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in one dimension. This PDE is well known as the Black-Scholes PDE which govern op-
tion pricing. To handle the degeneracy of the PDE, a novel fitted mimetic finite difference
scheme is proposed together with the standard mimetic finite difference method. The tem-
poral discretization is performing using standard implicit scheme. Furthermore rigorous

gﬁﬁrf;idng convergence proofs in appropriate normed spaces are proposed. We validate the theoreti-
Black-Scholes equation cal results by presenting numerical results and simulations. Those numerical experiments
Mimetic finite difference method show that our two novel schemes outperform the standard finite difference method and
Implicit scheme the standard fitted finite volume method in terms of accuracy.

© 2021 The Author(s). Published by Elsevier Inc.
This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/)

1. Introduction

Derivative security pricing is very critical in the financial industry. In particular, an option is one such derivative security
which is a traded contract that gives to its owner the right (not obligatory) to buy (call) or sell (put) a quantity of assets
at a fixed price (strike price) on (European option) or before (American option) a given date (maturity/expiry date) [10].
Black and Scholes (1972) in their seminal paper [1] obtained a closed form solution for the value of the European option
(V) which they showed was governed by the following second order parabolic differential equation with respect to time (t)
and the price of the underlying stock (s)

2
_ aV(s,t) +rSSV(s,t) N 102528 V(s,t)
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—1V(s, t) =0, (1)
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where L is the differential operator associated to the Black-Scholes equation defined by

for (s,t) € 2 x [0, T),with associated boundary and final (or payoff) conditions
V(0,t) =g (t), te[0,T)

V(Smax. t) = &(t), te [0, T)
V(s,T) = max(K —s,0), xe Q

where Q = (0, Smax) C R, 0 > 0 denotes the volatility of the asset, K « Smax is the strike, T > 0 is the expiry date, r the
interest rate and I represents the identity operator. The functions g; and g, are assumed to satisfy certain compatibility con-
ditions (please see [2,3,9] for more information). Investment managers are interested in mitigating risk by offsetting any po-
tential losses or gains in the position they take on an investment. They use sensitivity measures of the option called Greeks.
The sensitivity measure with respect to the underlying asset (assuming all other variables remains constant) is known as the
Delta (A) = %—‘g There is also the second derivative with respect to the underlying asset and is given by Gamma (I") = %ZTZ
The analytical solutions only exist for simple cases where the coefficients are constant, so numerical methods have become
popular as realistic tools for their approximations. Finite difference methods are amongst the commonly used standard dis-
cretization methods for spatial dicretization [9]. The Black-Scholes operator is known to be a convection-diffusion operator
[2,3,9]. For small volatility or asset price, the Black-Scholes operator becomes a convection-dominated operator [2,3,9,11].
This causes numerical oscillations when a standard finite difference method is used and also significantly affects the ac-
curacy of hedging parameters [2,3]. To overcome this challenge, the standard upwind finite difference scheme is used and
its stability depends on the associated Courant-Friedrichs-Lewy (CFL) condition being satisfied [9]. This alternative method is
influenced by the biased directional flow of the convection-diffusion problem and overcomes the instability of the central
differencing scheme of the standard finite difference scheme by giving numerically stable results. Furthermore, the initial
condition of the PDE has a discontinuity in its first derivative when the stock price is equal to the strike K and the Black
Scholes operator is degenerated at S = 0. These discontinuity and degeneracy have an adverse impact on the accuracy when
the standard finite difference method or the standard upwind finite difference are used (see [20], chapter 26) as the mono-
tonicity is not ensured. Therefore, for the Black-Scholes PDE spatial discretization, it is important to build methods suitable
to handle the degeneracy at S =0 and the discontinuity at S = K. A fitted finite volume method for one dimensional Black
Scholes PDE is proposed in [12], and the rigorous convergence proof is provided in [13]. Although this fitted finite volume
method is stable, it is only order 1 with respect to asset price variables.

Here, we propose the so called fitted Mimetic finite difference method (MFDM) to handle the degeneracy of the Black
Scholes PDE at S = 0. For non degenerated PDE, the standard MFDM is a high-quality (second order and above [4,5,14-
16]) spatial discretization technique which follows from the well-known support operator method (SOM) [4,5]. The SOM’s
are known to guarantee stability on general grids [4,5,14-16] in high dimension. Also, the standard MFDM tends to preserve
important properties of the underlying continuum problem such as conservation laws, solution symmetries and fundamental
properties of vector and tensor calculus (such as divergence, gradient and curls). This makes the MFDMs far superior to the
standard finite difference methods. However, the standard MFDM can not handle the degeneracy at S = 0. To overcome this
drawback, we proposed a novel scheme by combining the standard fitted method [12,13] with the standard MFDM. Indeed
the standard fitted method is used to handle the degeneracy of the PDE in the region where the stocks price approach
zero (degeneracy region). In the region, where the PDE in not degenerated, we apply the standard MFDM method. The
novel numerical technique from this combination is called fitted MFDM method and will obviously improve the accuracy of
the current fitted finite volume in the literature, since most of the approximations of second order accuracy in space are
involved.

The paper is organised as follow. In Section 2, we present the theoretical framework for the well posedness result and
mimetic finite difference method. In Section 3, we present two spatial discretization techniques (Mimetic finite difference
(MFD) and Fitted Mimetic Finite difference (FMFD)) both for elliptic PDEs and our Black Scholes PDE where the advection
term is approximated using the first order upwind technique. We further prove the existence and uniqueness of the semi-
discrete solutions corresponding to our two novel schemes. In Section 4, we perform the full discretization by using the
implicit Euler method for time discretization and prove the convergence of the fully discretized schemes. We conclude
the paper by presenting in Section 5 some numerical experiments to sustain our theoretical results and summarising our
findings. Those numerical experiments show that our two novel schemes outperform the standard finite difference method
and the fitted finite volume method [12] in terms of accuracy.

