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1. Introduction

For many decades, the financial industry has seen a surge in the valuation of derivative securities. One such derivative
security is an option, which is essentially a financial contract (traded) that renders to its owner the non-obligatory right
to buy (call) or sell (put) a specified quantity of underlying assets at a fixed price (strike price) on (European option) or
before (American option) a given date (maturity/expiry date). A closed form solution was obtained by Black and Scholes
(1972) for the value of European option (V) with constant coefficients [ 1-3]. They showed that the value V is governed by
the following second order parabolic differential equation with respect to time (t) and the price of the underlying stocks
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where o1, 0, are the volatilities associated to the stock prices x and y, respectively, p is the correlation coefficient between
the two stocks and r is the interest rate.

Pricing the American option however requires that at each time step we determine both the value of the option and
whether or not it is optimal to exercise at that value! (see [4]). This makes the valuation of an American option a free
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boundary problem [4]. American options are known to be governed by a linear complementarity problem (LCP) involving
the Black-Scholes differential operator and a constraint on the value of the option (see [4-7]). The LCP fully encapsulates
the finance reasoning behind American options to a system of partial differential inequalities (PDIs) under appropriate final
and boundary conditions. There is however a challenge when solving PDIs since we have to deal with the free and moving
boundary. A penalty approach was proposed, [4,8] to overcome this challenge by adding a small and continuous penalty
term that converts the PDIs to a partial differential equation (PDE) under appropriate final and boundary conditions.
Unlike PDIs, there are several tools for solving PDEs and these tools have strong theoretical backgrounds. It is therefore
preferable to consider converting the PDIs to a PDE. The solution of the resulting penalized PDE is known to converge to
that of the original problem (LCP) for both single and two assets American put option (see [4,8,9]).

However, there is, in general, no analytical solution to the resulting penalized PDE and hence numerical methods
are the only tools used to provide realistic approximations. The commonly used standard discretization technique is the
finite difference method (FDM) [5,10]. The underlying Black-Scholes differential operator is known to be degenerate at the
boundary when the stock price equals zero [11]. At this singularity, important properties of the PDE are lost. A negative
consequence here is that the classical finite difference scheme applied to such problems is no longer monotone and
hence fails to give an accurate approximation when the stock price is small. Therefore, more sophisticated techniques
that are adapted to handle the degeneracy must be sought. Moreover, when the stock price S is equal to the strike price
K, the initial condition of the PDE has a discontinuity in its first derivative. This fact has a negative impact on the accuracy
especially when the standard finite difference or standard upwind finite difference are used (see [5, chapter 26]). Therefore,
for the spatial discretization of penalized PDE, it is suitable to construct methods that handle the degeneracy at both
X, Y = 0and the discontinuity at X, Y = K. In [12], a fitted finite volume technique for the one-dimensional Black-Scholes
PDE was proposed to solve the previous drawback. Although this method was stable, it is only first order with respect
to asset price variables. In [11] fitted numerical method based on mimetic for the one-dimensional Black-Scholes PDE
was proposed and analyzed. The scheme has been proved to be very accurate comparing the finite difference method and
the standard fitted finite volume for Europeans options. However the extension of the scheme in high dimension is not
straightforward as the diffusion part of the Black Scholes operator has a full degenerate matrix. Furthermore the American
options? have not been investigated.

The goal of this paper is to extend the work in [11] in high dimension for both European and American options.
Comparing to [11], the contribution of this article can be summarized as follows

e Here we develop mimetic finite difference and fitted mimetic finite difference schemes for both Europeans and
American options pricing in high dimension.’

e We provide several numerical simulations to demonstrate the robustness of our methods comparing to standard
fitted finite volume method for both European and American put options.

The paper is organized as follows. In Section 2, we present briefly, the theoretical foundations for the paper. Further
in the section, we present the support operator method upon which the mimetic finite difference methods are based
for the penalized Black-Scholes PDE. In Section 3, we present our spatial discretization methods based on Mimetic finite
difference method (MFD) and Fitted Mimetic finite difference (FMFD) to discretize the diffusion term of the Black Scholes
PDE. Also in this section, we apply the so-called upwind-finite difference method to the convection term. We provide the
full discretization of our two schemes with the standard implicit time stepping scheme. In Section 4, we present some
numerical experiments to show the accuracy of the novel schemes compared to the fitted finite volume method presented
in [12,13] for the two dimensional problems (European and American put options). A short summary of our funding is
given in Section 5.

2. Theoretical framework

We present the following standard notations which we use in this paper. For 2 C R? and 1 < p < oo, we have

P(2) = {v: (fg |v(x)|”dx)]/p < oo} is the space of all p-power Lebesgue measurable functions on 2 with the usual
modification of p = oo, where v : 2 — R is seen as an equivalence class of such measurable functions. Then the inner
product for [*(£2) is denoted by (-, -). We equip LP(£2) with the norm | - llop- Now for I = 0,1,2,..., we let WF’, be
the Sobolev space with norm || - ||, and semi-norm | - |, ,. Then for the special case of p = 2, we denote by H!(£2) the
associated Sobolev space with the corresponding norm || - ||;. We denote H(’)(.Q) = {v € H(2) : Tv = v|yp = 0}, where
T : H'(22) — IP(3£2) is the trace operator. Now for any Hilbert space H(£2) of classes of functions defined on £2, we
denote by LP((0, T); H($2)) the space defined by

