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Frame and Riesz bases

1. Introduction

For entire functions u and ¢, we define the weighted composition operator W, ) by Wy f = uf(¥) =
M, Cy where M, and Cy are respectively the multiplication and composition operators. The study of W,
traces back to 1964 with works related to isometries on Hardy spaces [7,8]. Since then, various aspects of
the operator on several spaces of holomorphic functions have been studied; see for example [10-13,15] and
the references given therein. In this note, we take the study further and solve the closed range problem for
Wy, on the Fock spaces JF,. Recall that for 1 < p < oo, the spaces JF, consist of all entire functions f on
the complex plane C for which

1915 = 2 [ 1£G)le 8 dAG) < oo
C

where dA denotes the Lebesgue area measure on C.
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Following the works in [10,15], the operator W, ) : F, — F, is bounded if and only if u belongs to the
space JF, and

SU(IC) \u(z)\e%(lwz)lz_le) < 0. (1.1)
ze

It was further proved in [10] that condition (1.1) implies 1(z) = az + b, |a| < 1 and whenever |a| = 1, the
multiplier function has the form

u=u(0)K_gzp (1.2)
where K, (2) = €77 is the reproducing kernel function. The operator is compact if and only if |a] < 1 and

lim [u(z)lez(PEIF=1=*) =,
|z| =00
Furthermore, if p > ¢, then W, 4y : F, — F, is bounded if and only if it is compact. This and the
representation in (1.2) will be of further use to us in the rest of our consideration.

This note has two main parts. In the first part, we study the closed range problem for W, ;) when it
acts between Fock spaces. Theorem 1.2 provides a complete answer to this problem. We further use the
result to identify the operators invertible and Fredholm structures. In the second part, we study some more
applications of the result related to the operators dynamical sampling and frame preserving properties.
We prove, in Theorem 2.2, that there exists no vector in the Fock space F5 for which its orbit under the
weighted composition operator represents a frame family. On the other hand, the operator preserves frames
if and only if it preserves the stronger Riesz basis property, and this happens if and only if the operator has
a closed range. Similar results are provided for the adjoint of the operator in Theorem 2.2.

For better exposition and since the particular result is needed to prove the more general result, we may
first dispose the case of the composition operator.

Theorem 1.1. Let 1 < p,q < oo and Cy, : F,, = F4 be bounded and hence ¥(z) = az +b, |a| < 1. Then Cy
has a closed range if and only if either a =0 or |a| =1 and p = q. The closed range is given by

C, a=0
R(Cy) = (13)
Fp, la|=1andp=q.

Having completely identified the closed range composition operators, the question now is whether there
exists an interplay between the multiplier function w and the composition symbol ¥ to induce a nontrivial
closed range W, ) whenever p # q or 0 < |a| < 1. Our next main result answers this in the negative.

Theorem 1.2. Let 1 < p,q < 0o and ¥ and u be entire functions on C such that u is not identically zero. If
Wiy : Fp = Fq is bounded and hence ¥(z) = az +b, |a| <1, then W, ) has a closed range if and only
if either a =0 or |a| =1, u=u(o)K_zp with u(0) # 0, and p = q. The closed range is given by

{fO)u: feF,}, a=0

1.4
Fp, la| =1, u=u(0)K_gz with w(0)#0 and p=q. (14)

R(Wiup)) = {

As will be explained latter in the proof, the result equivalently characterizes when W, ) is bounded from
below on Fock spaces. As a consequences of Theorem 1.2, a bounded multiplication operator M, : F, — Fq
has a closed range if and only if u is non-zero and p = ¢. Note that M, is bounded on F,, if and only if
u = o =constant. Thus, R(M,) = {af : f € F,} = F, when a # 0.
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Next, we consider another consequence of the result about invertible and Fredholm structures. Note that
when |a| = 1 and u(0) # 0, by Theorem 1.2 the operator W, 4 is surjective on F, and hence its adjoint is
injective. Thus, we may record the following.

Corollary 1.3. Let 1 < p < oo and v and u be entire functions on C. If W, ) is bounded on F, and hence
¥(z) = az+b,lal <1, then the following statements are equivalent.