2. Theoretical framework

In this paper, the following notations will be used. For 2 c R and 1 < p < oo, we have LP(Q2) = {v: (fQ |v(x)|dx)1/p < oo}
is the space of all p-power integrable functions on € with the usual modification of p = cc. Then the inner product for L?(R2)
is denoted by (-,-). We equip LP(2) with the norm | - [|o . For some [ =0,1,2,..., we let Wé be the Sobolev space with
norm | - ||;, and semi-norm |- |; ,. Then for the special case where p =2, we denote the associated Sobolev space (and
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norm respectively) by H () (|| - II; respectively). Now let C!(Q) (respectively, C!(€2)) be the set of functions with derivatives
up to order k continuous on 2 (respectively €2). We denote by H(’J(Q) ={ve H(Q) : Tv = v|yq = 0}, where T is the trace

operator T : H'(Q2) — LP(92). For any Hilbert space H of classes of functions defined on 2, we denote by LP((0,T); H) the
space defined by

IP((0,T); H) = {v(-.t) : v(-,t) e H ae in (0,T) : |[v(-, t)|ly € LP((0, T))}. (3)

which is equipped with the norm

T 1/p
V]l e co,ry:m) = </0 lv(., f)||f1df> 1<p<oo.

where | - ||y is the natural norm on H. Since (1) is known to be degenerated, we introduce a weighted inner product on
[2,() by (U, V)w:= fOS'“"‘X x2uvdx with a corresponding weighted L2-norm

Slﬂax ] /2
|Mw:ﬂW%=O‘%MO.
0

Hence the space of all weighted square-integrable functions is defined as
L3 () :={v: [vllow < oo}

It is very clear with the use of standard arguments that the pair (L% (S2), (-, -)w) is a Hilbert space (for example [7]). Then
we can finally define the following weighted Sobolev space

Hyw() == {v:ve*(RQ),V € [2,(R) and v(Smax) =0},
where v denotes the weak partial derivative of v w.r.t. x. Then we define the weighted inner product on H&W(Q) by (-, )y i=
(-,-) + (-, )w, which is equipped with the norm
12 1/2
10l = (012 gy + 1713.,] " = [020. 0) + w.1)] "2

2.1. The continuous problem

Here, we transform the inhomogeneous problem (1) to the corresponding problem with homogeneous boundary con-
ditions. This is achieved by adding f(s,t) = —LVy to both sides of (1), by introducing a new variable u =V —V,, with
u* = e Pt(Vy — V*) and
8(t) —gi1(t)
e ]

Smax

. B=o% (4)

Please see [2,3,11,12] and the references therein for more details on the transformation of (1) which becomes

Vo(s. ) = g1(t) +

Jdu 0 zau —
_Bt_as[as 85ersu}rcu—f(svt) ®)

2

where a = %02, b=r—o02, c=r+b=2r—p,B:=02, and the boundary and final conditions now satisfy the following

compatibility conditions
us, T) =u*(s); u(0,t) =g3(0) —Vo(0,T) = 0 = g3(Smax) — Vo (Smax, T) = U(Smax, t). (6)

Remark 1. Note that without loss of generality, we are considering here only the simplest model where the coefficients are
constant. For American put options, a nonlinear term called a penalty should be added in (5).

Theorem 1. Let us consider the following problem: Find u(t) H&W(Q), satisfying the final and boundary conditions (6), such
that for all v e H} ()

{(—g;’,v) +A ;1) = (fv), aein (0.7), )

u(T) = u*,
where the bilinear operator A is given by
A(u, v; t) = (as*Vu + bsu, Vv) + (cu, v).
The problem (7) is the variational form associated to (5), and furthermore (7) has a unique solution.

Proof. See for example [2,3]. O
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2.2. Support operator method and continuum operators for elliptic problems

In this section, we consider the so called Support Operator Method (SOM). Indeed most partial differential equations can
be formulated in terms of invariant differential operators of gradient V, divergence V. and curl V x. The SOM takes advan-
tage of this and gives an approach for spatial discretisation by constructing discrete analogs of these differential operators
[5,6]. The continuum operators tend to satisfy important differential and integral identities. The SOM helps to construct the
discrete operators which satisfy discrete versions of those important differential and integral identities. Generally, conserva-
tion laws, adjoint relationships and solution symmetries are some properties which we would like the discrete operators to
mimic. For illustration, let us consider the following diffusion equation

-V . (KVuix))=F, xeQcR" neN. (8)

where K > 0! is a bounded invertible matrix function of x which is symmetric positive definite (spd) and F could be a
forcing function. For the operator A : H — H, defined by

Au=-V.(KVu®)), xe9, 9)
the following properties hold

(Au, )y = (u,Av)y, (Au,u)y >0, (10)
Then (1) becomes

Au=F. (11)
Now (8) can be re-rewritten as the following first-order system

[,

which is equivalent to
w-Gu=0, Dw=F, (13)
where the operators G and D are defined as

Gu=—-KVu on Q
{DW:VW on Q (14)

Note that (13) is the new formulation of (8) with continuous gradient V and divergence V. operators that we would like
our discrete operators to mimic. Note that from (14) we have

A=DG. (15)

Let H = [%(R2) be the space of scalar functions u that are smooth on the  equipped with inner product

(u, )y =/qud52, u,veH, (16)
and H = (L2 (Q))n equipped with inner product

W, 2)y = /Q(K‘lw, 2dQ, w.zeH=(12(Q)" neN. (17)

The inner product (17) is weighted by the inverse of K and (-,-) is the standard inner product of R". Furthermore, since K
is spd, so is K~1. Note that the following properties are fulfilled ([5,6])

(Dw, u)y = (W, Gu)y (18)
Dw, 1)y =0, (19)
A =DG =DD* (20)
A=A*>0, (21)

where 1 is the constant function with value 1, A*and D* stand for the adjoints of the operators A and D.
The properties (18)-(20) are the important properties of the continuum operators that we want our discrete operators in
the next section to mimic.

1 A material property tensor in engineering sciences.
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3. Semi-discrete problem and mimetic method for elliptic problems

The goal here is to build a mimetic finite difference method to discretise the diffusion part of our continuous problem (5).
As we just mentioned, the corresponding discrete operators will mimic the properties (18)—(20). The domain 2 = [0, Smax]
is divided into N + 1 non-overlapping intervals 7 = (I;)g<j<n. Such that I; = (x;, xi+1), i=0,1,...,N, withO=xy <x; <--- <
XN1 = Smax and set h; = x;.1 —X;, hy,q =0, h =maxg_; (vy1) b Now for i=0,1,...,N+1, we set l; = ;1,5 — Xj_1,2, and
define the following mid-points x, ; = 51 and x,, ; = x“’“ for i=1,...,N. We also set x_ y =% and x5 = XNi12.