LP((0, T); H(£2)) = {v(-, ) s v(-, £) € H(£2) a.e in (0, T) : [Ju(-, t)llw € LP((0, T))} (2)

which is equipped with the norm

T 1/p
lvllpo,myH(2) = </ lv(-, f)||;’;dt>
0

2 The more challenge case where no analytical solution is available even for constant coefficients.
3 Here we focus on dimension 2 as the same idea can easily be used in dimension d > 2.
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where || - ||y is the natural norm on H(£2). Since (1) is known to be degenerate, we introduce a weighted inner product
on (L*(£2))* by (u,v), = [,,(x*uyv1 + y*upv;)d$2, for any u = (uy, uz)" and v = (vy, v2)" € (L;,(£2))>. The corresponding
weighted L?-norm is given by

1/2
Vilo.0 = v/(V, V) = ( / (o + yzvg)dg) .
2

Hence the space of all weighted square-integrable functions is defined as
L2(£2) = {v € (1*(2))* : IVllo.» < 00}.

It is very clear with the use of standard arguments that the pair (L2 (£2), (-, -),,) is a Hilbert space (cf., for example [14]).
Then we can finally define the following weighted Sobolev space

Hy ,(2) = {v:v e [*(2), Vv € L2(£2) and v|ygo, = 0},

w

where 0£2p is the Dirichlet boundary condition part of 9£2. Then we define the weighted inner product on H(}‘w(Q) by
(s ) = (-, )+ (-, -)w, which is equipped with the norm
1/2
1ol = (013 + 1V0012,,]7%.
2.1. The continuous problem

In this subsection, we provide the linear complementarity problem (LCP), for two underlying assets (x, y), which is
well known to govern American put options [4,8]. For V(x, y, t), the LCP is given by

LV (V(x,y,t)—V*x,y) =0, ae.in 2 x(0,T)
V(x,y,t)—V*(x,y) >0, a.e.in 2 x(0,T) (3)
LV >0, ae.in 2 x(0,T)
where V* is the payoff function which is defined as
V*(x,y) = max (K — (a1x + a2y), 0),
and K is the agreed strike price at expiry date T, and

W 1,0V 1, L0 RTINS L) U "
— — =X —— — =03y —— — PO10XY—— — —t+y— Y, t),
ot 207 B T 27 g TPy ax Yoy y

where 2 = (0, X) x (0, Y), is the truncated domain, r is the interest rate, and a1, oy are the weights associated to the
assets x and y, respectively. The boundary conditions and the final condition are given by

V(0,y,t)=gi(y,t), y<(0,Y), t €[0,T],

LV =-—

V(x,0,t) =g (x,t), xe€(0,X),tel[0,T], (5)
ViX,y,t)=0, V(x,Y,t)=0
Vx,y, T) = V*(x, y). (6)

The functions g; and g, are given and provide suitable boundary conditions. Typically, we determine gi(-, -) by solving
the one-dimensional American put option problem.

2.1.1. Reformulated problem

In [4,8] the LCP was reformulated for convenience during theoretical analysis. We write the LCP in conservative form
to facilitate the theoretical analysis into a variational form. The variational forms have been extensively studied in [15].
The well-posedness here is studied in a truncated domain 2 = [0, X] x [0, Y], where we have assumed that X > K and
Y > K [8,15]. Let V; be a twice differentiable function satisfying the boundary and final conditions in (5)-(6). Using the
transformation

ux, y, t) = e (Vo — V), (7)
the problem (3) then becomes
Lu(x,y,t) < f,
u(x,y, t) —u*(x,y,t) <0, (8)

(Lu —f) (u(x, y, t) — u*(x,y,t)) = 0,
where L is the conservative differential operator given by

Lu = —u; — V- (KVu+ bu) + cu = f(u), (9)
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with
k k Lo2x2 Lpoi09x k 0 0 k
K:(“ 12)2 2o ey =(“ )+< 12>=K1+1<2,
ka1 ko 3PO102XY 302y 0 ki ksy O

b X —oix — 1poioyx
b=<1>= b ! , € =3r —(0f + 0} + po103), and B = o}
1y — 03y — 300102y

and
fx,y. ) =ePlovy, ur =€ (Vo —V*),
with boundary and final conditions
u(0,y,t) =0=u(X,y,t), forallte[0,T], yel0,Y],
u(x,0,t) =0=u(x,Y,t), forallte[0,T], xe[0,X].
and
u(x,y, T)=u*(x,y, T).
Note that any positive constant may be used for 8.

2.1.2. Power penalty method
Now by adding a penalty term to the LCP (3) yields

1/k

LV, 44 [V =]

with (5)-(6), or
Lux+k[U*—uA]¥k=f(x,y,t), (x,y) € 2 (11)
with boundary and final conditions

u(0,y,t) = 0=w(X,y,t), te€[0,T], yel0,Y],
U (x,0,t) = 0=uy(x,Y,t), te[0,T], xel0,X]
u(x,y,T) = u*(x,y,T).

