see e.g., [22, Section
2.1] for more details. We denote by L1(U,H) the set of nuclear operators from U to H, L2(U,H) := HS(U,H) the space
of Hilbert–Schmidt operators from U to H. As usual, L1(U,H) is endowed with the nuclear norm ∥.∥L1(U,H), see e.g., [25].
For the seek of ease notations, we write L(U,U) =: L(U), L (U,U) =: L (U) and L (U,U) =: L (U).
1 1 2 2
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or l ∈ L1(U) the trace of l is defined by

Tr(l) :=

∞∑
i=1

⟨lei, ei⟩U , (3)

where (ei)∞i=1 is an orthonormal basis of U . The norm in L2(U) is defined by

∥l∥L2(U) :=

(
∞∑
i=1

∥lei∥2
U

) 1
2

< ∞. (4)

he space of Hilbert–Schmidt operators from U0 := Q
1
2 (H) to H is denoted by L0

2 := L2(U0,H) = HS(U0,H). As usual, L0
2

is equipped with the norm

∥l∥L0
2

:= ∥lQ
1
2 ∥HS =

(
∞∑
i=1

∥lQ
1
2 φi∥

2

) 1
2

, l ∈ L0
2, (5)

where (φi)i∈N is an orthonormal basis of H. Note that definitions (3), (4) and (5) are independent of the orthonormal bases
of U and H. The space U0 equipped with ⟨u, v⟩U0 :=

⟨
Q−

1
2 u,Q−

1
2 v

⟩
is a Hilbert space.

Since Malliavin calculus will be one of the key ingredients while examining weak convergence error, let us recall
rom [11, Section 2] and [12] some of their useful properties. Let I : L2([0, T ];U0) −→ L2(Ω) be an isonormal process,
.e. for any ϕ ∈ L2([0, T ];U0), the random variable I(ϕ) is centered Gaussian and I has the following covariance structure

E[I(ϕ1), I(ϕ2)] = ⟨ϕ1, ϕ2⟩L2([0,T ];U0) , ϕ1, ϕ1 ∈ L2([0, T ];U0).

For u ∈ U0, the Q -Wiener process W ∈ L2
(
[0, T ] × U0, L2(Λ)

)
by

W (t)u = I
(
χ[0,t] ⊗ u

)
, t ∈ [0, T ], u ∈ U0,

where χ stands for the indicator function. For u ∈ U0, the process W (t)u, t ∈ [0, T ] is a Brownian motion and satisfies

E [W (t)uW (s)v] = min(s, t)⟨u, v⟩U0 , u, v ∈ U0, s, t ∈ [0, T ].

or N ∈ N, let C∞

P (RN ) be the space of real-valued C∞ functions on RN with polynomial growth. We denote the family of
mooth real-valued cylindrical random variables by

S :=
{
χ = g(I(ϕ1), . . . , I(ϕN )) : g ∈ C∞

P (RN ); ϕj ∈ L2([0, T ];U0); j = 1, . . . ,N
}

and the corresponding family with values in H by

S(H) :=

{
F =

L∑
i=1

χi ⊗ hi : χ1, . . . , χL ∈ S, h1, . . . , hL ∈ H, L ∈ N

}
.

The Malliavin derivative of the random variable χ = g (I(ϕ1), . . . , ϕN) ∈ S is defined as the L2([0, T ];U0)-valued random
variable

Dχ =

N∑
i=1

∂ig (I(ϕ1), . . . , I(ϕN ))⊗ ϕi.

Obviously Dχ is an U0-valued stochastic process. We write for t ≥ 0

Dtχ =

N∑
i=1

∂ig (I(ϕ1), . . . , I(ϕN ))⊗ ϕi(t).

The Malliavin derivative of G =
∑L

i=1 gi (I(ϕ1), . . . , I(ϕN ))⊗ hi ∈ S(H) is defined by

DsG =

L∑
i=1

N∑
j=1

∂jgi (I(ϕ1), . . . , I(ϕN ))⊗
(
hi ⊗ ϕj(s)

)
.

Since the Malliavin derivative operator D is closable (see e.g., [11, Section 2]), let us denote by D1,2 the closure of S(H)
with respect to the Malliavin derivative equipped with the following norm

∥G∥
2
D1,2(H) :=

(
E
[
∥G∥

2]
+ E

[∫ T

∥DsG∥
2

0ds
]) 1

2

.

0

L2
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or any σ ∈ C1
b (H,H), the following chain rules for Malliavin derivatives hold

Dt (σ (G)) = Dσ (G)DtG, Du
t (σ (G)) = Dσ (G).Du

t G, u ∈ U0, G ∈ D1,2(H), (6)

here Du
t := DtGu is the derivative in the direction u, with

DtGu =

L∑
i=1

N∑
j=1

⟨u, ϕj⟩U0∂jfi (I(ϕ1), . . . , I(ϕN ))⊗ hi,

where we equipped U0 with the inner product ⟨u, v⟩U0 :=

⟨
Q−

1
2 u,Q−

1
2 v

⟩
.

Moreover, for any random variable G ∈ D1,2(H) and any predictable stochastic process Φ ∈ L2([0, T ],L0
2), the following

holds

E
[⟨∫ T

0
Φ(t)dW (t),G

⟩]
= E

[∫ T

0
⟨Φ(t),DtG⟩L0

2
dt
]
. (7)

In the rest of this paper, we consider H = L2(Λ).

2.2. Main assumptions and well-defined problem

To guarantee a unique mild solution of (1) and for the purpose of the convergence analysis, we make the following
assumptions.

Assumption 2.1. The linear operator A : D(A) ⊂ H −→ H is negative and generates an analytic semigroup S(t) =: eAt .

Assumption 2.2. The covariance operator Q : H −→ H satisfies the following estimate(−A)
β−1
2 Q

1
2


L2(H)

≤ C, β ∈ [0, 1].

Assumption 2.3. The nonlinear operator F : H −→ H is Lipschitz continuous and twice Fréchèt differentiable, with
derivatives satisfying

∥(−A)−
δ
2 F ′(v)u∥ ≤ L∥u∥, ∥(−A)−ηF ′′(v)(u1, u2)∥ ≤ L∥u1∥∥u2∥, u, v, u1, u2 ∈ H,

or some δ ∈ (0, β) and η ∈ ( 12 , 1).

The following theorem guarantees the existence of the unique mild solution to (1).

heorem 2.1 ([1, Theorem 7.2]). Let Assumptions 2.1, 2.3 and 2.2 be fulfilled. Then the SPDE (1) has up to modifications a
nique mild solution X : [0, T ] ×Ω −→ H, which takes the following form

X(t) = S(t)X0 +

∫ t

0
S(t − s)F (X(s))ds +

∫ t

0
S(t − s)dW (s) (8)

-a.s. and satisfies

P
[∫ T

0
∥X(s)∥2ds < ∞

]
= 1.

oreover, for all p ≥ 1 there exists a positive constant C such that.

sup
0≤t≤T

∥X(t)∥L2(Ω,H) ≤ C (1 + ∥X0∥) , sup
0≤t≤T

∥X(t)∥
p
2
L2(Ω,H) ≤ C

(
1 + ∥X0∥

p
2

)
, (9)

For an L0
2-valued predictable stochastic process φ : [0, T ] ×Ω −→ L0

2 such that∫ t

0
E∥φ(s)Q

1
2 ∥

2
L2(H)ds < ∞, t ∈ [0, T ],

the following relation called Itô isometry holds

E
∫ t

0
φ(s)dW (s)

2 =

∫ t

0
E∥φ(s)Q

1
2 ∥

2
L2(H)ds, t ∈ [0, T ], (10)

see e.g., [1, Step 2 in Section 2.3.2] or [2, Proposition 2.3.5].
4
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In the sequel of this paper, the following proposition will be used.

roposition 2.1 ([25]). Let l, l1.l2 be three operators in Hilbert spaces, the following holds

(i) If l ∈ L1(U) then

|Tr(l)| ≤ ∥l∥L1(U). (11)

(ii) If l1 ∈ L(H) and l2 ∈ L1(H), then l1l2, l2l1 ∈ L1(H) and

Tr(l1l2) = Tr(l2l1). (12)

(iii) If l1 ∈ L2(U,H) and l2 ∈ L2(H,U), then l1l2 ∈ L1(H) and

∥l1l2∥L1(H) ≤ ∥l1∥L2(U,H)∥l2∥L2(H,U). (13)

(iv) If l ∈ L(U,H) and lj ∈ Lj(U), j = 1, 2, then llj ∈ Lj(U,H) and

∥llj∥Lj(U,H) ≤ ∥l∥L(U,H)∥lj∥Lj(U), j = 1, 2. (14)

(v) If l ∈ L2(U,H), then its adjoint l∗ ∈ L2(H,U) and

∥l∗∥L2(H,U) = ∥l∥L2(U,H). (15)

We equip Ḣα
:= D((−A))

α
2 , α ∈ R with the norm ∥u∥α := ∥(−A)

α
2 u∥.