(i) |a| =1 and u = u(o)K_gp with u(0) # 0;
(i) Wiy,y) is invertible. Furthermore, the inverse is itself a weighted composition operator given by

1
W(u,w) = Wiy )

—1b|2

where Y1(z) = (z —b)/a and uy = ETORLY

(iii) Wiy, is Fredholm of index zero.

Observe that since the inverse itself is a weighted composition operator, its boundedness follows from
(1.1).
A word on notation: the notion U(z) < V(2) (or equivalently V(z) 2 U(z)) means that there is a constant C
such that U(z) < CV(z) holds for all z in the set of a question. We write U(z) = V(z) if both U(z) < V(2)
and V(z) S U(2).

1.1. Proof of Theorem 1.1

The case for a constant 1 is clear. Let us start by assuming that p < ¢ and 0 < |a| < 1. In this case, Cy
is an injective map and by the Open Mapping Theorem, Cy has a closed range if and only if it is bounded
from below. That is, there exists € > 0 such that for each f € F,

1Cy fllq = €l fllp-

We plan to use this equivalency to verify the claim. Assume the operator has closed range and consider the
sequence of functions f,(z) = (z — 29)" € F, where zp = b/(1 — a) is the fixed point of ¢. Then,

Cyfal2) = (az+b—20)" = a" fu(2)
and hence

1Cy fullg = lal™ | fullg = €l fullo

for some € > 0. This together with the assumption 0 < |a| < 1 and the inclusion property in Fock spaces
[17, Theorem 2.10] imply

o~ 1Cubally & bl o,

[ fnlla— [1fnllq

as n — 0o, which is a contradiction.

Next, if p > ¢, then Cy : F, = F, is bounded if and only if it is compact. This holds if and only if
0 < |a] < 1. It is known that a compact operator can have closed range if and only if its range is finite
dimensional. On the other hand, since a # 0, the operator Cy, is one-to-one and F,, is infinite dimensional.
Consequently, the range of Cy, cannot be of finite dimensional and hence not closed.
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Let us now turn to the case when |a| = 1. For each f € F,
q_ 4 qp—laz* _ q
ICufIIG =5 - [ |f(a2)lTe=0 = I f]g (1.5)
C

from which the sufficiency of the condition follows. Furthermore, since for each f € F,, the function
fa(2) == f(Z) € Fp, we have the equality in (1.3). It remains to show that p < g cannot be admissible under
closed range assumption when |a| = 1. To this end, set g,(z) = 2" € F, and by (1.5)

1Cygnllq = llgnllq-

Using polar integration and Stirling’s formula

7 " - 1\"P/2__/np+2 n\ %
lgall2 =p/r PP 2, (13) r(" 2~ (1) va (1.6)
0

Now, boundedness from below implies
19512
1Cy fallg = [w(0)]e2"V | fullg = €ll full»
for some € > 0. This holds only if

Ifolle o, -

1 fnlly

for all n € N. A contradiction arises when n — oo.

> €

1.2. Proof of Theorem 1.2

We split the proof into three cases.
Case 1: If 1 is a constant, then W, 4 f = uf(b) for each f € F}, and

R(Wu)) = {f0)u: f € Fp}.

Furthermore, any Cauchy sequence f,,(b)u € R(W(yy)) converges to the function cu where ¢ =
limy, 500 fr (D). Since cu € R(W(, 4)), the range is closed as asserted.

In the rest of the proof, we assume a # 0. In this case v is a bijective map on C and since u not
identically zero, it follows from the Open Mapping Theorem and uniqueness principle for analytic functions
that, W, ) is an injective map. Therefore, W(, 4 has closed range if and only if it is bounded from below.
We plan to use this equivalency as needed below again.

Case 2: Let us consider the case when |a| = 1. Using (1.2), for each f € F,

qu aztbl? K_4(2)|?