2

Note the family (£2;)g<j<n1 is another partition of € with SZ, = (x;_ 1 X, ) that we will call dual partition of (I )0<i<N-

i+l
We define V}, := span{qb,}”“ n H1 w(§2) as the set of continuous p1ecew1se with respect to the partition {Ii}f’zo such that
vy = Zi:o V(X)) @x,. vy € Vy with ¢X (xj) = &; j, where §; ; denotes the Kronecker symbol. The interpolation operator I, :
C(2) — V,, is defined by
N+1
L) ==v(x); i=0,1,....N+1 then v =v,=> v(x;)py.
i=0
For the purpose of errors analysis we define the following appropriate norms and semi-norms on V}, as

N+1 172
1Whllon i= v/ Wk, Vi)n = (Zlivh(xi)2> : (22)

i=0

for the discrete L2(2) norm, and

N 172
lvnll7 = <Z g (Viy1 — Vx)2> . (23)
h;

i=0
For weighted discrete H' — semi-norm, and
||vh||%,h = ||Uh||%_7'+ ”Vh”(z).h- (24)

X2
for the weighted discrete H; ,(€2)—norm on Vj. Indeed it is easy to show that ||.|| 7 is a semi-norm in Vj, since _7 > 0.
l

3.1. Discrete inner products

We define discrete analogs of the two continuous inner products (16) and (17) which effectively is selecting a quadrature
rule on each cell to approximate the integrals. Let HC and HC be the sets of functions of H = [2(2) or H= (L2 (Q))n n=1

respectively, constants in the partition 7 ((I;) for HC and (2;) for HC). The discrete L2(2) norm defined in HC is given by
N+1
(U.V)he= > UVil; U,V eHC (25)
i=0
Since the discrete information for fluxes are located at the cell centers, we adopt the midpoint rule for the inner product
(17). Hence the discrete (L2 (Q))n, n =1 norm in HC is defined as

N+1 A 7.
W.Z)pe =Y —L2"H2h - W, Z e HC, (26)
o Ky

where K; i is defined before at the cell i + 2 For K; 1 #0, the discrete inner product (26) is well defined.
Note that in HC and HC, we also have the followmg standard inner products

N+1
[U.V]he=> UV, U.VeHC (27)
i=0
and
N+1
W, Zluc = Y Wii12Zi1 200 (28)
i=0
Note that in HC and HC the two inner products are linked by
U. Ve = [MU,V]ge, W, Z)uc = [SW, Z]gc. (29)

where M and S are coefficients. More details can be found in [5,6].

2 Function evaluation at X_y or Xy, is understood as evaluation at Xo = 0 or at X1 = Smax

5
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3.2. The discrete divergence and discrete flux

In this section, we discretize the divergence operator D. We denote by D the discrete divergence operator. On the interior
of the domain D is

Wit12 —Wiiip2
li
We can easily check that
(DW, 1)pc =0, (31)

which is the divergence property of the discrete divergence D, which mimic the continuous divergence. Forn=1, G = —K%.
Let us determine the discrete version of G denoted by G that mimic the continuous version properties as we have already
mentioned. Indeed G should fulfil the following propriety

(DW); = ,i=0,1,....,N+1, (30)

(DW,U)pe = W, GU)c. (32)
We then expand (32) as below
N+1 N+1
Wii12(GU)is1)2
(Z Ui(DW)i)li = Z Thr (33)
i=0 i=0 2

and further expanding (33) we have that

N+1 h: N+1
i=

i=0 i+}
S0
N+1 h N+1
i=0 3 i=1
Now, re-indexing any terms with i — % to i+ % using the fact that hy,; = 0, we have
N he
Z ((Ui+1 - Ui) - (QU)H_% I:Klli|>‘/v,+; + UN+1WN+% — U()W,1/2 =0. (35)
i=0 +3

Now, this is done to fully concentrate the fluxes at the i"—node, to enhance the mimicking property at each it"—node. We
have that (35) holds for all U in HC such that Uy = Uy, = 0. Hence we can determine G by solving for (GU);,q,, which
gives

-1
h; .

GU)iy12 = _<|:K:|> U1 -Uy), i=0,...,N. (36)
i+

Let A, denote the discrete diffusion operator obtained by forming the composition of the discrete divergence and gradient
operator D and G respectively. By construction, D : HC — HC and G : HC — HC is given by Aj : HC — HC with A, = Dg.

Remark 2. As you can observe, the mimetic finite difference method depends of the discrete inner products in (25) and
(26). These discrete inner products are indeed the approximations of the integrals of continuous functions on the grids.
Here we have used the rectangle rule, trapezoidal rule or any other method can be also used. Of course, the accuracy of the
mimetic method depends of the these discrete inner products.

3.3. Mimetic finite difference scheme for Black Scholes PDE

The goal here is to discretize the Black Scholes PDE (5). The mimetic finite method will be used for diffusion part while
first order upwind-finite difference scheme for the convection term.

au d
50 +Dw — a—as[bsu] +cu=f(t)
Gu:=w= —K—u, (37)
as

A=DG, K =as?

We partition [ := (0, Smax) into N + 1 sub-intervals as we did previously for elliptic problems with dual partition, then we
have that,

Ui(f) %U(Si,t), hi:5i+] —Si i=0,1,...,N.
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erators (prime and derived) are given by

Set w;, = "™ w, 4 = ML we can easily see that w,, 1 ~w(s;,;.t), i=0,1,..N. Then the discrete mimetic op-
2 2 2

Wil = Wiy ;
(Dw)iz%, fori=0,...,N+1. (38)
i
and
hia T\
GU)i1pp = —(|:K.l_: i|> Ui -Uy),i=1,...,N+1 (39)
=3
Now, we have that the discrete operator Zh is given by
K. s
o (e w5 a-uo )
ApUpli] = (DG)Uyli] = p ,i=1,...,N, (40)
1
or
ApUplil = aUip 1 + BU; + Uiy, i=1,....N, (41)
where
K., Koy Koy K.,
= |——2|, Bi=|-"Z4 T2 = 2| 42
' [ i, ] P [ Bl e | T e

Applying the first order upwind finite difference for the convective term in sense of finite volume method yields

0 0 —bsi 12Ui1 + bsi_12U;
—_—— = —(— = 4
s (bsu) aS( shu) h , (43)
then
B\hUh[i] = INUi1 + TU;, (44)
where
roo “Bie o bSiap oy gy (45)
h; h;
Now from (41) and (44), we set
CrUnli] = ApUp[i] + ByUpli] = (i + T)Upr + (Bi+ YU + yUig. i=1.....N. (46)
The semi - discrete of (37) is given by
du, ~
_? +ChUh =fh(t), te [O,T], (47)