2.3. Second order semilinear parabolic SPDE

In the rest of this paper, we assume the linear operator A to be of second order. More precisely, we assume that our
SPDE (1) is a second order semilinear parabolic of the form

dX(t, x) = [∇ · (D∇X(t, x))− q · ∇X(t, x) + f (x, X(t, x))]dt + dW (t, x), (16)

for x ∈ Λ and t ∈ [0, T ], where the function f : Λ× R −→ R is twice continuously differentiable with globally bounded
derivatives. In the abstract framework (1), the linear operator A is the L2(Λ) realization [26, p. 812] of the following
differential operator

Au = −

d∑
i,j=1

∂

∂xi

(
Dij(x)

∂u
∂xj

)
+

d∑
i=1

qi(x)
∂u
∂xi
, D :=

(
Di,j
)
1≤i,j≤d , (17)

:= (qi)1≤i≤d, where Dij ∈ L∞(Λ), qi ∈ L∞(Λ) and there exists a constant c1 > 0 such that
d∑

i,j=1

Dij(x)ξiξj ≥ c1|ξ |2, ξ ∈ Rd, x ∈ Λ,

the nonlinear function F : H −→ H is given by

(F (v))(x) = f (x, v(x)), x ∈ Λ, v ∈ H, (18)

where f : Λ× R ↦−→ R is a smooth nonlinear function. If there exists cf ≥ 0 such that

|f (ξ, z)| ≤ cf (|z| + 1),
⏐⏐⏐⏐∂ f∂z (ξ, z)

⏐⏐⏐⏐ ≤ cf ,
⏐⏐⏐⏐ ∂2f∂ξ∂z

(ξ, z)
⏐⏐⏐⏐ ≤ cf ,

⏐⏐⏐⏐∂2f∂2z (ξ, z)
⏐⏐⏐⏐ ≤ cf ,

or all z ∈ R, i = 1, . . . , d, ξ = (ξ1, ξ2, . . . , ξd)T ∈ Λ, then Assumption 2.3 is fulfilled. See e.g., [19, Example 3.2] or [27,
xample 5.1] for details.
As in [7,26], we introduce two spaces H and V , such that H ⊂ V ; the two spaces depend on the boundary conditions

f Λ and the domain of the operator A. For Dirichlet (or first-type) boundary conditions we take

V = H = H1
0 (Λ) = {v ∈ H1(Λ) : v = 0 on ∂Λ}.

or Robin (third-type) boundary condition and Neumann (second-type) boundary condition, which is a special case of
obin boundary condition, we take V = H1(Λ) and

H = {v ∈ H2(Λ) : ∂v/∂vA + α0v = 0, on ∂Λ}, α0 ∈ R,

where ∂v/∂vA is the normal derivative of v and vA is the exterior pointing normal n = (ni) to the boundary of A, given
by

∂v/∂vA =

d∑
ni(x)Dij(x)

∂v

∂xj
, x ∈ ∂Λ.
i,j=1

5
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sing Green’s formula and the boundary conditions, the corresponding bilinear form associated to −A is given by

a(u, v) =

∫
Λ

⎛⎝ d∑
i,j=1

Dij
∂u
∂xi

∂v

∂xj
+

d∑
i=1

qi
∂u
∂xi
v

⎞⎠ dx, u, v ∈ V ,

or Dirichlet and Neumann boundary conditions, and

a(u, v) =

∫
Λ

⎛⎝ d∑
i,j=1

Dij
∂u
∂xi

∂v

∂xj
+

d∑
i=1

qi
∂u
∂xi
v

⎞⎠ dx +

∫
∂Λ

α0uvdx, u, v ∈ V .

for Robin boundary conditions. Note that A A is the infinitesimal generator of a bounded analytic semigroup S(t) = etA on
L2(Λ) such that

S(t) = etA =
1

2π i

∫
C
etλ(λI − A)−1dλ, t > 0,

where C denotes a path that surrounds the spectrum of A, see e.g., [26,28].

3. Finite element discretization and weak error representation formula

Let us now turn our attention to the discretization of problem (1). We start by splitting the domainΛ in finite triangles.
Let Th be the triangulation with maximal length h satisfying the usual regularity assumptions. Let Vh ⊂ V be the space
of continuous functions that are piecewise linear over the triangulation Th. We consider the projection Ph from H to Vh
defined by

⟨Phu, χ⟩ = ⟨u, χ⟩, u ∈ H, χ ∈ Vh. (19)

The discrete operator Ah : Vh −→ Vh is defined by

⟨−Ahφ, χ⟩ = ⟨(−A)1/2φ, (−A)∗1/2χ⟩ = a(φ, χ ), φ, χ ∈ Vh, (20)

ote that (−A)∗1/2 stands for the adjoint of (−A)1/2. Like A, Ah is also a generator of analytic semigroup Sh(t) := etAh . As
ny semigroup and its generator, Ah and Sh(t) satisfy the smoothing properties of Theorem 2.1 with a uniform constant

C , independent of h. The semi-discrete version in space of problem (1) consists of finding Xh(t) ∈ Vh, t ∈ (0, T ] such that
h(0) = PhX0 and

dXh(t) = [AhXh(t) + PhF (Xh(t))]dt + PhdW (t), t ∈ (0, T ]. (21)

e note that Ah and PhF satisfy the same assumptions as A and F respectively. Therefore, Theorem 2.1 ensures the
existence of the unique mild solution Xh(t) of (21) such that

∥Xh(t)∥L2(Ω,H) ≤ C (1 + ∥X0∥) , ∥Xh(t)∥
p
2
L2(Ω,H)

≤ C
(
1 + ∥X0∥

p
2

)
, t ∈ [0, T ], (22)

or all p ≥ 2. The mild solution of (21) is given by

Xh(t) = Sh(t)Xh(0) +

∫ t

0
Sh(t − s)PhF (Xh(s))ds +

∫ t

0
Sh(t − s)PhdW (s). (23)

et us introduce the Ritz representation operator Rh
: V −→ Vh, defined by

⟨ARhv, χ⟩ = −⟨(−A)1/2v, (−A)∗1/2χ⟩ = −a(v, χ ), v ∈ V , χ ∈ Vh. (24)

s in [17,29], we split A as follows: A = A1 +A2, where A1 and A2 are respectively the self-adjoint and the non-selfadjoint
arts of A. Note that formally A1 corresponds to the second order derivative part of (17) and A2 corresponds to the first
rder derivative. Note that D((−A)

1
2 ) = D((−A1)

1
2 ) = D(A2) = V , where V = H1

0 (Λ) for Dirichlet boundary conditions
nd V = H1(Λ) for Neumann or Robin boundary condition, see e.g., [29–31]. Note that the range of A2 is a subspace of
. We denote by A1,h and A2,h the discrete version of A1 and A2 respectively, see e.g., [29]. Note that A2,h : Vh −→ Vh
atisfies

⟨A2,hv
h, χ⟩ = ⟨A2v

h, χ⟩, vh, χ ∈ Vh. (25)

In the rest of this paper, for uh
∈ Vh and v ∈ D((−A)

1
2 ), the notation ⟨−Auh, v⟩ is understood in the following sense

⟨−Auh, v⟩ := ⟨(−A)
1
2 uh, (−A∗)

1
2 v⟩, uh

∈ Vh, v ∈ D((−A∗)
1
2 ). (26)

We also introduce the Ritz representation operator Rh
1 : V −→ Vh, defined by

⟨A Rhv, χ⟩ = −⟨(−A )1/2v, (−A )1/2χ⟩, v ∈ V , χ ∈ V . (27)
1 1 1 1 h

6
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We introduce the operator Rh
2 : V −→ Vh defined by

R2,hv = A−1
2,hPhA2v, i.e., A2,hRh

2v = PhA2v, v ∈ V , (28)

here A−1
2,h is the pseudo-inverse of A2,h [1, Appendix B.2]. From (25), (28) and the definition of Ph (cf. (19)), it follows

hat

⟨A2Rh
2v, χ⟩ = ⟨A2,hRh

2v, χ⟩ = ⟨PhA2v, χ⟩ = ⟨A2v, χ⟩, v ∈ V , χ ∈ Vh. (29)

It is well known that the following estimate holds (see e.g., [11,26] or [32, Chapter 3])(−A)α(Ph − I)(−A)−η

L(H) ≤ Ch2η−2α, 0 ≤ α ≤ η ≤ 1, (30)(−A)δ(Rh

− I)(−A)−γ

L(H) ≤ Ch2γ−2δ, 0 ≤ δ ≤

1
2

≤ γ ≤ 1, (31)(−A1)δ(Rh
1 − I)(−A1)−γ


L(H) ≤ Ch2γ−2δ, 0 ≤ δ ≤

1
2

≤ γ ≤ 1. (32)

et us recall the following lemma, which will be useful in the rest of the paper.

emma 3.1 ([17, Lemma 3.1]). For ρ ∈ [0, 1], (−A)ρ(−A∗)−ρ , (−A∗)ρ(−A)−ρ , (−Ah)ρ(−A∗

h)
−ρ and (−A∗

h)
ρ(−Ah)−ρ are

ounded operators in H.

Throughout this paper, C is a generic constant that may change from one place to another but is independent of the
pace discretization parameter h.

ssumption 3.1. The test function ϕ ∈ G2
b (H,R) is such that there exists some constants m ≥ 2 and C ≥ 0 such that

∥ϕ(j)(u)∥L[j](H;R) ≤ C
(
1 + ∥u∥m−j) , u ∈ H, j = 1, 2.

Let us now move to the weak error representation formula. For ϕ ∈ G2
b (H,R), we define

µ(t, ψ) := E (ϕ(X(t, ψ))) , (33)

here X(t, ψ) is the mild solution of (1) with initial value ψ .