= |u(0)[2e# 7| |12 (1.7)

from which the sufficiency of the condition follows. Furthermore, u(0) # 0. If not, u reduces to the zero
function. Now, the equality in (1.4) is immediate since for each f € F,, the function f,;, defined by
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eflb‘z

u(0)

fap(2) := f((z=1b)/a)Ky(2),

is analytic and belongs to F, with

—52|?

dA(z) = O

T eplb2

oy = 2L / 7 = D/a) P Koz e

Next, we proceed to show that p < ¢ is not admissible under the closed range assumption when |a| = 1. To
this end, using the sequence g, (z) = 2™ € F, and applying (1.7)

112
Wy gnllg = [u(0)]e2" |lgallq-

Then, we argue as in the proof Theorem 1.1 to wards contradiction.
Case 3: It remains to show W, ;) has no closed range whenever 0 < |a| < 1. If W(, ) is compact, then it is
known that it can have closed range if and only if its range is finite dimensional. On the other hand, W, 4
is injective and F, is infinite dimensional. Consequently, the range of W, ) cannot be of finite dimensional
and hence not closed. Note that for p > ¢, boundedness is also equivalent to compactness. Therefore, the
same conclusion holds. If v is a constant, then W(, ) is a non-zero constant multiple of the composition
operator Cy. Thus, the conclusion follows from Theorem 1.1 again.

Next, assume 0 < |a] < 1, p < ¢, and the operator is not compact. Suppose on the contrary that W, ) has
a closed range. By defining inner product with usual dual pairing, we may apply [5, Proposition 6.4, p. 208]
to deduce that zero is not in the approximate spectrum o4, (W(y,y)). Consequently, by [5, Proposition 4.4, p.
359], zero is not in the left essential spectrum o (W, 4 ), and hence W, 4 is a left semi-Fredholm operator.
In particular, the composition operator Cy is left semi-Fredholm and hence 0 ¢ 0;(Cy,). Furthermore, since
Wiy, is injective and bounded from below, an application of the Open Mapping Theorem gives that
0 ¢ 0,(Cy) as well and hence Cy has a closed range. This contradicts Theorem 1.1, and completes the
proof.

2. Dynamical sampling with W(,, .,y and W(";L, )

Having completely identified the closed range W, ) on Fock spaces, we now turn to some application of
the result on dynamical sampling from frame perspectives. Dynamical sampling has become an active area
of research that connects frame theory to operator theory. It deals with representations of a given frames
{fn}5%, to the form {T™f}22, for some linear operator T' defined on a given Hilbert space H where

{Tnf}zo:O = {f’ Tf7 T2f, T3f; }

is the orbit of a function f € H under T. A family (f;),j € I of vectors in a Hilbert space H is a frame if
there exist positive constants A and B such that for any f € H

AllF1Be < DK F)ul® < Bl I (2.1)

jeI

The constants A and B are called the lower and upper bounds of the frame respectively. It is called a tight
frame when A = B and a normalized tight frame whenever A = B = 1. Ever since introduced by Duffin and
Schaeffer [6] in 1952 as a tool to study some problems in nonharmonic Fourier series, the theory of frame
has found numerous applications in engineering, mathematics, and signal processing and data compression.
Frames are generalizations of bases and their main advantage stems from the fact that a frame can be
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designed to be redundant while still providing a reconstruction formula for each vector in the space. Thus,
identifying methods that generate new frames has been an interesting problem in the development of frame
theory. A special type of frame is Riesz basis. A family (f;),j € I of vectors in a Hilbert space H is a Riesz
basis if it is complete and there exist constants 0 < A < B < oo such that for any ¢; € 42(1 )

A P <D et

jerI jerl

2

<BY ¢l
H

jel

The following lemma connects closed range operators and dynamical sampling.

Lemma 2.1. Let H be a Hilbert space and T be a bounded linear operator on H. If {T™f}22, is a frame for
some f € H, then

(i) T is surjective.
(ii) [[(T*)"gll® — 0 as n — oo for all g € H.

Part (i) follows from a simple argument namely that if the orbit of f is a frame, then for each h € H
there exists sequence (c¢;,) such that

h=Y3cT"f = T(chT"‘lf).
n=1 n=1

As a consequence, the operator has a closed range which interestingly links us with Theorem 2.2 for the
case of weighted composition operator on Fa. The proof of part (ii) is available in [2].