Up(T) =U;;
3.4. Fitted mimetic finite difference scheme

The Black-Scholes differential operator is known to be degenerate towards the boundary and hence special techniques
are required to handle the degeneracy [2,3,8,12]. In [2,12], the authors proposed a so-called fitted scheme to tackle the
degeneracy of the PDE. In this section near s =0 (i = 1), the sum of diffusion and convective flux is approximated using the
fitted scheme and far from s = 0 (i > 1), the diffusion flux and the convective flux will be approximated as in the previous
section using respectively the standard mimetic finite difference and the upwind finite difference schemes. This combination
will yield our novel scheme called Fitted Mimetic Finite Difference Scheme. As the case (i > 1) is already covered in the
previous section, we will only focus on the case (i = 1). Indeed we need to approximate the flux at s;, with fitted finite
volume method to handle the degeneracy of the Black-Scholes differential operator. Note that to find a new approximation
at (DW),, we require the fluxes at s 1 and s 3 ie. (GU) 1 and (GU) 3 respectively. Let us now integrate the Black Sholes PDE

(37) across s; and s3,
2 2

53 du /Sg 0 ,0U 53 B
/Sl ads s 35 as s + bsu |ds + 8 (cu— f(s,t))ds =0, (48)
and using the midpoint rule, we have that
372
—ll% - [aszglsl + bsu] + (cU; = f(s.t)l; =0, (49)

S1/2
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which gives

—% - 111[‘152(2)? + bsui|53/2 + (cU; — f(s, 1)) = 0. (50)
s
Then from (50) we have that :
-G~ 5@l 5128, + (1 - £65.) =0, (51)
where @ (u) is defined by
d(u) = as% + bu. (52)

Note that the problem is not at s3,, and using (39), 53/2‘:I>(u)|33/2 can be approximated as

$32®W)ls,, = (—GU)3)2 + bss3pUy

K: K
= 32 U, + b53/2—£ U;.
hq hy

Let us approximate s1,,®(u)ls, P using the fitted technique. As in [2,3], we consider the following two-point boundary value
problem

(asv +bv) = Cy, se(0,s1) (53)

v(0) = U, v(s1) =Ux, (54)
where C; is an unknown constant to be determined. Integrating (53) once, we have that

asv' + bv =Cis+ G
Now, using the condition v(0) = Uy, we find that G, = bUy and hence

®(v) = ast + bv = C;s + bUy. (55)

Following [2,12], we have

1
(@W)ls,, = (asv' +bv), = 5[(a+b)Us — (a—b)Uol, (56)
Then (55) reduces to
v=U+ (U —Up)s/s1, sel0,s]. (57)

Remember that —[%(aszg—’; +bsu) — cu] = -D®(u) + cu, so the following approximation can be used where the divergence

operator D is approximated by D

|9 asz@ bsu ) —culls ~ _532(PW) s, = S12(PW))]s,, e,
as as I

[%]uz + [bs3/2 - ",3—;2]111 _ %2 ((a+ b)Us — (a— b)Up]

+ cUq
L
K3/ K3 asyp b 51/2> (a—Db)sip
=—| == |U. —= — —= U — ——=Up. 58
[hlll] 2+[h111+ 2 L (32 52) +e |ty 2, (58)
Combining with the mimetic finite difference approximation at s;, i > 1 yields our novel scheme called the fitted mimetic
finite difference method. Let us set U" = (U;, U,, ..., Uy), we therefore need to solve in the case of fitted mimetic finite the
following system
———+ChUh=flt), tel0,T
U= fl©. tef0.T], (59)
uh(T) = UM,
where with (46), we have
K K: as b S
cUt1] = —| 22 Uy | 122+ 52 4 L (55 252) e un,
hil4 hil4 2l I 2
(60)
chuMi] = chUM[i] i1,
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3.5. Discrete representation of the exact solution on mimetic grid

Consider the mimetic grids as we have defined in our previous section. The goal is to provide the discrete representation
of the exact solution of (5) on 7, useful in our errors analysis. Indeed remember that

_duis.t) 9 (as2 Bugss, 2 + bsu(s, t)> +cu(s, t) = f(s,t). (61)

Jt as

Then in terms of the continuous mimetic operators, we have that

- 8”(5; D L DGux,t) — bsu(s, ) + culs. t) = f(s. 0). (62)
Let us denote
O(u(s,t),s, t) = —Gu(s, t) + bsu(s, t) = %(aszu) + bsu(s, t), (63)
o)
_augst, D b)) +cus t) = fis 0. (64)
Integrating (62) within the control volume 2 = (si_1 2, Si;1/2) yields
—u(s;, )l - [<D(u(sj+%, £).s,1.6) = Pulsi_;. t).5;. t)] +clu(si t) = f(si. Ol (65)
Then, multiplying (65) with an arbitrary real number v;, and summing the results, we get
N N
=S s, Ol = Y [CD(u(sH%, D)5 0) = DU 5. 0.5, ). t)]ui
i=1 i=1
N N
+ chiu(si, v = Zf(s,-, tlv;. (66)

i=1 i=1
Let us define, for any v € C(2), a lumping operator P, : C(Q) — L>(2) by
PhU|QI. = U(S,‘), i=1,...,N.

If v satisfies the homogeneous Dirichlet boundary conditions, we have Pv|q, = 73,,1)|QN+1 = 0. Hence using the lumping
operator we have

(=u(), v), — Au), v t) = (f(t), V), Yv e C(RQ), with v(0) = v(Smax) =0, (67)
where
N
A(u(t),v;t) = Z [Cb(u(sH%, t), Siv 1 t) — dJ(u(sif%, t), Si_1s t)]th(si) + (cu(t), v)y, (68)
i=1
and

N
(W, V), = (Pyw, Pypv) = wivili, w,veC(RQ).
i=1
To be more precise, (67) is the representation of lumping operator applied to the exact solution
3.5.1. Variational form of mimetic method

In this section, we will establish the key result which implies the unique solvabilty of the mimetic method in the discrete
operators. From (65) using the mimetic approximation yields

du; .
—gp i = @@ U] + Uil = fi@®©k, i=0,1,... .N+1, (69)
u(s;) ~ U,
where

K;
Oy (Un, Ol & —(GU)is1/2 + bsi o = [ ';T/z}wm —Uj) + bsi 12U (70)

K;_
Oy (Up. O)ls, ,, ® —(GU)i_1/2 + bsi_12U; = [ " 112 ] (U = Ui_1) + bsi_12U;. (71)