Proposition 3.1. Under Assumptions 2.1, 2.2 and 2.3, µ(t, ψ) (33) is the unique strict solution to the following deterministic
DE, called Kolmogorov equation{

∂µ

∂t (t, ψ) = ⟨Aψ + F (ψ),Dµ(t, ψ)⟩ +
1
2Tr

[
D2µ(t, ψ)Q

]
, ψ ∈ D(A),

µ(0, ψ) = ϕ(ψ), ψ ∈ D(A).
(34)

Proof. The proof goes along the same lines as that of [1, Theorem 9.25]. Note that compared to [1, Theorem 9.25], here
we have assumed weaker assumptions on the nonlinearity F and on the noise W , which is assumed to be of trace class
in [1, Theorem 9.25]. However, the proof is exactly as in [1, Theorem 9.25]. In fact, the main ingredients in proving [1,
Theorem 9.25] are [1, Theorems 9.8 & 9.9], which themselves are consequences of [1, Lemma 9.2, Propositions 9.5 & 9.6].
Note that [1, Lemma 9.2] only requires Lipschitz condition on F and does not involves their first and second derivatives,
so it remains valid in our setting. As far as it concerns [1, Proposition 9.5 & Proposition 9.6], the main point is to estimate

sup
t∈[0,T ]

E
(∫ t

0
∥S(t − s)[F ′(s, Xn(s)) − F ′(s, X)].Y (s)∥ds

)p

,

where Xn is a sequence of processes converging to X in Hp, with Hp being the Banach space of all (equivalence
classes of) H-valued predictable stochastic processes Y defined on the time interval [0, T ] with the norm |||Y ||| :=(
supt∈[0,T ] ∥Y (t)∥p

) 1
p . In our setting, using Assumption 2.3 leads to

sup
t∈[0,T ]

E
(∫ t

0
∥S(t − s)[F ′(s, Xn(s)) − F ′(s, X)].Y (s)∥ds

)p

≤ sup
t∈[0,T ]

E
(∫ t

0
∥(−A)

δ
2 S(t − s)∥L(H)∥(−A)−

δ
2 [F ′(s, Xn(s)) − F ′(s, X)].Y (s)∥ds

)p

≤ sup
t∈[0,T ]

E
(∫ t

0
(t − s)−

δ
2 ∥Y (s)∥ds

)p

≤ sup
t∈[0,T ]

E[ sup
r∈[0,t]

∥Y (r)∥p
]

(∫ t

0
(t − s)−

δ
2 ds
)p

≤ CE[ sup ∥Y (t)∥p
] < ∞, (35)
t∈[0,T ]

7
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here at the last step we used the fact that Y ∈ Hp, This then shows the boundedness of the term I1n in [1, Theorem 9.6]
nd then the dominated convergence theorem can be applied. In our setting, since we are dealing with additive noise,
he term I2n in [1, theorem 9.6] vanishes and we get rid of the noise. The same argument as above applies in the rest of
he theory and we will not repeat it here. ■

emark 3.1. Along the same lines as the proof of [1, Theorem 9.25] (or Proposition 3.1), one can prove that for
∈ D((−A)

1
2 ), µ(t, ψ) is a strict solution to the following deterministic PDE{

∂µ

∂t (t, ψ) = −

⟨
(−A)

1
2ψ, (−A∗)

1
2 Dµ(t, ψ)

⟩
+ ⟨F (ψ),Dµ(t, ψ)⟩ +

1
2Tr

[
D2µ(t, ψ)Q

]
,

µ(0, ψ) = ϕ(ψ), ψ ∈ D((−A)
1
2 ).

(36)

n fact, (36) is just a weak formulation of (34) by noticing that ⟨Aψ,Dµ(t, ψ)⟩ = − ⟨−Aψ,Dµ(t, ψ)⟩ = −

⟨
(−A)

1
2ψ,

(−A∗)
1
2 Dµ(t, ψ)

⟩
.

Bearing (26) in mind, (36) can be written in the same form as (34) with ψ ∈ D(A
1
2 ). Using the Riesz representation

heorem, we can identify the first order derivative of µ(t, ψ) with respect to ψ ∈ H denoted by Dµ(t, ψ) with an element
f H. This yields

Dµ(t, ψ)(φ1) := ⟨Dµ(t, ψ), φ1⟩ , φ1 ∈ H.

y the same arguments as in [1, Theorem 9.4, Remark 9.5] and (35), one shows that X(t, ψ) is twice differentiable with
espect to ψ ∈ H and the second derivative D2µ(t, ψ) with a linear operator in H. Hence taking the derivative in both
sides of (33) yields

⟨Dµ(t, ψ), φ1⟩ = E
(
ϕ′ (X(t, ψ)) .ξ1(t)

)
, (37)

here ξ1(t) is the mild solution of the following problem

dξ1(t) = [Aξ1(t) + F ′ (X(t, ψ)) .ξ1(t)]dt, ξ1(0) = φ1. (38)

Differentiating again (37) yields⟨
D2µ(t, ψ)φ1, φ2

⟩
= E

(
ϕ′′ (X(t, ψ)) . (ξ1(t), ξ2(t))

)
+ E

(
ϕ′ (X(t, ψ)) .η1,2(t)

)
, (39)

where ξ1(t) and ξ2(t) satisfy (38) with initial values φ1 and φ2 respectively, and η1,2 satisfies

dη1,2(t) =
[
Aη1,2(t) + F ′ (X(t, ψ)) .η1,2(t) + F ′′ (X(t, ψ)) (ξ1(t), ξ2(t))

]
dt, η1,2(0) = 0. (40)

Proposition 3.2 (Weak Error Representation Formula). Let Assumptions 2.1, 2.3 and 2.2 be fulfilled. For any ϕ ∈ C2
b (H,R)

the following weak error representation formula holds

E[ϕ(Xh(T )) − ϕ(X(T ))] = E[µ(T , Xh(0)) − µ(T , X(0))] + E
∫ T

0
⟨AhXh(s),Dµ(T − s, Xh(s))⟩ds

+ E
∫ T

0

⟨
(−A)

1
2 Xh(s), (−A∗)

1
2 Dµ(T − s, Xh(s))

⟩
ds

+ E
∫ T

0

⟨
PhF

(
Xh(s)

)
− F (Xh(s)),Dµ(T − s, Xh(s))

⟩
ds

+
1
2
E
∫ T

0
Tr
[
D2µ(T − s, Xh(s)) (PhQPh − Q )

]
ds.

roof. Let us introduce the following shift process

v(t, X0) := µ(T − t, X0), 0 ≤ t ≤ T , (41)

here µ is defined by (33) with ψ = X0. Simple computations yields

v (0, X(0)) = µ(T , X(0)) = E (ϕ(X(T ))) , v(T , Xh(T )) = µ(0, Xh(T )) = E
(
g(Xh(T ))

)
.

Consequently, we have the following decomposition of the space weak error

E
(
ϕ
(
Xh(T )

)
− ϕ (X(T ))

)
= E

(
v(T , Xh(T )) − v(0, X(0))

)
(42)

= E
(
v(0, Xh(0)) − v(0, X(0))

)
+ E

(
v(T , Xh(T )) − v(Xh(0), 0)

)
.

8
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pplying the Itô formula [1, Theorem 4.32] to G(t, x) = v(t, Xh(t)) in the interval [0, T ] yields

v(T , Xh(T )) − v(0, Xh(0)) =

∫ T

0
Dv(s, Xh(s))PhdW (s)

+

∫ T

0

[
∂v

∂t
(s, Xh(s)) +

⟨
Dv(s, Xh(s)), AhXh(s) + PhF (Xh(s))

⟩]
ds

+
1
2
Tr
[
D2v(s, Xh(s))

(
PhQ

1
2

)(
PhQ

1
2

)∗]
ds. (43)

rom the fact v(s, Xh(s)) satisfies (36), it follows that

∂v

∂t
(s, Xh(s)) = −

∂u
∂t

(T − s, Xh(s)) =

⟨
(−A)

1
2 Xh(s), (−A∗)

1
2 Dµ(T − s, Xh(s))

⟩
−
⟨
F (Xh(s)),Dµ(T − s, Xh(s))

⟩
−

1
2
Tr
[
D2µ(T − s, Xh(s))Q

1
2

(
Q

1
2

)∗]
. (44)

ubstituting (44) in (43) yields

v(T , Xh(T )) − v(0, Xh(0)) =

∫ T

0
Dµ(s, Xh(s))PhdW (s) +

∫ T

0

⟨
AhXh(s),Dµ(T − s, Xh(s))

⟩
ds

+

∫ T

0

⟨
(−A)

1
2 Xh(s), (−A∗)

1
2 Dµ(T − s, Xh(s))

⟩
ds

+

∫ T

0

⟨
PhF

(
Xh(s)

)
− F (Xh(s)),Dµ(T − s, Xh(s))

⟩
ds (45)

+
1
2

∫ T

0
Tr
[
D2µ(T − s, Xh(s))

(
PhQ

1
2

(
Q

1
2

)∗

P∗

h − Q
1
2

(
Q

1
2

)∗)]
ds.

aking the expectation in both sides of (45) and using the fact that the expectation of the Itô integral vanishes, we arrive
t

E
[
v(T , Xh(T )) − v(0, Xh(0))

]
= E

∫ T

0

⟨
AhXh(s),Dµ(T − s, Xh(s))

⟩
ds

+ E
∫ T

0

⟨
(−A)

1
2 Xh(s), (−A∗)

1
2 Dµ(T − s, Xh(s))

⟩
ds

+ E
∫ T

0

⟨
PhF

(
Xh(s)

)
− F (Xh(s)),Dµ(T − s, Xh(s))

⟩
ds

+
1
2
E
∫ T

0
Tr
[
D2µ(T − s, Xh(s)) (PhQPh − Q )

]
ds. (46)

ubstituting (46) in (42) completes the proof of Proposition 3.2. ■

. Weak error estimate

The main results of this section is formulated in the following theorem.

heorem 4.1. Let X(t) and Xh(t) be the mild solution of (1) and (21) respectively. Let Assumptions 2.3, 2.2 and 3.1 be fulfilled.
hen the following error estimate holds

|E[ϕ(X(T )) − ϕ(Xh(T ))]| ≤ Ch2β−ϵ,

here ϕ is any test function satisfying Assumption 2.2 and C is a constant independent of h.