=0 (10)

Where in (11), uy, is the penalized solution of the reformulated problem, V; is the penalized solution in (3), k > 0 is

the power of the penalty term and A > 1 is the penalty parameter. When k = —, the penalty approach corresponds to

a quadratic penalty approach. The case for k = 1 is however standard in literature. For k > 1, we have the so-called
lower-order penalty approach [4,8]. Using the same arguments as in [4,8], (11) is well-posed.

Theorem 1. Suppose that [4, Assumption 2.13] and the assumptions in [4, Lemma 2.9] are fulfilled. Then, there exists a constant
C > 0, independent of u, u;, A such that

C
||Ll - u)»”LOO(O,T;LZ(Q)) + ||Ll - u)\”LZ(O.T;H&.w(Q)) =< 2k2 s (12)

where k is the power penalty using in (11).
Proof. The proof can be found [4,8]. O

Remark 1. It is important to note here that, without loss of generality, we are only considering the simplest model where
the coefficients are constant. Furthermore, note that (10) becomes (1) with A = 0, which is the Black-Scholes equation
for the European option. In the sequel of this paper, we will replace u, by u to ease the notation.

2.2. Support operator method

Details on characterization and motivation of mimetic finite difference method can be found in [11,16-19]. Now, for
the purposes of an illustration, we reconsider as in [11] the following diffusion equation

-V (KVuxy)=f, (xy) e CRr’ (13)
with boundary condition

ux,y)=0, (x,y) €042,
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where K > 0 is a bounded invertible matrix function of (x, y)*

operator A: H — H, by

and f could be a forcing function. Then we define an

Au=—V . (KVulx,y)), (x,y)e 2 (14)
with properties

(Au, v)y = (u,Av)y, (Au,u)y >0, F=Ff. (15)
That is (13) becomes

Au=F. (16)
Then (13) can be rewritten as the following first-order system

[

which is equivalent to
w—Gu =0, Dw=F, (18)
where the operators G and D are defined as

Gu = —KVu on £
Dw=V.-w on {2 (19)
A =DG

Let H = [%(£2) be the space of scalar functions u that are smooth on the £2 equipped with inner product

(u, v)y :/ uvd$2, u,veH, (20)
2
and H = (LZ(Q))2 equipped with inner product
-1 2 2
(w,z)H=/(K w,z)d2, w,zeH=(I*(2))". (21)
2
The inner product (21) is weighted by the inverse of K. Thus, (-, -) is the standard inner product of R?. Note that the
following properties are fulfilled [19-21]
(Dw, u)y = (w, Gu)y (22)
(Dw, 1)y =0, (23)
where 1 is the constant function with value 1. The properties (22)-(23) are the important properties of the continuum
operators that we want our discrete operators in the next section to mimic.

3. Mimetic finite difference and fitted-mimetic finite difference methods for options pricing

Let us first build a mimetic finite difference method to discretize the diffusion part of our continuous problem (11). As
we mentioned earlier, the corresponding discrete operators will mimic the properties (22)-(23). In general, the mimetic
methods are applied on unstructured meshes [22]. Here a rectangular mesh will be used and without loss of generality,
the domain £2 = [0, X] x [0, Y] is divided into (Ny + 1) x (Ny, 4+ 1) non-overlapping intervals 7 = (I; x Ij)Jo<i<nx-+1,0<i<Ny+1,
such that I; = (%, Xiy1), i=0,1,..., Ny, With0 =9 <X < -+ < xXny41 =X and ; = (¥}, ¥j+1), j =0, 1,..., Ny, with

O=yo<y1 <---< =Y. We set hy, = xj;1 — x;, with hy = max hy, and h,, =y;,1 —y;, withh, = max h,.
Yo <W1 YNy+1 Xi i+1 i X o<izin1) Xi y; = Yi+1 — Y ly 0<is(Nyt1) yj
. . . Xi + Xi— Xi + X; . i+ Y-
Now, we define the following mid-points x, 1 = IT” X, 1 = % fori = 1,..., Ny, Yii1 = J%
2 2 2
i+ .

and YH% = Vit forj = 1,...,N,. We also set x_% = Xo, xNX+% = XNy+1» y_% = yo and yNy+% = Yn,+1- Now for
i=0,1,...,Ny+ 1, wesetly =Xir12 —Xi—172, hk = 04111&1(“)1,(1.. We also set ij =Yjy12 —Yj-1p forj=0,1,...,N, + 1,

_ _ .. 5 Qirmi _ _ 6
l, = ogrgzé\llfﬂ)lyf Furthermore, we set xf% = Xp and xNﬁ% = Xn,+1.° Similarly, yf% = yo and yNer% = yn,+1.. Note the

family (£2; x £2j)o<i<Nx+1,0<i<Ny+1 1S another partition of £2 with £, = (xl._% , xi+%) and ) = (yj_%,yH% ). We will call this
the dual partition of the famlly (I, X Ij)OfiSNX+l,0§i§Ny+l (see Flg 1)

4 A material property tensor in engineering sciences.
5 Function evaluation at x 100 Xy .3 is understood as evaluation at xo = 0 or at xy,1 = X.
2

2
6 Function evaluation at y_; or Yny43 is understood as evaluation at yo = 0 or at Y+ =Y.
2 2

5
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YN,

Y EHHO
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Fig. 1. Fitted mimetic grid 7 in blue and its dual partition in green.