-

9
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Then multiplying (69) by arbitrary numbers v; and summing over £2;, we have

N dU N
- liT;Vi -3 [(QU)I-+% = (GU);_y + bsit12Up — bSM/zUH]Ui
i1

i1
N N

+ ) Li(cU)v =Y Lfi;. (72)
i1 i1

We write (72) in variational form as

— (U, Vp)h + an Uy, vp: ) = (FO). v)p, Y Up, v € Vi (73)
where
N -
ap Uy (). v t) := Y [P (Up.s. O PV (si) + (cu(t), vy, (74)
i=1 ?
Sivl
[th(Uhv S, t)]s 1= th(Uhv t)|sm/2 - (Dh(Uhs t)|s,»,1/2- (75)

-3
In this sequel of this work, we will used the following mesh regularity
Assumption 1. We assume that there exists a constant ¢y > 0 such that
g hiy1 < hi < cohiyy, i=0,1,...,N. (76)
Furthermore, as the paper is long, we assume without loss of generality that b=r— o2 > 0°.
Note that condition (76) in Assumption 1 implies that
colliy1 = li < coliyr. i=0,1,...,N. (77)

Theorem 2. Under the regularity of the mesh Assumption 1, there exists a constant C > 0 independent of h such that, for all
vy € Vy, we have

ap (Vy. V) = by (. ) + b (U, v) = Cllwp I, (78)
where

N

Bh (v v) = = 30 [ @01y — @0y o (79)
i1
N N

by (vh, vp) == |:bsi+l/2Vi+l - bs;%vi]vi + Y Liev)v;. (80)
i1 i1

Proof. Throughout the proof, C will represent a positive constant independent of h which may change from line to line. We
firstly prove that

b} (Vh, ) = Cllvgllir (81)

Then from (79), we have that,

N

bh (v 1h) = = D[ @0,y — @)y [

i=1

N [ as? as?
i+1 i-1
- Z Tj(vm - V) - E(V:’ —Vi1) |Vi

N as? | as® . as?, as? |
=3 | v+ [ 2+ 2 )R- v |
. h; h; hi_y hi_;

Remember that vy = vy,1 = 0. Now we use the following expansions

1
Vil = 5((”141 )’ -1, — 1) (82)

3 Indeed we can easily generalise following [18].
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and
1
—Vitig = 5 (Wi —vie)? =17 — 17 ) (83)
1 u as"zﬂ 242 2 asi% as? 2
bh(vhvvh) = Z T((le V) — Vi _Ui) + h; + i Vi
i=1 -
N [as?
2
+ v —V; —v —v?
; Zhl ] (( i i— l) i— 1)
aslz+ 2 a512+ asl2 L
=2 | 5 Wi —v)* + 5 (v Vi)® + il 5
; 2h T ! to 2h; 2hi_¢ | !
N a512+ 12 1
2 2 2 4,2
+Z z+1 2h,,1 i—1
Now we consider the following expansions
a 1 2 N a512+ aSIZ\JJrl 5
_52 ,2 =17 _Z Ut oy e (84)
— hi
and
a 512+ , N as? | , as? ,
__ 28 = — — —2 1. 85
2 2., Vin ;th i T op, (85)
Then substituting the above expansions, we have that
) N [as?, , as? | , as?,, as;, ,
bl (v, v,) = v; V)t + 2u Vi_1)® + 242 |
h( h h) ; 2h ( i+1 — 1) 2h ( i i 1) Zhi Zhi_1 i
N as2 as2 H y asf\m ,
2 2
+ 1%
Z2 2h Z 2m T 2Ry N
N asl2 ; , as? | , as? , asZN+ ,
= v v 2 (v; — Vi 2 Ly
Z 2hl+1 ( i+1 1) + 2hl,1( i i 1) + Zho 1+ ZhN N
i=1 2 2
> Cllvnlly T

Now we need to also prove that,

b (. vy) = Cllwy 15 - (86)
Now from (80), we have that,

N
b (U, vp) = — Z [b51+1/2v1+1 —bs;_yvi ]Ui + Y Li(cvpy;

i=1 i=1
N
= _bz |:5i+l/2Ui+l Si_,vz]vu Zl (CUI)VI
i=1 i=1
N N N
=-b Zsi+1/2yi+1vi +b Zsi—l/Zviz + Z i (cvp)v;.
i=1 i=1 i=1

Now by using the following substitution

1
(W) = i[(viﬂ —1)? - vi2+1 - Uiz]’
we have that,
N

bSi 1
by vy, vp) = ) [;((Um - -1, — )] +sz L7 +chv

i=1

1



D.S. Attipoe and A. Tambue

Applied Mathematics and Computation 401 (2021) 126060

_bZ['+(vl+1—v1 :| Z '+2[1+1+V]+b251 2 +chv

i=1

Now let us consider the following expansions,

i=1

N
b
—Z :+2 Vi, = |:251_‘U :| + s1v1 (87)
Then
2 = [Sies | s DS 2 - 2 NS g2
by (V. vp) =b> — Wi —v)* | - 3 - (Vi + 7]+ b)Y s v+t
i-1 L i i=1 i=1
N Ts. 1 T N bs; . b N bs;_;
=b) %(uiﬂ—vi)z -y '2+2v,-2+js%v%+z ’2211 +chv
i=1 L i =1
Aly ! 1 &b b
i+
:bz 22 (Ui+l_vi)2 +Z§(Si_%—5i+%)vi+§ 1 %-FZCIV
i=1 L m i=1
Remember that b=r—-02>0, c=r+b=2r—B, B :=02 So we have
2 L[ Sis | b 2, b 5 o 2
b vy, v) = b — Wi =17 | = > SV + 58,01 + > cli;
i=1 L i i=1
NSy 2] e r=0%\, . b, < 2172
=b)" TZ(UM O ED 5 Lv? + S5+ > @r—o?)ly;
i-1 L i i=1
[Sis1 1 & (3r—o? bs;
=b)" %(le_vi)z +Z( 5 )x,z 22’/%
i=1 L i
> C”Uh”%,h-
That is,
b2 (Vh. ) = Cllupll3 - (88)
Then from (78), we have that
ap (Vy, V) = by (. ) + b (U, v) = Cullvp I3 7 + G llvallg ), = Cllvalls - (89)