In order to prove Theorem 4.1, we need some preliminaries results.

.1. Preliminaries estimates

The proof of Theorem 4.1 relies heavily on the regularity estimates of the solution to the Kolmogorov equation (34),
hich we provide in the next lemma. Such regularity results were also obtained for instance in [18]. But here we
mphasize that we are working under weaker assumptions on the nonlinearity F .
9
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emma 4.1. Let Assumptions 2.1, 2.3, 2.2 and 3.1 be fulfilled. For any γ ∈ [0, 1) and γ1, γ2 ∈ [0, 1) such that 0 ≤ γ1+γ2 < 1,
here exist constants Cγ , Cγ1 and Cγ1,γ2 such that

∥(−A∗

h)
γDµh(t, ψ)∥ ≤ Cγ t−γ , ∥(−A∗

h)
γ2D2µh(t, ψ)(−Ah)γ1∥L(H) ≤ Cγ1,γ2

(
1 + t−γ1+γ2

)
, (47)

∥(−Ah)γ1Dµh(t, ψ)∥ ≤ Cγ1 t
−γ1 , ∥(−Ah)γ2D2µh(t, ψ)(−Ah)γ1∥L(H) ≤ Cγ1,γ2

(
1 + t−γ1+γ2

)
, (48)

for any t, t1, t2 ∈ [0, T ], where ψ ∈ Vh and µh(t, ψ) is given by (33).

Proof. Let us start with the first estimate of (48). The mild solution of (38) is given by

ξ h1 (t) = Sh(t)φ1 +

∫ t

0
Sh(t − s)PhF ′(Xh(s, ψ))ξ h1 (s)ds. (49)

Taking the norm in both sides of (49), inserting an appropriate power of −Ah yields

∥ξ h1 (t)∥

≤ ∥Sh(t)(−Ah)γ (−Ah)−γφ1∥ +

∫ t

0
∥Sh(t − s)(−Ah)

δ
2 (−Ah)−

δ
2 PhF ′(Xh(s, ψ))ξ h1 (s)∥ds

≤ ∥Sh(t)(−Ah)γ (−Ah)−γφ1∥ +

∫ t

0
∥(−Ah)

δ
2 Sh(t − s)(−Ah)−

δ
2 PhF ′(Xh(s, ψ))ξ h1 (s)∥ds

≤ ∥Sh(t)(−Ah)γ (−Ah)−γφ1∥ +

∫ t

0
∥(−Ah)

δ
2 Sh(t − s)∥L(H)∥(−Ah)−

δ
2 PhF ′(Xh(s, ψ))ξ h1 (s)∥ds.

sing the smoothing properties of the semigroup, [29, (3.12)] and Assumption 2.3 yields

∥ξ h1 (t)∥ ≤ ∥(−Ah)γ Sh(t)∥L(H)∥(−Ah)−γφ1∥ + C
∫ t

0
(t − s)−

δ
2 ∥(−Ah)−

δ
2 PhF ′(Xh(s, ψ))ξ h1 (s)∥ds

≤ Ct−γ ∥(−Ah)−γφ1∥ + C
∫ t

0
(t − s)−

δ
2 ∥(−A)−

δ
2 F ′(Xh(s, ψ))ξ h1 (s)∥ds

≤ Ct−γ ∥(−Ah)−γφ1∥ + C
∫ t

0
(t − s)−

δ
2 ∥ξ h1 (s)∥ds.

pplying the generalized Gronwall inequality (see e.g., [33, Lemma 6.3] or [28, Lemma 7.1.1]) to the preceding inequality
ields

∥ξ h1 (t)∥ ≤ Ct−γ ∥(−Ah)−γφ1∥.

sing (33), Assumption 3.1 and Proposition 2.1 , it follows from the preceding inequality that

|Dµh(t, ψ).φ1| ≤ E
(
∥ϕ′(Xh(t, ψ))∥.∥ξ h1 (t)∥

)
≤ CE∥Xh(t)∥m−1t−γ ∥(−Ah)−γφ1∥

≤ Ct−γ ∥(−Ah)−γφ1∥.

Using Cauchy–Schwarz inequality and the preceding inequality, it follows that⏐⏐⟨(−A∗)γDµh(t, ψ), φ1⟩
⏐⏐ =

⏐⏐⟨Dµh(t, ψ), (−A)γφ1⟩
⏐⏐ ≤ Ct−γ ∥(−Ah)−γ (−Ah)γφ1∥ = Ct−γ ∥φ1∥. (50)

ince we can identify Dµh(t, ψ) with an element in H, it follows from (50) that

∥(−A∗

h)
γDµh(t, ψ)∥ ≤ Ct−γ , ψ ∈ H.

his completes the proof of the first estimate of (48). Using Lemma 3.1 yields

∥(−Ah)γDµh(t, ψ)∥ ≤ ∥(−Ah)γ (−A∗

h)
−γ

∥L(H)∥(−A∗

h)
γDµh(t, ψ)∥ ≤ Ct−γ , ψ ∈ H.

his proves the second estimate of (48). It remains to prove (47). Note that the mild solution of the process satisfying
40) is given by

ηh1,2(t) =

∫ t

Sh(t − s)
[
PhF ′(Xh(s, ψ)).ηh1,2(s) + PhF ′′(Xh(s, ψ))(ξ h1 (s), ξ

h
2 (s))

]
ds. (51)
0

10
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aking the norm in both sides of (51), inserting an appropriate power of Ah, using the smoothing properties of the
emigroup and [29, (3.12)] (or [17, (70)]) yields

∥ηh1,2(t)∥ ≤

∫ t

0
∥Sh(t − s)(−Ah)

δ
2 (−Ah)−

δ
2 PhF ′(Xh(s, ψ))ηh1,2(s)∥ds

+

∫ t

0
∥Sh(t − s)(−Ah)η(−Ah)−ηPhF ′′(Xh(s, ψ))(ξ h1 (s), ξ

h
2 (s))∥ds

≤

∫ t

0
∥(−Ah)

δ
2 Sh(t − s)∥L(H)∥(−Ah)−

δ
2 PhF ′(Xh(s, ψ))ηh1,2(s)∥ds

+

∫ t

0
∥(−Ah)ηSh(t − s)∥L(H)(−Ah)−ηPhF ′′(Xh(s, ψ))(ξ h1 (s), ξ

h
2 (s)) ∥ ds

≤ C
∫ t

0
(t − s)−

δ
2 ∥(−A)−

δ
2 F ′(Xh(s, ψ))ηh1,2(s)∥ds

+ C
∫ t

0
(t − s)−η∥(−A)−ηF ′′(Xh(s, ψ))(ξ h1 (s), ξ

h
2 (s))∥ds.

sing (48) and Assumption 2.3, it follows from the above inequality that

∥ηh1,2(t)∥ ≤ C
∫ t

0
(t − s)−

δ
2 ∥ηh1,2(s)∥ds + C

∫ t

0
(t − s)−η∥ξ h1 (s)∥∥ξ

h
2 (s)∥ds

≤ C
∫ t

0
(t − s)−

δ
2 ∥ηh1,2(s)∥ds + C

∫ t

0
(t − s)−ηs−γ1−γ2∥(−Ah)−γ1φ1∥∥(−Ah)γ2φ∥ds

≤ Ct1−γ1−γ2−η
∥(−Ah)−γ1φ1∥∥(−Ah)γ2φ∥ + C

∫ t

0
(t − s)−

δ
2 ∥ηh1,2(s)∥ds, (52)

here at the last step we used the estimate∫ t

0
(t − s)−ηs−γ1−γ2ds =

∫ t
2

0
(t − s)−ηs−γ1−γ2ds +

∫ t

t
2

(t − s)−ηs−γ1−γ2ds

≤ Ct−η
∫ t

2

0
s−γ1−γ2ds + Ct−γ1−γ2

∫ t

0
(t − s)−ηds ≤ Ct1−γ1−γ2−η.

pplying the generalized Gronwall inequality ([33, Lemma 6.3] or [28, Lemma 7.1.1]) to (52) yields

∥ηh1,2(t)∥ ≤ Ct1−γ1−γ2−η
∥(−Ah)−γ1φ1∥∥(−Ah)γ2φ∥. (53)

rom (39), it follows by using (50), (53), Assumption 3.1 and Proposition 2.1, it follows that⏐⏐⟨D2µh(t, ψ)φ1, φ2
⟩⏐⏐ ≤ E