For a better insight, we may first consider the problem with a bounded composition operator C'y, and verify
that {C7, f}72, cannot be a frame for any choice of f in F. To observe this, note that if 0 <[a| <1, then
Cy is compact and hence the conclusion follows once from [4]. On the other hand, if |a| = 1 and hence
b =0, then

. . . 1),m (2 11,2
Hm (O K l2 = lm [[Kyngsyll2 = lim exl**" = 20 > 0

from which the assertion follows by Lemma 2.1. Thus, there exists no function f in J3 for which its orbit
under the composition operator represents a frame family. The orbit of any vector f under W, ) has
elements of the form

n—1

Wil = F@"un, = ] u@’) (2.2)

=0

for all nonnegative integers n and v¥° is the identity map. This shows that the product of weighted com-
position operators is another weighted composition operator with symbol (u,, ™). The formula in (2.2)
further displays a kind of interplay between the functions 1) and u and generates interest to ask whether
the interplay results in dynamical sampling property for the weighted composition operators in contrast
to the unweighed case. Disappointing enough, this is not the case either as seen in the next Theorem. We
recall that the adjoint of a weighted composition operator on JF; is not necessarily a weighted composition
operator [16]. Thus, an operator and its adjoint can have quite different dynamical structures but not in
this case.

Theorem 2.2. Let Wy y) be bounded on Fa. Then neither {Wp, 152 nor {(W(, )" f}nle can be a
frame for any choice of f in Fo.
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Proof. Let ¢(z) = az +b, |a| <1 and suppose there exists an f in F3 such that {Wg, , f}72 is a frame.
Then by Lemma 2.1, the operator has a closed range. An application of Theorem 1.2 ensures that |a] = 1

and u = u(0)K_g, with u(0) # 0. Using the adjoint property Wi Kuw = u(w) Ky and a repeated
iteration gives

By (1.2), for all n € N

W s Kl = ()] [ Ky ) ll2 = |u(w)|e%(lw\2+¢b<1l%jl ) |2 £ 2R (0w TA=D )

b2 o Jwl|b] [b)? Jw]]b]

> |u(w)|e%‘“"2e|1*a\§7 M=ol = |u(0)|eia5w+‘1*a‘27 =al > 0. (2.3)
Similarly for a = 1, since u(0) # 0
W Kllz = ()| [ K ll2 = [u(0)]e vt 3wl HnbFranin) o (2.4)

as n — oo. Now, by (2.3), (2.4) and part (ii) of Lemma 2.1, we arrive at a contradiction. Therefore, the
assertion in the theorem is valid for W, 4.

The proof for the adjoint operator is similar but need a computation with iterates of W, ) applied in
a suitably selected sequence of functions. First note that by the Closed Range Theorem and Lemma 2.1,
if {(W(,.)"fInzo is a frame, then |a| = 1 and u(0) # 0. We begin with the case a = 1 and hence
Y (2) = z + jb. Using (2.2), Wi = un f(¢™) where

n—1

LN — . 7 2
un(z) = u(0)" T Es(z + jb) = u(0)"e P Xi=a (430) — yy(g)ne=tna=tamnin=1),
3=0
It follows that
n —Mn(n—l)
u, = u(0)"e” 2 K_..
—m|b|?
We may now consider a sequence hy,(z) = eu(% and compute
n 1% in—m _1b% 2 1612 n—
Wiy hmll2 = [u(0)e = " e™ = ™ | K_pyll2 = [u(0)e = |
for all n,m € N. In particular when n = m
Wy fulla =1 (2.5)

for all n € N. On the other hand, if a # 1 and |a| = 1, then ¢7(z) = a/z + blf_a;. By using (2.2) again
un(2) = u(0)™e"*) where

n—1 ;
- ; 1—d’ —1—a™ alb)?>n  alb]?*(1 —a")
hu(2) = —ab > (a2 +b=—") = ~ab - .
(2) aj:() @vEt l1-a T 1—aJr (1—a)?