3.1. Discrete inner products

We define discrete analogs of the two continuous inner products (20) and (21) which use a quadrature rule on each
cell to approximate the integrals. Let HC and HC denote the discrete spaces of discrete scalar and vector functions for
H = [*(£2) and H = (L?(£2))? respectively, in the partition 7. Then the discrete L?> norm defined in HC is given by

Nx+1Ny+1

U Ve =Y > bl Ui Vi (24)

i=0 j=0

Since the discrete information for fluxes are located at the cell centers, we adopt the midpoint rule for the inner
product (21). Let the cartesian components of the tensor K be given by Ky, Ky = Ky, K,y. Then, (K™ D)xs (l(‘l)xy =
(l(”)yx, (l(”)yy are the associated cartesian components of the tensor K~!, the inverse of K. For any vectors, W, Z, we
represent their components as W = (W, W,) and Z = (Z,, Z,).

(K7W, Z) = (K™ )oWiZe + (K1) Wy Z,. (25)
For simplicity, we choose the following,
WXH%J =Wy Wyw] =Wij1 2y, 1 =Zi 1 Zyiﬁ% =Zj1-
The discrete (L?(£2))?> norm defined in HC is given by
Ny+1Ny+1
(W, Zjhc = Y th,hyj[l( iy Wit ooty + OGN W Z ] (26)
i=0 j=0

Note that in HC and HC, for the computation adjoint relationships and entries of matrices corresponding to the discrete
operators, the following standard inner products are introduced

Nx Y

[U.Vlie =YY UyVij. U,V eHC, (27)
i=1 j=1
Ny Ny

(W, Z]HC_ZZ[ i+1j z+ ]+W11+1Zu+ ] (28)
i=1 j=1

We furthermore note that, in HC and HC, the two inner products are linked by
(U, Ve = [MU, V]ge, (W, Z)uc = [SW, Z]uc (29)
where M and S are coefficients, please see [20,21] for more information.

6
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3.2, The discrete divergence and discrete flux

In this section, we present the discrete version of the divergence operator D. The resulting discrete divergence is
denoted by D. Then the discrete flux is given by

W-]-—W.1< W,.]—W,.]

+1, -1, J+y -3 . .

(DW),,-:( i 211 Tod M 21 i 2) i=0,1,....Ny+1, j=0,1,...,N,+1. (30)
Xi Vi

Then it is easy to check that
(DW, 1)yc = 0. (31)

This is the divergence property of the discrete divergence D which mimics the continuous divergence in (23). Here we

h] 0 0

0 kn

kit
0

determine the discrete version of G denoted by G that mimics the continuous version of the properties we 2have already
mentioned. In fact, G should satisfy the following property

set G = —KV with K = ( ) a 2 x 2 diagonal matrix tensor. In this case therefore, K™ = . Now, we

(DW, U)uc = (W, GU )uc- (32)

We then expand (32) as below,

Nyx+1Ny+1 Nx+1Ny+1
-1

> D vowit, = 3 3 (el Wy 60,y
i=0 j=0 i=0 j=0 2

Nx+1Ny+1

-1
90 3 (AN % (33
i=0 j=0

Which then leads to

Nx+1Ny+1 W. 1. W.. 1 —W.. 4
i+ — 7 Jty J—3
E E Uui( lZ][ —2J ) b 2>}lxilyj'
Xi

i=0 j=0

Ny+1Ny+1

= Z Z (K_ :+ J(gU)l+ j+K_ u+ (QU),H )hxihyj‘ (34)

i=0 j=0
Then grouping the terms of (34), we have,

Nx+1Ny+1 Nx+1Ny+1

Z Z [lyJUu xx Y hy; y}(gU)1+ i| +3. Z Z by UijW, i34 +
i=0 j=0 i=0 j=0
Nx+1Ny+1 Nx+1Ny—+1
>3 s, 1nx,-hiju>u+,] - YWy =0 2
i=0 j=0 W2 i=0 j=0
Then we can rewrite the terms as follows
Nx+1Ny+1 Nx+1Ny+1
-1
53 [t sl @0y Wiy - X X bum
i=0 j=0 i=1 j=0
Ny+1 Ny+1Ny+1
P SULUATED D)o IRy hxx»hy,.wux-,,};] Wi
i=0 j=0
NX+1Ny+1 Nx+1
=20 D WUiWy = > hUioW, _; =0. (36)
i=0 j=1 i=0
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Now, re-indexing any terms with i — 2 to i+ 1, and j — 1 to j + 1, and making using of the fact that hy, = 0 and
hy, = 0, then (36) becomes

Ny Ny+1 Ny+1

—1
>0 |:_IYj(Ui+1J —Uij) — KxxH;jhxith(gU)H»;J] Wip1;— > by UojW_1
i=0 j=0 j=0
Nx+1 Ny Nyx+1
-1
+ Z Z |:_l><i(Ui.,j+1 —Uij) — Kyyw,r% h"ih}’j(gu)i-f+%i| Wi,j+% - Z leUi»OWi,—%
i=0 j=0 i=0
Ny+1 Nx+1
+ D U1 Wy 35+ D bUigsa Wy 3 =0, (37)
=0 i=0

This technique is done to fully concentrate the fluxes at the (i, j)thnode to enhance the mimicking property at that node.
We further note here that, (37) holds for all U in HC such that Up; = Uy,+1; = 0 and U;o = Ui n,+1 = 0. Hence solving
for (gU)H]/zJ gives

_ly]kllpr% . .
(GU)y15=— hhy (Uir1j—Ugj);  i=0,...,Ny, j=0,....N,+ 1. (38)
iYj

and solving for (GU); j4+1/2,

_l"i’<22j+1 T
(GU)j1 =— hy_hx_z (Uijg1 —Uij), i=1,...,Nyj=1,...,Ny+ 1. (39)
AL

Let A, be the discrete diffusion operator obtained by forming the composition of the discrete divergence and gradient
operator D and G respectively. This by construction, D : HC — HC and G : HC — HC is given by Ay : HC — HC.