[
∥ϕ′′(Xh(t, ψ))∥∥ξ h1 (t)∥∥ξ

h
2 (t)∥

]
+ E

[
∥ϕ′(Xh(t, ψ))∥∥η1,2(t)∥

]
≤ E∥Xh(t, ψ)∥m−2

∥ξ h1 (t)∥∥ξ
h
2 (t)∥ + E∥Xh(t, ψ)∥m−1

∥η1,2(t)∥
≤ C

(
t−γ1−γ2 + t1−γ1−γ2−η

)
∥(−Ah)−γ1φ1∥∥(−Ah)γ2φ∥

≤ Ct−γ1−γ2∥(−Ah)−γ1φ1∥∥(−Ah)γ2φ∥,

here at the last step we used the fact 1 − η > 0. Using the preceding inequality, it follows that⏐⏐⟨(−A∗

h)
γ2D2µh(t, ψ)(−Ah)γ1φ1, φ2

⟩⏐⏐ =
⏐⏐⟨D2µh(t, ψ)(−Ah)γ1φ1, (−Ah)γ2φ2

⟩⏐⏐
≤ Ct−γ1−γ2∥φ1∥∥φ2∥. (54)

aking the supremum over φ1, φ2 ∈ H such that ∥φ1∥, ∥φ2∥ ≤ 1, it follows from (54) that

∥(−A∗

h)
γ2D2µh(t, ψ)(−Ah)γ1∥L(H) ≤ Ct−γ1−γ2 .

sing Lemma 3.1, it follows from the above inequality that

∥(−Ah)γ2D2µh(t, ψ)(−Ah)γ1∥L(H) ≤ ∥(−Ah)γ2 (−A∗

h)
−γ2∥L(H)∥(−A∗

h)
γ2D2µh(t, ψ)(−Ah)γ1∥L(H)

≤ Ct−γ1−γ2 .

he proof of the lemma is thus completed. ■

The following lemma will be useful in the rest of this paper. Its proof in the case of linear self-adjoint operator A and
onlinear function F ∈ C2

b (H,H) can be found in [11, lemma 3.1]. Here, we are working under weaker assumptions on F ,
amely Assumption 2.3 and with not neccesarily self-adjoint operator A .
h

11
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F
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emma 4.2. Let Assumptions 2.1, 2.2 and 2.3 be fulfilled. Then the Malliavin derivative of Xh(t) satisfies the following regularity
stimate

E
[(−Ah)

β−1
2 DsXh(t)

2
L0

2

]
≤ C, 0 ≤ s ≤ t ≤ T .

Proof. The proof goes along the sames lines as that of [11, Lemma 3.1]. Since here we are working under weaker
assumptions on the nonlinearity F , let us provide details of the proof. For u ∈ U0, differentiating both sides of (23) and
employing (6) yields

Du
s X

h(t) = Sh(t − s)Phu +

∫ t

s
Sh(t − r)PhDF (Xh(r)).Du

s X
h(r)dr. (55)

aking the norm in both sides of (55), inserting an appropriate power of Ah, using the smoothing properties of the
emigroup Sh(t), [17, (70)] (or [10, (2.4)]) and Assumption 2.3 yields

E∥Du
s X

h(t)∥2
≤

Sh(t − s)(−Ah)
1−β
2 (−Ah)

β−1
2 Phu

2
+

∫ t

s
E∥Sh(t − r)(−Ah)

δ
2 (−Ah)−

δ
2 PhDF (Xh(r)).Du

s X
h(r)∥2dr

≤

(−Ah)
1−β
2 Sh(t − s)

2
L(H)

(−Ah)
β−1
2 Phu

2
+

∫ t

s
E
[
∥(−Ah)

δ
2 Sh(t − r)∥2

L(H)∥(−Ah)−
δ
2 PhF ′(Xh(r))Du

s X
h(r)∥2

]
dr

≤ C(t − s)β−1
∥(−A)

β−1
2 u∥2

+ C
∫ t

s
(t − r)−δE∥(−A)−

δ
2 F ′(Xh(r))Du

s X
h(r)∥2dr

≤ C(t − s)β−1
∥(−A)

β−1
2 u∥2

+ C
∫ t

s
(t − r)−δE∥Du

s X
h(r)∥2dr. (56)

pplying the generalized Gronwall inequality ([33, Lemma 6.3] or [28, Lemma 7.1.1]) to (56) yields

E∥Du
s X

h(t)∥2
≤ C(t − s)β−1

∥(−A)
β−1
2 u∥2. (57)

rom (55), we obtain

(−Ah)
β−1
2 Du

s X
h(t) = (−Ah)

β−1
2 Sh(t − s)Phu +

∫ t

s
(−Ah)

β−1
2 Sh(t − r)PhDF (Xh(r)).Du

s X
h(r)dr. (58)

aking the norm in both sides of (58), using elementary inequalities, the boundedness of (−Ah)
β−1
2 , the smoothing

roperties of Sh(t), Assumption 2.3, taking the expectation in both sides, using [17, (70)] (or [10, (2.4)]) and (57) yields

E
(−Ah)

β−1
2 Du

s X
h(t)

2
≤ 2∥Sh(t − s)∥2

L(H)

(−Ah)
β−1
2 Phu

2
+ 2

∫ t

s
∥(−Ah)

β−1
2 ∥

2
L(H)E∥Sh(t − r)(−Ah)

δ
2 (−Ah)−

δ
2 PhDF (Xh(r))Du

s X
h(r)∥2dr

≤ C∥(−A)
β−1
2 u∥2

+

∫ t

s
∥(−Ah)

δ
2 Sh(t − r)∥2

L(H)E∥(−Ah)−
δ
2 PhF ′(Xh(r))Du

s X
h(r)∥2dr

≤ C∥(−A)
β−1
2 u∥2

+

∫ t

s
(t − r)−δE∥(−A)−

δ
2 F ′(Xh(r))Du

s X
h(r)∥2dr

≤ C∥(−A)
β−1
2 u∥2

+

∫ t

s
(t − r)−δE∥Du

s X
h(r)∥2dr ≤ C∥(−A)

β−1
2 u∥2

+

∫ t

s
(t − r)−δ(r − s)β−1

∥(−A)
β−1
2 u∥2dr

≤ C∥(−A)
β−1
2 u∥2

+ C(t − s)β−δ
∥(−A)

β−1
2 u∥2

≤ C∥(−A)
β−1
2 u∥2, (59)
12
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U

here at the last step we used the estimate∫ t

s
(t − r)−δ(r − s)β−1dr =

∫ t+s
2

s
(t − r)−δ(r − s)β−1dr +

∫ t

t+s
2

(t − r)−δ(r − s)β−1dr

≤ C(t − s)−δ
∫ t+s

2

s
(r − s)β−1dr + C(t − s)β−1

∫ t

t+s
2

(r − s)−δdr

≤ C(t − s)β−δ
≤ C .

Note that the estimate in (59) is uniform with respect to u ∈ U0. Let (ui)i∈N be an orthonormal basis of U0. Using the
efinition of L0

2 and (59) yields

E∥(−Ah)
β−1
2 Du

s X
h(t)∥2

L0
2

= E
∑
i∈N

E∥(−Ah)
β−1
2 Dui

s Xh(t)∥2
≤ C

∑
i∈N

∥(−A)
β−1
2 ui∥

2
= C∥(−A)

β−1
2 u∥2

L0
2
< ∞.

his completes the proof of the lemma. ■

emma 4.3 ([6, Lemma 11]). Under Assumption 2.2, the following holds(−Ah)
β−1
2 PhQ

1
2


L2(H)

≤ C .

With the above preparation we are now ready to prove the main result of this section.

4.2. Proof of Theorem 4.1

Using Proposition 3.2 yields

|E[ϕ(Xh(T )) − ϕ(X(T ))]| ≤ |E[µ(T , Xh(0)) − µ(T , X(0))]|

+

⏐⏐⏐⏐E ∫ T

0

⟨
AhXh(s),Dµ(T − s, Xh(s))

⟩
ds

+

∫ T

0
E
⟨
(−A)

1
2 Xh(s), (−A∗)

1
2 Dµ(T − s, Xh(s))

⟩
ds
⏐⏐⏐⏐

+

⏐⏐⏐⏐E ∫ T

0

⟨
PhF

(
Xh(s)

)
− F (Xh(s)),Dµ(T − s, Xh(s))

⟩
ds
⏐⏐⏐⏐

+

⏐⏐⏐⏐12E
∫ T

0
Tr
[
D2µ(T − s, Xh(s)) (PhQPh − Q )

]
ds
⏐⏐⏐⏐

=: |I1| + |I2| + |I3| + |I4|. (60)

n the following subsections, we estimate I1, . . . , I4 separately.