Thus, we have

7a\b|2n+a|b\2(1—an)
n —a —_
un, = u(0)%e 1 a-a? K_gyizan.
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alb|2 \ ™M
Now, considering a constant sequence of functions g,,(z) = <‘3u1(0a > , we have
" > a\b\ > _albl? nem
”W(u,w)gmHQ < |U(0 = | HK—abl an ||y ’u(O)e 1-a |
for all n,m € N. In particular when n =m
W) 9nll2 2 1 (2.6)

for all n € N. Now by (2.5), (2.6) and part (ii) of Lemma 2.1, we have a contradiction again. Therefore,
{(W(,p)" [1azo can not be a frame for any f € F2. O

Theorem 2.2 can be alternatively proved using part (i) of Lemma 2.1 and some results from linear
dynamics of weighted composition operators. We preferred to use the above approach since it in addition
shows how part (ii) of Lemma 2.1 is a highly restrictive condition. It even fails tests with sequences of
constant functions and reproducing kernel in the space.

The adjoint of a bounded composition operator on the Fock space is not necessarily a composition
operator. As proved in [3, Lemma 2], for ) = az + b, the adjoint of C is rather a weighted composition
operator where the weight function is a reproducing kernel, namely that Cj, = Wk, 4 where ¢(z) = a@z.
From this and Theorem 1.2, we conclude the following.

Corollary 2.3. Let Cy be bounded on Fy. Then neither {C}, f}22 nor {(C})" f}22, can be a frame for any
choice of f in Fs.

2.1. Frame preserving W, 4 and W(*; ¥)

The results above have revealed that there exists no function f € JFy for which its orbits under the
operator W, ) or its adjoint represents a frame for the space. A related question has been to identify
conditions under which the operator preserves frame property. Recall that a bounded operator preserves
frame when it maps frames into frames in the underlying space. In this section we answer the question and
to prove the corresponding result need the following from [1,11,14].

Proposition 2.4. Let T be a bounded linear operator on a Hilbert space H. Then T preserves

(i) frames on H if and only if T* is bounded below on H, and the latter happens if and only if T is
surjective on H.
(ii) tight frames if and only if there exists a positive constant X such that ||T* f|l3 = Al fll for all f € H.
(iii) normalized tight frames if and only if T* is an isometry in H.

Now we are able to prove the following result on frame preserving weighted composition operator and its
adjoint.

Theorem 2.5. Let W, ) be bounded on Fa and hence 1(z) = az+b, |a| < 1. Then the following statements
are equivalent.

(i) Wiuy) preserves frame;
ii) |a| =1 and u = u(0)K_g with u(0) # 0;
(111) Wiy preserves frame;
)

u,

(u
Wiu,y) preserves Riesz bases;
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(v) W{,, preserves Riesz bases.

Proof. The equivalency of the statements in (i), (i) and (iii) directly follows from Proposition 2.4, Theo-
rem 1.2 and the Closed Range Theorem. Thus, we only need to prove (i) < (iv) and (ii) < (v). Now (iv)
implies (i) follows trivially as all Riesz basis are frames and applying Proposition 2.4. Thus, we proceed to
show the converse statement. In [9], it was proved that a frame (f;),j € I is a Riesz bases if and only if it
is w independent. That is if

chfj =0
JjeI

for some sequence of scalars (c;), then ¢; = 0 for all j € I. In view of this, suppose (f;),j € I is a Riesz
basis and

> ciWawfi =0

jer

Note that since a Riesz basis is a frame, if W/, ) preserves a Riesz basis, then by Theorem 1.2, la| = 1,
u(0) # 0 and u = u(0) K _g. Taking these necessary conditions into account,

> W di =Y cu(0)K g f; () = w(0)K_ap Y _ c;fi(1) =0

jerI jeI jeI

if and only if

> e fi(w) =0. (2.7)

jel

Furthermore, since ¥(z) = az + b, a # 0 interpolates all points in the complex plane, the relation in (2.7)
holds only if

Zijj = 0
Jjel

from which ¢; = 0 for all j since (f;) is a Riesz basis.
Next, we show that (ii) and (v) are equivalent. Assuming (ii), for two functions f and g in Fs, the given
condition and change of variable imply

W F.9) = (£, W) = % / F@u(0)glaz)e” " dA(z) = (u(0)Cat.g)
C

where ®(z) = z/a. Therefore

Wi = u(0)Ca f. (28)

Suppose now that (f;),j € I is a Riesz basis and

JjeI

Using (2.8) and «(0) # 0, this holds if and only if
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> cifi(®@) =0. (2.9)

jeI

Furthermore, since ® is a nonconstant, (2.9) holds only if

chfj = 0,

jeI

which implies ¢; = 0 for all j as asserted.