3.3. Mimetic finite difference scheme for penalized American option

In this section, we aim to discretize penalized American option problem (11). The mimetic finite difference method will
be used for the diagonalized diffusion term (see K; below), while the central difference is used to approximate the other
diffusion term (see K, below), and the first order upwind-finite difference scheme for the convection terms. Remember
that for simplicity we have set u; = u, then we have

ou
—5; Thw -V [Ky Vi + bu] + cu+ Alu* — u]/* = f(x,y, t)
Gu:=w=—-K;Vu (40)
A = DG,

where

kin O 1o2x2 0 0 ki 0 1 poy09xy
K, = =(2"1 K, = = 2
! < 0 kzz) ( 0 %ozzy2 ro2 kay 0O %,0120102?0’ 0 '

_ bix _ (T—Ulz—%pojo‘z)x _ ) )

We then partition [; := (0, X) into Ny + 1 and ; := (0, Y) into N, 4 1 subintervals respectively, with dual partitions as
we did for the elliptic problems. Then we have that,

Uij = UXi, 5, ), by = Xip12 — Xicj2, by = Y12 — Vi-172, b = Xig1 — Xi, by, = Y1 — ¥,

Wit1j — Wij Wij — Wi . Wij1 — Wij
= s 1 .= 1] =

fori:O,l,...,Nxandj:O,l,...,Ny.Letusseth%J: 5 W1t 5 P Wijyl 3

Wij — Wij—1

w1 = . We can easily see that w;; =~ w(x;,y;,t), fori=0,1,...,Nyandj=0,1,...,N,.
That is the d%screte mimetic operators (prime and derived) are given by
w. 1., —W._1; W.., 1 — W, 1
(Dw); = '*2”1 T2 1 U2 =0, Ne+ 1, j=0,. . Ny 1, (41)
Xj Yj
and
lyjkllprl
(GU)y1,=— T 2| ) (Uig1j—Uij), i=0,...,Ny, j=0,...,Ny+ 1, (42)
Xi ')
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lxikzszrl
(GU) 1 =— hx.hy_z (Uijs1 —Uij), i=0,...,Ny, j=0,...,N,+ 1. (43)
i Yj

Now using this the following ordering for the grid, i.e. z;j = (i — 1) x Ny +j, for i=1,...,Ny, andj=1,...,N, we
have that

Up = (Ur1.Ur2, ..., Uiy oo Unets Ung2s o Uy (44)

Then the discrete operator A}, is given by

- (GU) 1, —(@GU)_1;  (GU). 1 —(GU) 1
AUnlzi)) = (DG, = ——21 ——=° e
Xj Vj
I, k I, k
_ (yf “i+§) Uiy1, — Uij n <y’ 111‘%) Uij — Uiy
_ h)’j hxi hyj hxi—l (45)
Ly
L.k L. k
T\ Ui — Uy (2 21 ) Uij = Uijr
hxi hJ’j hXi h)’j—l
_l’_
lyj
fori=1,...,Nyj=1,...,Ny,or
AnUnlzij) = Ui + BijUijer + viUij + TjUizj + 8iUijo (46)
where
o _lyjan% 5o —lx,-kzzH% - _l.ijllii%J
N hyj hy; Ixi CY th lyj hxi CoY lxi hxi—] hJ/j
(47)
lyjku_ 1 ly].k]]v 1 lx,-k22, 1 lx,-k22, 1 _lx,-kZZ‘ 1
+32 -2 It2 =32 =32
Vij = + + + , Sij= | ——=|.
hxi hJ/j lXi lXi hxi—l hJ’j hJ/i l)/j hxi IYi hyl‘fl hXi hyj hyj'q hxi
Also from (40) we have that
—V - (K;Vu + bu) = — [Vi(ki2 Vyu) + Vy (ka1 Viu) 4+ Vi(bixu) 4+ Vy(boyu)]
(48)

1 1
=- [(klz + ka1)Vyi + (51)0102X + b1x)Vyu + (Epﬂmzy + byy)Vyu + (by + bz)ui| ,

32

0 0
where V, = P vy = 3y and V,, =

Xoy
Applying the central difference to the mixed diffusion term, and the first order upwind finite difference method
convection term of (48), we have that