O

3.5.2. Coercivity of fitted mimetic method

Following similar arguments as in the previous subsection, we will prove the coercivity of the fitted scheme. Now we

have that,
— (UM vp)p + Ap (UM, vy) = (F(8), p)n, YVp € Vi € HY ()

(90)

Note that the difference between the standard mimetic scheme and the fitted mimetic scheme is that the convection flux

plus the diffusion flux is approximated at s;,, as

S
$12®Uy)lsy, = 57 1(@+b)Us — (a = b)U]

= 22 (U - Upl + 5“2 [Uy + Up]
bs
= —(GU)y + =2[Ur + Uo]. (91)
So for the fitted mimetic scheme, we have
An (UM, vy) = BL(U", vy) + B2(UM, vp) (92)
al asy2
BAU" 1) = = Y [0, — @U),y Joi with (GU)y =~ %52 (U - o) (93)

i=1

12
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bs N N
Bﬁ (Uh’ ]/h) = —(b53/2U2 — %Ul )U1 — Z I:bSH]/Zqu — bsl-f%U,-iIv,- =+ Z l,'(CU,')U,‘. (94)
i=2 i=1
Theorem 3. Under Assumption 1, there exists a positive constant C > 0, independent of h , such that for all v, € V},, we have
Ay (Vy. ) = Cllvg]I3 . (95)

Proof. Throughout the proof, C will represent a positive constant independent of h which may change from line to line. As
for the standard mimetic, we firstly prove that

B} (U, v) = Cllvp |17 (96)

Note that for fitted mimetic scheme (GU); = —as%/z[w — Up]. For standard mimetic scheme we have seen from (39) that
2
as? as? as
—_ 12y, _ — 2y, _ — P12y _

GU), = o (U1 — Uo] 251 [Ur — Uo] 5 [Ur = Uol. (97)
Therefore the diffusion parts for fitted mimetic and standard mimetic are equal. We therefore have

B}, (U, v) = Cllvyll.7. (98)

as for the standard mimetic scheme.
Now from (94), we have that,
N N

bsi,2
B} (vh, V) = —(bs3 v — T/Ul)vl -3 [b5i+1/zvi+1 - bsi,%Ui]Ui + > lilev)y; (99)
i=2 i=1
bS]/2 N N
= - - > [b$i+1/2vi+1 - bsif%vi:lvi + ) li(ev)v;. (100)
i=1 i=1
Note that comparing with the standard mimetic scheme, we only have the extra term
b51/2 bSl/z 2
- nMy = — %
5 Uit 3 (v1)
. Following line by line what we did for the standard mimetic method, we have
N Trs.. 7 N bs. 1 N bs. N bs
BZ(vp. 1) =b) %(Um - -> %Uf +) 12 LU+ ) v - 5/21/11/1

i=1 L B i=1 i=1 i=1

—b N SH—%( ) ‘)2 N b b3 I 5 bS]/z 5
=b) —5 Wiy v, +Z§ Siiy = Si1 v+ i - S0
i=1

L . i=1 i=1

_bN Siv} 2| Nblz - 12 _ Do o
=bY | 5 W —w)? | = Y Shvp + ) cwf — 50
i=1 i=1 i=1

L[ Si 1 &b J bl
2 b)Y | S Wi —v)? | = D0 kP + Y ek — SR (since —lo = —)
i=1 i=1 i=1

(C — g)l,vf + (C — b)l]U%

3r—o?
( 20 >l,~v,-2+rllv§

N Ts.
=b> L i —v)? |+
2 i+1 i
i=1

-

Il
N

N Ts.
by |, - |
2 i+1 i
i=1

M=

1

> Cllvllg,.  (sincer—o? > 0)
That is,
B2 (V. ) = Cllvy I3 - (101)
Then we have that
An (U, ) = Cllvg |12 . (102)
O

Remark 3. Note that using the coercive properties in (78) and (95), with the fact that the linear mapping v — (f,v), and
the two bilinear forms aj(.) and Aj(.) are continuous in V, and V}, x Vj, respectively, the existence and uniqueness of the
discrete solution uy, is ensured for both the mimetic and fitted mimetic methods in (73) and (90). The proof is done exactly
as for the continuous case (see [17, Theorem 1.33]).
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3.5.3. Consistency of the fluxes
In this section, we prove the consistency of the fluxes. We can now state the following important theorem

Theorem 4. Let ® be the operator defined in (69) and w € H} () N H?(R2) be such that &' (w, -, t) € [>(Q) for all t € (0,T). Let
®,, be the approximation of ® usmg mimetic finite dlfference method (see (70) and (71)) or fitted mimetic method (see (70) and

(71)) with ®p(wy, (51 ), 31 ,t) = 2 [(a+ b)w; — (a — b)wy]. Then under Assumption 1, there exists a constant C > 0 independent
of w and h such that the followmg estimate holds:

Sit+1
|d>h(wh,si+%,t)—¢(w,si+%,t)|§C/ [|<I>’(w, .,t)|+|w’|+|w|]ds, i=0,1,...,N, (103)
Si

where wy, = Iw.

Proof. For the proof, we consider both Mimetic and Fitted-Mimetic cases. For the Mimetic case, the proof presented is for

alli=0,1,...,N. In what follows, we consider the case 1 (mimetic). Remember from (69), that for i =0, 1,...N, we have
du;

g i [P, = @W)s,, ] + (Ui = fi) =0, (104)
where

d(w, s, t) = asz%—:/ + bsw (105)
and

w; w,

Dy (wy, s i1 Jt) —a$1+1%+b51+1wl+] (106)
Then from (105) and (106), we have

Dy (Wp, Siy 3. 8) = P(W, 5,1, ) = as,.i% Hhi ! +bs; Wi — as,.z+%w’(si+%) — bs;,  w(s;, ;)

2 [Wi —wi ,
= asi+% [T —w (sH%)] + bsH% [w,-ﬂ - w(sH%)]
=: A +A,.