Conversely, suppose W(’L’w) preserves Riesz bases. Since Riesz bases are frames again, by Proposition 2.4,
W, 1s bounded from below and hence has closed range. So statement (ii) follows from Theorem 1.2 and
Closed Range Theorem. 0O

Now we apply the preceding result and prove the following on tight frames.

Theorem 2.6. Let ¢ and u be nonzero entire functions on C and the operator W, 4 is bounded on Fa and
hence ¥(z) = az+b, |a| < 1. Then
(i) Wiu,p) preserves
(a) tight frames on Fy if and only if la| =1, b =0 and u = u(0) # 0.
(b) normalized tight frames on Fa if and only if |a| = 1,b =0, u=u(0) and |u(0)| = 1.
(ii) W(u ) breserves tight frames on Fo if and only if W, ) does.
(i) W,

) Preserves normalized tight frames on F if and only if W, 4 does.

Theorem 2.6 and Theorem 2.5 provide interesting descriptions of the conditions required by W, 4 or
its adjoint to preserve various forms of frame properties. All of the conditions are different and depend on
the special required property to be preserved.

Proof. (i) a) By Theorem 2.5, we have |a| = 1 and hence u(z) = u(0)K_gp and |u(0)| > 0. By Proposition 2.4,
the operator preserves tight frame if and only if there exists a positive number X such that ||W(";L w)f 13 =
Al f]13 for all functions f € Fy. In particular for f = K,

Wiy Bl = [u(O) 1K ) 13 = M Ewll3
and therefore,

2_ w 2 a’w7
|u(0)|26\aw+b\ [w]* _ |u(0)|262§R( b) -\

for all w € C. This holds only if b = 0 and which further gives A = |u(0)|. Therefore, u(z) = u(0) is a
constant.
Conversely, using (2.8)

Weawnf18 = [P I5:/0) e () = (@13 (2.10)
C

Therefore, by Proposition 2.4, the operator preserves tight frame with A = |u(0)].

(b) By Proposition 2.4, the operator preserves normalized tight frame if and only if ||W(’Lw)f||% =113
for all functions f € Fs. From this and part (i), we observe that the additional necessity A = |u(0)] = 1
holds. Setting |u(0)| = 1 in (2.10), the sufficiency follows.
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To prove the statements in (ii)and (iii), first note that if W , preserves tight frames, then by Proposition 2.4
and Theorem 2.5

W) K llz = [u(O)[[[ Kw-—abll2 = Al Kwl| (2.11)

for some A > 0 and all w € C. Setting the norms of the corresponding kernel expressions, we observe that
(2.11) holds for all w € C only if b = 0 and A = |u(0)|. The rest of the proof goes as in part (i) with little
modifications. O

For the composition operator, our results can be simplified to the following series of equivalent statements.

Corollary 2.7. Let ¢ be nonzero entire function on C and the composition operator Cy is bounded on F»
and hence ¥(z) = az+b, |a| <1 and b = 0 whenever |a| = 1. Then the following statements are equivalent.

@
(ii
(iif) Cy preserves normalized tight frames on Fa;

)
)
)
(iv) la] =1;
)
)

Cy preserves frames on Fa;
Cy preserves tight frames on Fa;

Cy preserves Riesz basis on Fy;
;Z preserves frames on Fa;
vii) Cy, preserves tight frames on Fa;
viii) » preserves normalized tight frames on Fo;
(ix) Cy, preserves Riesz basis on Fs.

Unlike the conditions in Theorem 2.5, the corresponding conditions in Corollary 2.7 do not depend on
the required specific frame properties to be preserved.
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