.2.1. Estimate of I1
Bearing in mind that Xh

0 = PhX0, X(0) = X0 and using the chain rule it follows that

I1 = E
[∫ 1

0
⟨Dµ(T , X0 + t(PhX0 − X0)), PhX0 − X0⟩ dt

]
= E

[∫ 1

0

⟨
(−A)−1+ ϵ

2 (−A)1−
ϵ
2 Dµ(T , X0 + t(PhX0 − X0)), PhX0 − X0

⟩
dt
]

= E
[∫ 1

0

⟨
(−A)1−

ϵ
2 Dµ(T , X0 + t(PhX0 − X0)),

(
(−A)−1+ ϵ

2

)∗

(Ph − I)X0

⟩
dt
]
.

sing Lemma 4.1, Proposition 2.1(v) and (30) yields

|I1| ≤ E
[∫ 1

0

(−A)1−
ϵ
2 Dµ(T , X0 + t(PhX0 − X0))

 ((−A)−1+ ϵ
2

)∗

(Ph − I)X0

 dt]
≤ CT−1+ ϵ

2

∫ 1

0

((−A)−1+ ϵ
2

)∗

(Ph − I)

L(H)

dt

≤ CT−1+ ϵ
2

∫ 1 ((Ph − I)(−A)−1+ ϵ
2

)∗
 dt ≤ Ch2−ϵ . (61)
0 L(H)

13
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4

o

F
α

.2.2. Estimate of I2
Let us recall that A = A1 + A2, where A1 is the self-adjoint part and A2 the non self-adjoint part. Hence, the expression

f I2 can be decomposed as follows

I2 = E
[∫ T

0

⟨
(A1,h − A1)Xh(t),Dµ(T − t, Xh(t))

⟩
dt
]

+ E
[∫ T

0

⟨
(A2,h − A2)Xh(t),Dµ(T − t, Xh(t))

⟩
dt
]

=: I21 + I22, (62)

where we also used (26). Note that from (19), (27) and (20), one can easily check that Rh
1 = A−1

1,hPhA1. Using the later
relation, the fact that PhA1Xh(t) ∈ Vh, Xh(t) ∈ Vh and PhDµ(T − t, Xh(t)) ∈ Vh, it follows by using the definition of Ph (19)
that ⟨

(A1,h − A1)Xh(t),Dµ(T − t, Xh(t))
⟩
=
⟨
(PhA1,h − A1Ph)Xh(t),Dµ(T − t, Xh(t))

⟩
=
⟨
Xh(t), (A1,hPh − PhA1)Dµ(T − t, Xh(t))

⟩
=
⟨
Xh(t), A1,hPh

(
I − A−1

1,hPhA1
)
Dµ(T − t, Xh(t))

⟩
=
⟨
Xh(t), A1,hPh

(
I − Rh

1

)
Dµ(T − t, Xh(t))

⟩
. (63)

Using the mild form of Xh(t) (23) yields the following decomposition

I21 = E
[∫ T

0

⟨
Sh(t)PhX0, A1,hPh

(
I − Rh

1

)
Dµ(T − t, Xh(t))

⟩
dt
]

+ E
[∫ T

0

⟨∫ t

0
Sh(t − s)PhF (Xh(s))ds, A1,hPh

(
I − Rh

1

)
Dµ(T − t, Xh(t))

⟩
dt
]

+ E
[∫ T

0

⟨∫ t

0
Sh(t − s)PhdW (s), A1,hPh

(
I − Rh

1

)
Dµ(T − t, Xh(t))

⟩
dt
]

=: I (1)21 + I (2)21 + I (3)21 . (64)

Let us start with the estimate of I (1)21 . Using the equivalence of norms [29] ∥(−A1)αv∥ ≈ ∥(−A)αv∥, v ∈ D((−A)α), α ∈ [0, 1],
∥(−A1,h)αv∥ ≈ ∥(−Ah)αv∥, v ∈ D((−A)α) ∩ Vh, α ∈

[
0, 1

2

]
, [6, Lemma 1], Lemma 4.1 and (32), it follows that

|I (1)21 |

=

⏐⏐⏐⏐E[∫ T

0

⟨
A1,hSh(t)PhX0, Ph

(
I − Rh

1

)
(−A1)−1+ ϵ

2 (−A1)1−
ϵ
2 Dµ(T − t, Xh(t))

⟩
dt
]⏐⏐⏐⏐

=

⏐⏐⏐⏐E[∫ T

0

⟨
(−A1,h)1−

ϵ
2 Sh(t)PhX0, (−A1,h)

ϵ
2 Ph

(
I − Rh

1

)
(−A1)−1+ ϵ

2 (−A1)1−
ϵ
2 Dµ(T − t, Xh(t))

⟩
dt
]⏐⏐⏐⏐

≤ CE
∫ T

0
∥(−A1,h)1−

ϵ
2 Sh(t)PhX0∥

(−A1,h)ϵPh
(
I − Rh

1

)
(−A1)−1+ ϵ

2 (−A1)1−
ϵ
2 Dµ(T − t, Xh(t))

 dt
≤ CE

∫ T

0
∥(−Ah)1−

ϵ
2 Sh(t)PhX0∥

(−A1)
ϵ
2
(
I − Rh

1

)
(−A1)−1+ ϵ

2 (−A1)1−
ϵ
2 Dµ(T − t, Xh(t))

 dt
≤ CE

∫ T

0
t−1+ ϵ

2 ∥(−A1)
ϵ
2
(
I − Rh

1

)
(−A1)−1+ϵ

∥L(H)

(−A1)1−
ϵ
2 Dµ(T − t, Xh(t))

 dt
≤ CE

∫ T

0
t−1+ ϵ

2 ∥(−A1)
ϵ
2
(
I − Rh

1

)
(−A1)−1+ ϵ

2 ∥L(H)
(−A)1−ϵDµ(T − t, Xh(t))

 dt
≤ Ch2−ϵ

∫ T

0
t−1+ ϵ

2 (T − t)−1+ ϵ
2 dt ≤ Ch2−ϵ . (65)

or the estimate of I (2)21 , using Assumption 2.3 the equivalence of norms [29] ∥(−A1)αv∥ ≈ ∥(−A)αv∥, v ∈ D((−A)α),
∈ [0, 1], ∥(−A1,h)αv∥ ≈ ∥(−Ah)αv∥, v ∈ D((−A)α) ∩ Vh, α ∈

[
0, 1

2

]
, [6, Lemma 1], Lemma 4.1 and (32). This yields

|I (2)21 | =

⏐⏐⏐⏐E[∫ T

0

⟨∫ t

0
A1,hSh(t − s)PhF (Xh(s))ds, Ph(I − Rh

1)Dµ(T − t, Xh(t))
⟩
dt
]⏐⏐⏐⏐

=

⏐⏐⏐⏐E[∫ T

0

⟨∫ t

0
(−A1,h)1−

ϵ
2 Sh(t − s)PhF (Xh(s))ds,

(−A )
ϵ
2 P (I − Rh)(−A )−1+ ϵ

2 (−A )1−
ϵ
2 Dµ(T − t, Xh(t))

⟩
dt
]⏐⏐⏐
1,h h 1 1 1

14
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L

S

L

S
d

≤ E
∫ T

0

∫ t

0
∥(−A1,h)1−

ϵ
2 Sh(t − s)PhF (Xh(s))∥(−A1,h)

ϵ
2 Ph(I − Rh

1)(−A1)−1+ ϵ
2

(−A1)1−
ϵ
2 Dµ(T − t, Xh(t)) ∥ dsdt

≤ E
∫ T

0

∫ t

0
∥ (−Ah)1−

ϵ
2 Sh(t − s)PhF (Xh(s))∥∥(−A1)

ϵ
2 (I − Rh

1)(−A1)−1+ ϵ
2 ∥L(H)

× ∥(−A1)1−
ϵ
2 Dµ(T − t, Xh(t))∥dsdt

≤ Ch2−ϵ
∫ T

0

∫ t

0
(t − s)−1+ ϵ

2 (T − t)−1+ ϵ
2 dsdt ≤ Ch2−ϵ . (66)

et us now estimate I (3)21 . Using the integration by parts formula in the Malliavin sense (7) and the chain rules yields

I (3)21 = E
[∫ T

0

⟨
A1,h

∫ t

0
Sh(t − s)PhdW (s), Ph(I − Rh

1)Dµ(T − t, Xh(t))
⟩
dt
]

= E
[∫ T

0

∫ t

0

⟨
A1,hSh(t − s)Ph, Ph(I − Rh

1)D
2µ(T − t, Xh(t))Ds(Xh(t))

⟩
L0

2
dsdt

]
. (67)

Inserting appropriate powers of A and A1,h in (67), using Cauchy’s inequality, Lemmas 4.1, 3.1, 4.2, the equivalence of
norms [29] ∥(−A1)αv∥ ≈ ∥(−A)αv∥, v ∈ D((−A)α), α ∈ [0, 1], ∥(−A1,h)αv∥ ≈ ∥(−Ah)αv∥, v ∈ D((−A)α)∩Vh, α ∈

[
0, 1

2

]
, [6,

Lemma 1] and (32), it follows that

|I (3)21 | =

⏐⏐⏐⏐E[∫ T

0

∫ t

0

⟨
(−A1,h)

1+β−ϵ
2 Sh(t − s)(−Ah)

1−β
2 (−Ah)

β−1
2 Ph,

(−A1,h)
1−β+ϵ

2 Ph(I − Rh
1)(−A1)

−β−1+ϵ
2 (−A1)

β+1−ϵ
2 D2µ(T − t, Xh(t))Ds(Xh(t))

⟩
L0

2

]
dsdt

⏐⏐⏐⏐
≤ E

∫ T

0

∫ t

0

(−A1,h)
1+β−ϵ

2 Sh(t − s)(−Ah)
1−β
2 (−Ah)

β−1
2 Ph


L0

2

×

(−A1,h)
1−β+ϵ

2 Ph(I − Rh
1)(−A1)

−β−1+ϵ
2 (−A1)

β+1−ϵ
2 D2µ(T − t, Xh(t))DsXh(t)


L0

2

dsdt

≤ E
∫ T

0

∫ t

0

(−A1,h)
1+β−ϵ

2 (−Ah)
1−β
2 Sh(t − s)


L(H)

(−Ah)
β−1
2 Ph


L0

2

×

(−A1)
1−β+ϵ

2 (I − Rh
1)(−A1)