Uiiqgivg — U101 —Uirqi U1
(kiz + kon VWit & (kg + Ry |~ 72U Sl TR (49)
4hxl.hyj
1 [ x: Uiq:i —Xi_1-U:
— 00109 + by ) XV & (r _ 012) i+1/2Vi+1,j i—1/2Yij i (50)
2 L hy,
and
1 [ yiv1/2Uijs1 — Yie1/2Usj
—po10y + by | yVyu ~ (r — o) Yrev2iger = i1z 7 | (51)
2 hyj
To simplify our scheme, we assume without loss of generality that 012 <rand 022 < r, and therefore
U. . — U._ . — U . +U_ i
_Vv. (szu +bu) +ooun —(ku + k21)i,j i+1,j+1 i—1,j+1 i+1,j—1 i—1,j—1
4hyh,
X U, X U, U; U, (52)
_ (r i 012) |: i+1/2 l+1,;l i—1/2 l,j:I _ (T _ 022) |:YJ+1/2 z,j+;l Yi-1/2 1,]i| + rUi,j-
Xj Vi
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Then we have that,

(k12 + k21) (k12 + ka1) (k12 + k21)

BuUnlzij] = — Y Uiy g + —2 2 Y Ui
hUnlzi 5] ahyh, i+1j+1 T dhyhy, i—1j+1+ dhyh, ir1j-1
(k12 + k21)ij (r—of)xi1p2 (r—03) Y12
——Uiqj1+ + + 1| U 53
4hyh,, Iy, h, (53)
r—o7)Xit1/ r—03) Y12
+ <( ;1) sl Upy1j + 7( ;) Iy Uij+1
Xi yi
or
BhUnlzijl = i jUis1js1 + AijUim1jo1 + VijUirjo1 + miUi1jo1 + xijUij + &Uierj + €iUi (54)
where
m,; = _(kli;‘ Ezﬂi.j, Aij = (klz: En)i.j, T, = (kli;‘ :zl)i,j, iy = _(klil;_ ’;21)1',1',
Xi'Yj Xi'Yj Xi'Yj Xi'Yj
1 1 1
Xii=— | ((r—of)x)+ = ((r—od)y) —r|. &ij= 7 ((r—of)x). (55)
hy h, hy
1
Bij = - ((r -03) y,)
Vi

Now from (46) and (54), we have that
ChUnlzij] = AnUnlzij] + BuUnlzij] = i jUisr 41 + Ai Uizt i1 + VijUirjo1 + miUi1j-1

56
+(yij + xiUij + (@ij + &)U + (Bij + €ij)Uijer + TjUioj + 6i3Ui -1 (56)
foralli=1,2,...,Nyandj=1,2,...,N,.
Now using the transformation t = T — t, we have
dup, | 1/k
- U+ A |UF—=U = fu(t vVt e [0, T
ar T CUnt [U; h]+ Ju(£), €[0,T], (57)

Un(0) = Uy
3.4. Fitted mimetic finite difference scheme

The Black-Scholes differential operator is known to be degenerate towards the boundary and hence special techniques
are required to handle the degeneracy [4,12,23]. In [12,23], the authors proposed a so-called fitted scheme to tackle the
degeneracy of the PDE. In this section near x = 0 (i = 1) and y = 0 (j = 1), the sum of the diffusion and convection
flux is approximated using the fitted scheme. Far from x = 0 (i > 1) and y = 0 (j > 1) however, the diffusion flux and
convection flux will be approximated as in the previous section using respectively, the standard mimetic finite difference
and the upwind finite difference method. This combination will yield our novel scheme called the fitted mimetic finite
difference scheme. As the case (i > 1,j > 1) is already covered in the previous section, we will only focus on the cases
(i,j=1),(=1,j>1)and (i > 1,j = 1).

34.1. Casel(i,j=1)

We need to approximate the flux at x;, and yq,, with the fitted finite volume method to handle the degeneracy
of the Black-Scholes differential operator. Indeed, to find a new approximation at (DW); ;, we require the fluxes at
(x1,¥y1), (x3,y1) and (x1,y1), (x1,¥3), i.e. (gU)%.l,(gU)%,l,(gU)L% and (gU)L% respectively. Now integrating (40) across
Ri1= [x%,x%] X [y%,y%] we have

X3 Y3 9y X3 ry3

_/ 2/ 2 idxdy— / 2/ 2Vx-(anxu—i—anyu—}—b1xu)dxdy
X1 y dt X y
2

1

[N
x N—

3
3 Y3
— / 2 / 2 Vy - (ko1 Vit + kaz Vyu + bayu) dxdy
xy Jy

1
y
: f : [cu [ —ul —f(t)] dxdy = 0. (58)
y

10
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and using the midpoint rule, to approximate the first and last terms of (58), we obtain

du
R, 1 _f
dt ;
y

X3 Y3
—f 2 / 2 Vy - (ko1 Vit + ka2 Vyu + boyu) dxdy
X y

X3 ry3
2 / ? Vy - (k11 Vit + k12 Vyu + byxu) dxdy
y

1
2

T

1 1
2 2
+Ry,1[cU 1 + A[UT; — U1,1]1r/k - f,1(0)] =0, (59)
where Ry = Iyl is the area of a control volume around the point (x;,yq), with Uy, ,, = Uy, U:mm = Ul*y1 and
fxy1 = f1,1. Let us define the following
1
d(u) = Eafxvxu +(r — o — po10y)u = a1xVyu + biu (60)
and
1
U(u) = 3 2yVyu + (r — 0} — poroy)u = ayyVyu + by, (61)
where a; = %012, ay = %022, and b, b, are as already defined. Then the second term of (59) can be approximated by
X3 ry3 X3 ry3
—/ 2 / 2 V- (k11 Vit + k12 Vyu + byxu) dxdy = —/ 2 / 2 Vy - (x@(u) + ki Vyu) dxdy
X1 Yy X1 Yy
2 2 2 2
(x3.y1)
~ Ly, [x@(u) + klzvyu“()f?,yﬂ’ (62)
2