Indeed using the Sobolev embedding theorem, as we are in dimension 1, H2(Q) — C! (), using the Taylor expansion with
integral remainder, we have

z
w(z) = W(SH%) +(z— si+%)w’(si+%) + / (z—s)w’(s)ds. (107)
Sip 1
Then when we set z=s;,;, we have that

Sit1
W(Sis1) = W(siy 1) + (Siyr = S )W (s3) + / (Sip1 — )W (s)ds, (108)

S 1

i+

and also set z =s;, we have that
Si
w(s;) = w(si+%) +(s;i— si+%)w’(si+%) f'/ (s; — )W’ (s)ds. (109)
Si 1

Then we have that

. — . Sivl Siv1
w{[(siﬂ—si)w/(s,-ﬂw [ei-ow st [ s - 9w s)ds
i i S; S 1

i i+

MO s,y = o [ [ 6=swds+ [ - (s)ds}

ity

We use the following inequalities

S 1 . fSiv1
/Hf (si —s)W'(s)ds| < %/ |w”|(s)ds (110)
Si Si

si+1 h; Si+1
/ (5i01 — W' (5)ds| < o / IW”|(s)ds. (111)
Sivl si
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Then we have that,
w(si 1) — w(s;
‘ ( l+l) ( l) _W/(spr%)

IA

| 2 1
/M [w”(s)]|ds.

. Sit1 . Sit1
1 [h/ W' (s)|ds + ﬁ/ |w”(s)|ds:|
A

h;

=
Si
Hence we have that
2
w(si1) — w(s; sip1 AS7 4
asf, W —W(siyy)| = /5 %IW”(S)Ids. (112)
Now we consider the following from Assumption 1, for s; <s < s;, 1, we have
2 2 2 2
Sy ) o (S _<5i+1+5i>2_ e (e
S - Si - 25,‘ - 251' - 2(5[,1 + hi—l)
2
h; Co 2
14 (1 7) , 113
S(+2hi_1)§ 3 (113)
then from (113) we have that
2
2 W(SH—I) - W(Si) / Sit asHl 2.0
aSiJr% hi) -w (SH»%) =< ; 2522 |S w (S)|d5
2 pSip
< a(l + C—O> / |s>w” (s)|ds.
2 s
(114)

Now from (105), we have that
as’w’ = &' (w, s, t) — (2a + b)sw’ — bw,

then we have that

. — : 2 pSiv
51'2+; M —w’(sH%) < (l + C2—0> / |®'(w, s, t) — (2a + b)sw’ — bw|ds
i S
Co 2 Sit / /
< (1 + 7) / [|<I> (w, s, )| +|2a+b)||w]| + |bw|]ds
Si
Co 2 Sit1 , Si+1 ,
=(1+%) ([ Do+ lpliwilds + [ 12a-+ byl wds
Si Si
Sit1
|A1] §C</ [ICID’(W,s,t)|+|W’|+|W|]ds>.
Si
Now to estimate A,, first order Taylor expansion yields
Sit1
Wi —w(si 1) = w'ds, (115)
: Siel
and then we have
Si+1 Si1
bs, 1 Wizt —w(si+%)‘ < b5i+%/s w'ds sC/S [w'|ds
x+% !
Sit1
ol = [ wids.
Si
Therefore we have that
|P(Wh.Si,1.1) = P(W.s;,1. O] = |A1 + Az < |Ar] + |Az]
Si+1
<C</ [|<I>/(W,s,t)|+|w’|+|w|]ds>,
Si
(116)

Therefore,
Si+1
|<I>(wh,si+%,t) —Ow, s 1, 0] < C</§ [Id:'/(w, s, )|+ W]+ |w|]ds).

15
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Now for the fitted mimetic case, it is sufficient to consider the flux approximation at i = 0, hence we have that
S1

Oy (wi(sy).51.6) = DW(s) )5 0)| =

%[(a—i—b)w] — (a—b)wo] —asz%w’(s%) —bs%w(s%)
15 Wi —Wo
- 7[(a+b)<7ho

ho + Wo) —(a— b)wo] - aszlw’(s%) - bs;w(sé)‘

0) +bsiwg —asiw/(s1) — bslw(sl)‘, since hg = 251
ho 2 2 2 2 2 2

— ‘(1521 (u —W/(Sl)> _l’_bsl (WO —W(Sl)> +b521 (u)‘
z ho 2 2 2 2 ho

<o (2 ) o -t s (5
3 0 2 2 2 7

ho )
=:D1o + D11 + Dra.

Now, we estimate Dqqg by using a similar argument as with the general case, that is
<W] —Wp

w(si) _ 1 S%W”(s)(s s)ds L
M owep) =5 oTIET

1
™ w’(s)(s; —s)ds. (117)
So 0 Jsy
2
Hence,
_ ast s s
Dyo = as? | Y1~ o —w/(sl)‘ < 2 / [w”|ds SC/ [10"(w)| + [w'| + [w|]ds.
2 hg 2 2 So so
Now we consider the estimate of Dq;
51 S1
Dy = bs% Wo —w(s%)‘ < bs%/ |[w'|ds < C/ |w'|ds.
So So
Also, the estimate of D;,
— S1 S1
Dyy = bs? |[W1L=Wo _ pe2 / W|ds < c/ w'|ds.
2 ho 2 Js, 5o
Therefore,
51
QWi (s3).53.0) = BW(sy).53.0| =C [ [0/l + |+ [wl]ds, (118)
So
O
4. Fully discrete schemes

We subdivide the time interval [0, T] in M subdivisions and use the transformation t :=T —t. We consider here the
implicit scheme for time integration although the general 6 —Euler method can be used. The full discretization of (73) with
the implicit Euler method can be formulated as : Find a sequence U,}

..... UM eV, such that for m € {0
UV"H—U"’
( . At L, vh)h +ap <U[:n+l? Up; tm+l>

— (fm-*—l’ vh)h
Uy

(119)

given
where the bilinear form aj is given by (73). Similarly, when the fitted mimetic difference method is applied for the spatial
discretization, the full discretization is formulated as follows:

Find a sequence UP, ..., Ul €V}, such that for me {0,...,M — 1}
uh Uk
("HA[, Uh)h + Ah (U#H], Up; tm+])

— (fm+1 , Vh) h
Ug
where the bilinear form A is given by (90).

..... M-1}

(120)
given

Theorem 5. Let §" be the numerical solution of the fully discretized scheme using the mimetic method (119) (§" = UJ" for the
mimetic method) or the fitted mimetic method (120) (§" = Uh for fitted mimetic method). Let u be the unique solution of (66).

16
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IfueH! (O, T; H! (Q)) N H2 (0, T; L2 (Q)) and ®(u,.,.) e C(0, T,H1(R)), then there exists a positive constant C, indepen-
dent of h, At, M, and N such that
||u(tm)—§,’1”||0.h <C(h+ A¢). (121)
Remark 4. Note that the existence and uniqueness of ;“h"'* Tin (119) and (120) is ensured using the well known Lax-Milgram
Theorem [17], since for every fixed time ¢, the bilinear forms (.,.), + Atag(.,.) and (.,.), + AtAy(.,.) are V,-coercive.