−β−1+ϵ
2


L(H)

×

(−A1)
β+1−ϵ

2 D2µ(T − t, Xh(t))(−A)
1−β
2


L(H)

(−A)
β−1
2 DsXh(t)


L0

2

dsdt

≤ Ch2β−ϵ

∫ T

0

∫ t

0
(t − s)−1+ϵ(T − t)−ϵdsdt ≤ Ch2β−ϵ . (68)

ubstituting (68), (66) and (65) in (64) yields

|I21| ≤ Ch2β−2ϵ . (69)

et us now estimate I22. First of all, since Xh(t) ∈ Vh and A2,hRh
2 = PhA2, it holds that

A2,hXh(t) − A2Xh(t) = A2,hRh
2X

h(t) − A2Xh(t) = (Ph − I)A2Xh(t). (70)

ubstituting (70) in the expression of I2 in (60) and using the mild form of Xh(t) (see (23)) yields the following
ecomposition

I22 = E
[∫ T

0

⟨
(Ph − I)A2Xh(t),Dµ(T − t, Xh(t))

⟩
dt
]

= E
[∫ T

0

⟨
A2Xh(t), (Ph − I)Dµ(T − t, Xh(t))

⟩
dt
]

= E
[∫ T

0

⟨
A2Sh(t)PhX0, (Ph − I)Dµ(T − t, Xh(t))

⟩
dt
]

+ E
[∫ T

0

⟨
A2

∫ t

0
Sh(t − s)PhF (Xh(s))ds, (Ph − I)Dµ(T − t, Xh(t))

⟩
dt
]

+ E
[∫ T

0

⟨
A2

∫ t

0
Sh(t − s)PhdW (s), (Ph − I)Dµ(T − t, Xh(t))

⟩
dt
]

(1) (2) (3)

=: I22 + I22 + I22 . (71)
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N
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L

N

I

ow let us start with the estimate of I (1)22 . Using the estimate ∥A2v∥ ≤ C∥(−A)
1
2 v∥, v ∈ D((−A)

1
2 ) (cf. [29]), the equivalence

of norms ∥(−Ah)
1
2 v∥ ≈ ∥(−A)

1
2 v∥, v ∈ Vh, (30) and Lemma 4.1 yields

|I (1)22 | =

⏐⏐⏐⏐E[∫ T

0

⟨
A2Sh(t)PhX0, (Ph − I)(−A)−β+

ϵ
2 (−A)β−

ϵ
2 Dµ(T − t, Xh(t))

⟩
dt
]⏐⏐⏐⏐

≤ E
∫ T

0
∥A2Sh(t)PhX0∥

(Ph − I)(−A)−β+
ϵ
2 (−A)β−

ϵ
2 Dµ(T − t, Xh(t))

 dt
≤ C

∫ T

0
∥(−A)

1
2 Sh(t)PhX0∥∥(Ph − I)(−A)−β+

ϵ
2 ∥L(H)(T − t)−β+

ϵ
2 dt

≤ C
∫ T

0
∥(−Ah)

1
2 Sh(t − s)PhX0∥∥(Ph − I)(−A)−β+

ϵ
2 ∥L(H)(T − t)−β+

ϵ
2 dt

≤ Ch2β−ϵ

∫ T

0
t−

1
2 (T − t)−β+

ϵ
2 dt ≤ Ch2β−ϵ . (72)

et us move to the estimate of I22. Using the estimate ∥A2v∥ ≤ C∥(−A)
1
2 v∥, v ∈ D((−A)

1
2 ) (cf. [29]), the equivalence of

norms ∥(−Ah)
1
2 v∥ ≈ ∥(−A)

1
2 v∥, v ∈ Vh, (30), Lemma 4.1, Theorem 2.1 and Assumption 2.3 yields

|I (2)22 |

=

⏐⏐⏐⏐E[∫ T

0

⟨
A2

∫ t

0
Sh(t − s)PhF (Xh(s))ds, (Ph − I)(−A)−β+

ϵ
2 (−A)β−

ϵ
2 Dµ(T − t, Xh(t))

⟩
dt
]⏐⏐⏐⏐

≤ E
∫ T

0

∫ t

0
A2Sh(t − s)PhF (Xh(s))ds

 (Ph − I)(−A)−β+
ϵ
2 (−A)β−

ϵ
2 Dµ(T − t, Xh(t))

 dt
≤ E

∫ T

0

(∫ t

0
∥(−A)

1
2 Sh(t − s)PhF (Xh(s))∥ds

)
∥(Ph − I)(−A)−β+

ϵ
2 ∥L(H)

×

(−A)β−
ϵ
2 Dµ(T − t, Xh(t))

 dt
≤ Ch2β−ϵ

∫ T

0
E
(∫ t

0
∥(−Ah)

1
2 Sh(t − s)∥L(H)∥Xh(s)∥ds

)
(T − t)−β−

ϵ
2 dt

≤ Ch2β−2ϵ
∫ T

0

∫ t

0
(t − s)−

1
2 (T − t)−β−

ϵ
2 dsdt ≤ Ch2β−ϵ . (73)

et us now estimate I (3)22 . Using the integration by parts formula in the Malliavin sense (see (7)) and the chain rules yields

I (3)22 = E
[∫ T

0

⟨
A2

∫ t

0
Sh(t − s)PhdW (s), (Ph − I)Dµ(T − t, Xh(t))

⟩
dt
]

= E
[∫ T

0

∫ t

0

⟨
A2Sh(t − s)Ph, (Ph − I)D2µ(T − t, Xh(t))Ds(Xh(t))

⟩
L0

2
dsdt

]
.

ote that using the equivalence of norms ∥(−Ah)
1
2 v∥ ≈ ∥(−A)

1
2 v∥, v ∈ D((−A)

1
2 ) (cf. [29, (2.12)]) and the interpolation

inequality yields

C∥(−A)αv∥ ≤ ∥(−Ah)αv∥ ≤ C ′
∥(−A)αv∥, v ∈ D((−A)α) ∩ Vh, α ∈

[
0,

1
2

]
. (74)

nserting appropriate powers of A and Ah in the expression of I (3)22 and using Cauchy–Schwarz’s inequality yields

|I (3)22 | =

⏐⏐⏐⏐E[∫ T

0

∫ t

0

⟨
A2Sh(t − s)Ph, (Ph − I)(−A)

−1−β+ϵ
2

(−A)
β+1−ϵ

2 D2µ(T − t, Xh(t))A
1−β
2 (−A)

β−1
2 Ds(Xh(t))

⟩
L0

2

]
dsdt

⏐⏐⏐⏐
≤ E

∫ T

0

∫ t

0

A2Sh(t − s)(−Ah)
1−β
2 (−Ah)

β−1
2 Ph


L0

2

(Ph − I)(−A)
−1−β+ϵ

2

(−A)
β+1−ϵ

2 D2µ(T − t, Xh(t))(−A)
1−β
2 (−A)

β−1
2 DsXh(t)

L0
2
dsdt

≤ E
∫ T ∫ t A2(−Ah)

1−β
2 Sh(t − s)

 (−Ah)
β−1
2 Ph


0

0 0 L(H) L2
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S

S

4

N

×

(Ph − I)(−A)
−1−β+ϵ

2

L(H)

(−A)
β+1−ϵ

2 D2µ(T − t, Xh(t))(−A)
1−β
2

L(H)

×

(−A)
β−1
2 DsXh(t)


L0

2

dsdt. (75)

Using Lemmas 4.1, 3.1, (74) and (30) yields

≤ Ch1+β
∫ T

0

∫ t

0

(−Ah)1−
β
2 Sh(t − s)


L(H)

(T − t)−ϵ
(−A)

β−1
2 DsXh(t)


L0

2

dsdt

≤ Ch1+β
∫ T

0

∫ t

0
(t − s)−1+ β

2 (T − t)−
ϵ
2

(−A)
β−1
2 (−Ah)

−β+1
2 (−Ah)

β−1
2 DsXh(t)


L0

2

dsdt

≤ Ch1+β
∫ T

0

∫ t

0
(t − s)−1+ β

2 (T − t)−
ϵ
2

(−Ah)
β−1
2 DsXh(t)


L0

2

dsdt

≤ Ch1+β
∫ T

0

∫ t

0

(−Ah)1−
β
2 Sh(t − s)


L(H)

(T − t)−
ϵ
2 dsdt ≤ Ch2β−ϵ . (76)

ubstituting (76), (73) and (72) in (71) yields

|I22| ≤ Ch2β . (77)

ubstituting (77) and (69) in (62) yields

I2 ≤ Ch2β . (78)

.2.3. Estimate of I3 and I4
Let us start by estimating I3. Inserting powers of A in the expression of I3 (see (60)) yields

I3 = E
[∫ T

0

⟨
(Ph − I)F (Xh(t)),Dµ(T − t, Xh(t))

⟩
dt
]

= E
[∫ T

0

⟨
F (Xh(t)), (Ph − I)Dµ(T − t, Xh(t))

⟩
dt
]

= E
[∫ T

0

⟨
F (Xh(t)), (Ph − I)(−A)−β+

ϵ
2 (−A)β−

ϵ
2 Dµ(T − t, Xh(t))

⟩
dt
]
. (79)

Using (30), Lemma 4.1, Assumption 2.3 and Theorem 2.1 yields

|I3| ≤ E
[∫ T

0
∥F (Xh(t))∥∥(Ph − I)(−A)−β+

ϵ
2 (−A)β−

ϵ
2 Dµ(T − t, Xh(t))∥dt

]
≤ CE

[∫ T

0
∥Xh(t)∥∥(Ph − I)(−A)−β+

ϵ
2 ∥L(H)