X3 Y3 X3 Y3
—/ 2| % V- (ka1 Vit + koo Vyu + byyu) dxdy = —/ 2 / > Vy - (YW (u) + ka1 Vyur) dxdy
X X y

1 Yy 1 Yy
2 2 2 2
(x1.y3)
~ lxl [yll/(u) + k21 qu“(xl,yf ). (63)
2
Now we have
(X%J/])
[Xq)(u)](x%,yl) = X323 4(U) = x12@1 4 (u). (64)

Note here that the problem is not at (x3/2, y1) and hence using (38), x3/, q)(u)lxm,y] can be approximated as

X32P(U)lxs .9, X (—GU)372,1 + biX32Un 1

ly] k“i l)’l k]]3
2 2

= Uy i+ b1X3/2 — Ui,1-
th h}'1 hxl h)’l

using the fitted technique [12,23]. We consider the following two-point boundary

Let us now consider x1/2<15(u)|,<1/2,y1

value problem:
(a1xVyv + biv) = Cp, x € (0, %) (65)
v(0,y1) = Up1, v(x1,y1) = Uy, (66)

where C; is an unknown constant to be determined. Integrating (65) once, we have that

a1xVyv +biv =Cix + G,
Now, using the condition v(0, y;) = Up, 1, we have that C, = b1Up 1 and hence

Po(u) := a1xViv + bjv = Cix + b1Up 5. (67)
Following [12], we have

(@D = @V + b1}, 1 = 5@ +b)Uss — (a1 — b)) (68)
Then (67) reduces to

v = (U1 —Up1)x/x1, x€[0,x1]. (69)
11
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Then from (64) and (68), we have that

(x3.y1) l}’1k“3 IJ’1 k113 X1)2

XP(U)) 2.1 1X3/2 — 11— ——Llag 1)U1,1 — (a1 — bq)Uo1].

[xd( )](?m) T h Up1+|b T h U 5 (a1 + b))U ( b1)Uo 1] (70)

2 X1'"IN X111
We follow a similar argument as before and establish that (63), can be approximated as

xuys) Tk L. k y

e @l,, 2~ 22 Uiz + | bayspe — 2% Ui — ﬂ[(32 + by)Uq,1 — (a2 — bz)U1 0] (71)
(*1.y1) h.. h h.. h 2

2 L V1'™% V177X

Remember that from (59), we have
Vi (P(u) + ki Vyu) — Vy - ((u) + ka1 Vi) + cu
= —D[(®(u) + ki2Vyu) + (¥(u) + ko1 Vi) | + cu. (72)
Then considering by definition that D is approximated by D, we obtain
[—Vx - (D) + ki2Vyu) — Vy - (& (u) + ko1 Vi) + cu] |x1, y1 ~

X1
- <x3/2¢%’1(u) - 72[(81 + b1)Us,1 — (a1 — b1)Uo,1]

U
5 + cUr1 (73)
Y3
w e b )U; | — — by)U
—k [Uz,z —Uzo—Uo2+ Uo,O] _ (ya/z 1,%(”) 2 [(22 + 7)1 = (22 = ba) lﬂ])
1214 2hy, hy, b |
by K X
3 | Uy —U 3
_ 222 2 (g 4 by)Us s — (a1 — b1)Uo.1]
_ hy, hy, 2 iy [U U ]
= Iy, 2hy, hy, > e

L. k
MU223 Uy, — Uy Y1

— T2 ((ay + bp)Us1 — (a2 — b)U
r s p 2 [(az + b2)U1,1 — (a2 — b2)Uq 0]
_|: 1214 ][U U ]_ 1 1
thlhh o0 o2 l}ﬁ

where U g, Uz0, Up 2, Ug,1 and Up o are solutions obtained from the 1D problem. Now remember that z;; = (i — 1)Nx +
for Uy = (U1, Ur2, .- Uriys - oo Un1s Ungzs - - Unewy )T
Then have that

k1211 l}/1 ’(113 le 1(223
ChUnlz11] = — |:2h h :| U2 — ﬁ U1 — l T h Ui
X141 X1°X1°N

+cUy 1,

74

bk, ke, s (74)
+ + =2 (a1 + b))+ =2(ay +by) +c | Uy
hxllxthI lYlhxth1 2l)<1 ! 1 21)’1 ? ? b

342 Casell(i=1,j>1)
Again, we approximate the flux along x4/, and y;, j > 1 with the fitted finite volume method to handle the degeneracy.
The integrating (40) across R1j = [X1 X3] X [y]ﬁ y]+1] and following a similar argument as is case 1, we have

dU” x3
1] dr anxu + kuVyu + blxu) dXdy
1
Ui 2

3 1
—/ 2 f "3 v, - (k21qu + ka2 Vyu + byyu) dxdy

+RylcUnj + ALUS; — U 1Y% = fii()] = 0. (75)

where Ry j = Iy, I, is the area of a control volume around the point (x, y;), j > 1. We approximate the second and third
terms of (75) by
(x3 .Vj)

f : f”z V- (ki1 Vatt + ki Vyu + buxu) dxdy = by, [x®(u) + k12 Vy u]|(x1 e (76)
X1