The proof of Theorm 5 need the following lemma, similar to [18, Lemma 2].

2
S
Lemma 1. There exist two constants C3 and C4 independent of h such that the coefficient T,1= %”2 used in (23) for the
2 i

discrete H& w(§2)—norm and its inverse are bounded as follows:

Ty §C3, <C4h,‘ i=0,...,N. (122)

Nl=

Let us prove the Lemma 1.

Proof. Indeed, we have

2
s? s? Sz
T,'+1 _ i+1/2 _ i+1/2 _ Si1 - < Sma); ] (123)
2 h; Siv1 = Si -5 1-355
By setting v = S% i=1,..., N, we have 0 < v < 1, and therefore using the Taylor expansion for (130), we have
1
=5 = 1+v+003?). (124)
Then, there exists C > 0 such that
1
2 12
Ty <2+6 (125)
and finally
T1 < G, with G = Spnax(2 +0). (126)

Let us prove the second estimation. Indeed we have
1 h;

- (127)
Ty Shap
It will be sufficient to prove that, there exists a constant M > 0 such that
! <M, (128)
Sit1/2
to conclude the existence of C4 > 0 such that 11 < C4h. Indeed we have
i+
1 1 1 1 . S 1
= =g Xy withZ= T2 (129)
,‘+% Smax . ﬁ max 1 max
We can rewrite as
1 1 1
= =—, wh =1-2. 130
T_E-1-(-2) —z "hres ! (130)
As 0 < £ < 1, Taylor expansion allows to have
1
q=1+é+0(§2). (131)
So, there exist a constant M; > 0 such that
1
T-f <2+ M;. (132)
and therefore
VoM with M= 2EM0 (133)
Sit1/2 Smax

17
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7% T% T% T% "EN—% "EN+%
To Ty T2 T3 T TN-1 TN ITN+1
Fig. 1. (a) Mimetic grid.
W W Ws Wi Wyor Wy
@), (@) (GU);  (GU); GU)y-y (GU)ns
r ——0—0— 00— — 90— 0o — 00— 00— 00— 00—
(DW)o (DW)1  (DW)2  (DW)s (DPW)n-1 (DW)n  (DW)nn1
Fig. 2. (b) Discrete-mimetic finite difference grid.

Table 1

This table showing L?—error for the various spatial discretization methods.

N Finite difference  Fitted finite volume  Mimetic FDM Fitted mimetic FDM
100 0.0013 7.6163e-04 1.7625e-04 9.8033e-05
200 6.5418e-04 4.8151e-04 5.4550e-05 2.5078e-05
500 2.6398e-04 2.3435e-04 1.2412e-05 4.0682e-06
1000 1.3238e-04 1.2486e-04 4.2083e-06 1.0218e-06
2000 6.6291e-05 6.4397e-05 1.4547e-06 2.5604e-07
3000 4.4216e-05 4.3373e-05 7.8569e-07 1.1382e-07
5000 2.6540e-05 2.6236e-05 3.6286e-07 4.1031e-08
10000  1.3274e-05 1.3198e-05 1.2768e-07 1.0270e-08

T=1r=0.1,K=100,M =1000,0 = 0.3, Spax = 3K.

and the proof of the lemma is completed. O
We can now give more information about the proof of Theorem 5.

Proof. Indeed the proof of Theorem 5 follows the same lines as that in [13, Theorem 7]. Indeed we can just use Lemma 1 at
the place of [18, Lemma 2| to have a short summary of the proof as in [18, Theorem 3]|. O

5. Numerical tests and conclusion
5.1 Test 1

We run all numerical simulations on a 8 GB 1600 MHz DDR3, MacBook Pro. We simulate our results using Matlab R2017b.
For the simulations, we consider the European put option parameters, K = 100, r=0.1, 0 = 0.3, T =1, S = 3K. We choose
the space to be (0,1000) and time intervals to be (0, 1). They are subdivided into N = 10,000 and M = 1000 subintervals
respectively in space and time. The analytical solution is given in [19].

5.2. Test 2

Here we compare our novel numerical schemes (mimetic and fitted mimetic) with some existing numerical schemes
(finite difference scheme and standard fitted finite volume [12]).

Table 1 shows the L2 error for the mimetic finite difference method compared with the Fitted finite volume method
[12] for the European put option.

As we can observe from Table 1, the mimetic methods outperforms the standard finite difference and the fitted finite
volume methods. In particular the fitted mimetic finite difference scheme presented more accurate results than the standard
mimetic scheme. This shows the importance of the fitted scheme to handling the degeneracy of the Black-Scholes differential
operator. Furthermore, the CPU time (in seconds) for all the methods giving in Table 2 confirms that our novel methods are
robust.

5.3. Conclusion

In this paper, we have proposed two novel schemes (mimetic finite difference and fitted mimetic finite difference
method) to approximate the degenerate Black-Scholes equation which governs option pricing. The fitted technique is well
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Fig. 3. (c) The numerical solution of the Fitted-mimetic method coupled with the implicit time stepping scheme.
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Fig. 4. (d) Time error vs the time step. The graph shows that the practical error of convergence is 1, which is in agreement with our theoretical result.
Note that the fixed number of subdivisions in space is N = 10, 000.

known to handle the degeneracy of the PDE. We further established the errors estimate of O(h + At) for the two full dis-
crete schemes where the time integration is performed using the implicit Euler scheme. We presented numerical results
to confirm the theoretical results and show the efficiency of the methods comparing to the fitted finite volume and finite
difference methods.
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Fig. 5. (e) Fitted mimetic space error vs the space step. The graph shows that the error of convergence is 1, which is in agreement with our theoretical
result. Note that the fixed number of subdivisions in time is M = 1000.

Table 2

This table showing CPU time for the various spatial discretization methods.
N Finite Difference CPU  Fitted FV CPU  Mimetic FDM CPU  Fitted MFDM CPU
100 0.039 0.036 0.037 0.032
200 0.049 0.046 0.049 0.043
500 0.102 0.064 0.102 0.061
1000 0.163 0.096 0.161 0.103
2000 0.312 0.257 0.310 0.185
3000 0.531 0.371 0.527 0.407
5000 1.078 1.064 1.072 0.875
10000 3.996 3.019 3.264 2.791

T=1r=0.1,K=100,M = 1000,0 = 0.3, Smax = 3K.
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