(−A)β−
ϵ
2 Dµ(T − t, Xh(t))

 dt]
≤ Ch2β−ϵ

∫ T

0
(T − t)−β+

ϵ
2 dt ≤ Ch2β−ϵ . (80)

ow let us move to the estimate of I4. We decompose I4 as follows

I4 =
1
2
E
∫ T

0
Tr
[
D2µ(T − t, Xh(t))(PhQPh − QPh + QPh − Q )

]
dt

=
1
2
E
∫ T

0
Tr
[
D2µ(T − t, Xh(t))(Ph − I)QPh

]
dt

+
1
2
E
∫ T

0
Tr
[
D2µ(T − t, Xh(t))Q (Ph − I)

]
dt =: I41 + I42. (81)

Using Proposition 2.1 and inserting an appropriate power of A yields

|I41| =
1
2

⏐⏐⏐⏐E ∫ T

0
Tr
[
Q

1
2 PhD2µ(T − t, Xh(t))(Ph − I)Q

1
2

]
dt
⏐⏐⏐⏐

≤ CE
∫ T

0

Q 1
2 PhD2µ(T − t, Xh(t))(Ph − I)Q

1
2


L1(H)

dt

≤ CE
∫ T

0

Q 1
2 Ph

(
(−A)

β−1
2

)∗ (
(−A)

1−β
2

)∗

D2µ(T − t, Xh(t))
(
(−A)

1+β−ϵ
2

)∗

(
(−A)

−β−1+ϵ
2

)∗

(P − I)
(
(−A)

1−β
2

)∗ (
(−A)

β−1
2

)∗

Q
1
2

 dt
h L1(H)
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U

U

S

L

≤ CE
∫ T

0

Q 1
2

(
(−A)

β−1
2 Ph

)∗ (
(−A)

1−β
2

)∗

D2µ(T − t, Xh(t))
(
(−A)

1+β−ϵ
2

)∗

L2(H)

×

((−A)
−β−1+ϵ

2

)∗

(Ph − I)((−A)
1−β
2 )∗((−A)

β−1
2 )∗Q

1
2


L2(H)

dt

≤ CE
∫ T

0

((−A)
β−1
2 PhQ

1
2

)∗

((−A)
1−β
2 )∗D2µ(T − t, Xh(t))

(
(−A)

1+β−ϵ
2

)∗

L2(H)

×

((−A)
−β−1+ϵ

2

)∗

(Ph − I)∗
(
(−A)

1−β
2

)∗ (
(−A)

β−1
2

)∗

Q
1
2


L2(H)

dt

=: CE
∫ T

0
|I (1)41 (t)| × |I (2)41 (t)|dt. (82)

sing Proposition 2.1, Lemmas 4.1, 4.3 and 3.1 yields

|I (1)41 (t)| =

((−A)
β−1
2 PhQ

1
2

)∗ (
(−A)

1−β
2

)∗

D2µ(T − t, Xh(t))
(
(−A)

1+β−ϵ
2

)∗

L2(H)

=

((−A)
1+β−ϵ

2

)∗

D2µ(T − t, Xh(t))
(
(−A)

1−β
2

)∗ (
(−A)

β−1
2 PhQ

1
2

)∗

L2(H)

≤

((−A)
1+β
2

)∗

D2µ(T − t, Xh(t))
(
(−A)

1−β
2

)∗

L(H)

((−A)
β−1
2 PhQ

1
2

)∗

L2(H)

≤

 ((−A)
1+β−ϵ

2

)∗

(−A)
−β−1

2 (−A)
1+β
2 D2µ(T − t, Xh(t))(−A)

1−β
2 (−A)

β−1
2(

(−A)
1−β
2

)∗
L(H)

(−A)
β−1
2 PhQ

1
2


L2(H)

≤

((−A)
1+β−ϵ

2

)∗

(−A)
−β−1+ϵ

2


L(H)

(−A)
1+β−ϵ

2 D2µ(T − t, Xh(t))(−A)
1−β
2


L(H)

×

(−A)
β−1
2

(
(−A)

1−β
2

)∗

L(H)

≤ C(T − t)1−
ϵ
2 . (83)

sing (30), Proposition 2.1, Lemmas 4.3 and 3.1 yields

|I (2)41 (t)| =

((−A)
−β−1+ϵ

2

)∗

(Ph − I)∗
(
(−A)

1−β
2

)∗ (
(−A)

β−1
2

)∗

Q
1
2


L2(H)

=

(A 1−β
2 (Ph − I)(−A)

−1−β+ϵ
2

)∗ (
(−A)

β−1
2

)∗

Q
1
2


L2(H)

≤

((−A)
1−β
2 (Ph − I)(−A)

−1−β+ϵ
2

)∗

L(H)

((−A)
β−1
2

)∗

Q
1
2


L2(H)

≤

A 1−β
2 (Ph − I)(−A)

−1−β+ϵ
2


L(H)

((−A)
β−1
2

)∗

(−A)
1−β
2 (−A)

β−1
2 Q

1
2


L2(H)

≤ Ch2β−ϵ
((−A)

β−1
2

)∗

(−A)
1−β
2


L(H)

(−A)
β−1
2 Q

1
2


L2(H)

≤ Ch2β−ϵ . (84)

ubstituting (84) and (83) in (82) yields

|I41| ≤ Ch2β−ϵ

∫ T

0
(T − t)−1+ ϵ

2 dt ≤ Ch2β−ϵ . (85)

et us move to the estimate of I42. Using Proposition 2.1 yields

I42 =
1
2
E
∫ T

0
Tr
[
D2µ(T − t, Xh(t))Q

1
2 Q

1
2 (Ph − I)

]
dt

=
1
2
E
∫ T

0
Tr
[
Q

1
2 (Ph − I)D2µ(T − t, Xh(t))Q

1
2

]
dt

≤
1
2
E
∫ T

0

Q 1
2 (Ph − I)D2µ(T − t, Xh(t))Q

1
2


L1(H)

dt. (86)

Inserting appropriate powers of A, using again Proposition 2.1 and Assumption 2.2 yields

|I42| ≤ CE
∫ T

0

Q 1
2

(
(−A)

β−1
2

)∗ (
(−A)

1−β
2

)∗

(Ph − I)D2µ(T − t, Xh(t))Q
1
2


L1(H)

dt

≤ CE
∫ T Q 1

2

(
(−A)

β−1
2

)∗
 ((−A)

1−β
2

)∗

(Ph − I)D2µ(T − t, Xh(t))Q
1
2

 dt

0 L2(H) L2(H)
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S

S

S

T

D

a

D

A

–
w

R

≤ CE
∫ T

0

((−A)
β−1
2 Q

1
2

)∗

L2(H)

((−A)
1−β
2

)∗

(Ph − I)D2µ(T − t, Xh(t))Q
1
2


L2(H)

dt

≤ CE
∫ T

0

((−A)
1−β
2

)∗

(Ph − I)D2µ(T − t, Xh(t))Q
1
2


L2(H)

dt

≤ CE
∫ T

0

((−A)
1−β
2

)∗

(Ph − I)D2µ(T − t, Xh(t))(−A)
1−β
2 (−A)

β−1
2 Q

1
2


L2(H)

dt

≤ CE
∫ T

0

 ((−A)
1−β
2

)∗

(−A)
β−1
2 (−A)

1−β
2 (Ph − I)

D2µ(T − t, Xh(t))(−A)
1−β
2

L(H)

(−A)
β−1
2 Q

1
2


L2(H)

dt

≤ CE
∫ T

0

((−A)
1−β
2

)∗

(−A)
β−1
2 (−A)

1−β
2 (Ph − I)D2µ(T − t, Xh(t))(−A)

1−β
2


L(H)

dt

=: CE
∫ T

0
|I (1)42 (t)|dt. (87)

Using Lemmas 4.3, 4.1 and (30) yields

|I (1)42 (t)| ≤

((−A)
1−β
2

)∗

(−A)
β−1
2


L(H)

(−A)
1−β
2 (Ph − I)D2µ(T − t, Xh(t))(−A)

1−β
2


L(H)

≤ C
(−A)

1−β
2 (Ph − I)D2µ(T − t, Xh(t))(−A)

1−β
2


L(H)

≤ C
(−A)

1−β
2 (Ph − I)(−A)

−β−1+ϵ
2 (−A)

1+β−ϵ
2 D2µ(T − t, Xh(t))(−A)

1−β
2


L(H)

≤ C
(−A)

1−β
2 (Ph − I)(−A)

−β−1+ϵ
2


L(H)

(−A)
1+β−ϵ

2 D2µ(T − t, Xh(t))(−A)
1−β
2


L(H)

≤ Ch2β−ϵ(T − t)−1+ ϵ
2 . (88)

ubstituting (88) in (87) yields

|I42| ≤ Ch2β−ϵ

∫ T

0
(T − t)−1+ ϵ

2 dt ≤ Ch2β−ϵ . (89)

ubstituting (89) and (85) in (72) yields

|I4| ≤ Ch2β−ϵ . (90)

ubstituting (90), (80), (69) and (61) in (60) yields

|E[ϕ(Xh(T )) − ϕ(X(T ))]| ≤ Ch2β−ϵ .

his completes the proof of Theorem 4.1.
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