1
2 2
12
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and

X1,Y.
1,yj+%)

X1.Y. .
1y17%)

X3 Y3 (
— / 2 / 2 Vy - (ko1 Vit + ka2 Vyu + boyu) dxdy =~ Iy, [y (u) + ko1 V]|, (77)
Rt
Note that our focus here will be to apply the fitted scheme to (76). The standard mimetic, central difference and the first
order upwind will be used to approximate the terms of (77).
Recall that

(x3.y5)
[qu(u)](x;yj) =X32@3 (U) = X12@ 1 ;(u). (78)

and hence using (38), x3,®(u) can be approximated as

lxs /2:Yj

X32@(U)lxz .y, X (—GU)3p2,5 + bix32Un

l)’jkng lyjk11§
2 2
= Uz.‘ + b1X3 - — U1".
hyhe, |27 2 hyhy |V
To find the approximation for x;,®(u)ly, 12.yj USINg the fitted technique, we consider again the following two-point
boundary value problem:

(axVxv +bv) = (i, (x,¥) € (0,%) x (0,Y) (79)
v(O,yj) = Uo,j, U(X],yj) = U]J, (80)

where C; is an unknown constant to be determined. Then following the arguments [12], we have
1
(@(V))lxy)p; = (@XVxv + b))y, , ;= 5[(31 + b1)Uyj — (a1 — b1)Uo,jl, (81)

Again following that the divergent operator D is approximated by D, we can approximate the flux in (75)

1 X3
D[P(u) + ¥ (u)] [x,.y; = T (X3/2¢(U)| i 72 (a1 +b)Uyj — (a1 — bl)Uoi,j])

3
] o ’ (82)
N (GU)1j4 g = (GU), g +bayy  Uijir = bay 1 Usy)
and
Uz jy1 — Uojy1 + Uz j1 4+ Upj—
—V - [K;Vu] |x14,yj ~— |:]<211J 2.j+1 0,1+21h ; 2j-1 0.,j 1:| (83)
X1'%Yj
[D[@(u)+ ¥ )] lx.] — V- [1<2w]|wj ~
<|:le k221+% i| Ui — Ui |:lx‘ kzzj—% ] Uyj — U1,jl>
h hy. h hy.
_ Xl % - u +cUyy (84)
ij
B (bzyH%U"’f“ B bzyf—%”f~f) N iy, Uzist = Uojrr + Uzjo1 + Uojr
I, 2y 2hy,hy, '
Then we have
I,k
1(121 . yj 1tz k121 .
Culnlzijl = — | =— | Uzgjy1 — | ——— | Uzj— L Uyjog
! [21% hy, |7 hy by || 2R hy, |
lx1k22 1 bzy 1 lxlk22 1
jJrj +3 J‘*j
ol Brraraaiin Ujr1 + | 75— | U1j-1 (85)
|: hxl hJ/jlyj lJ’j :| ! |:l}’jh)’jlhxl :| !
lyjkﬂ% lX1k22j+% lX] kzzji% X% bzyj_%
+ + + + ——(a1 +b1) + +c | Uy,
hJ’jhxl lxl hxl h)’jle hxlh}’j—lle 21X1 ! ' lyj Y

13
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343 Caselll(i>1,j=1)
This case follows similarly to the previous case. Hence we have that

L. k
](12,1 X223 k12
ChUnlzii) = — | — | Uipqp — | ——2 |Uip — | — | U
" H[Zhl] |:2hxihY1] R |:h}'1h)<il}’1 " |:2hxihY1] e

lYl k“H—% leH_% lYlklli_%
_ U: 2 |y._ 86
hhhxilxi * lxi R " Ixihxi—lh)’1 o ( )
likaz, by, ki ly ki 2 bix. 1
+ R R T2 T2 ey by)+ —2 4| Uiy
hXi h)’1 IY1 hh hXi lXi h}’1 hxiq lXi 21}'1 lXi

Now combining the mimetic approximation of (57) at (x;,y;),i > 1,j > 1, with (74), (85) and (86), yields our novel
scheme called the fitted mimetic finite difference method. Therefore for

T
Up = (U1, U1z, -+ s Uings -5 Ung 1, Ung 2, -5 Ungwy ) s

using the transformation t = T — t, we need to solve in the case of the fitted mimetic method the following system,

dUy
W'*'CHUH‘FF(UH,’:):Q t e[0,T],
Un(0) = U}, (87)

F(Un. £) = & [Ug; — U] — fu(t),

where

CyUylz1,1], 1is as given in (74)
CnUnlzi4], j> 1, isas givenin (85)

CuUnlzial, i>1, is as given in (86) (88)
CuUnlzijl = ChlUplzijl, i > 1,j> 1
with zj; = (i — 1) x Ny +].
3.5. Time discretization using standard implicit schemes
We subdivide the time interval [0, T] in M subdivisions. That is, 0 = t; < t; < --- < ty = T, such that
At = tpy1 — tm, for m = {0, 1, ..., M}. We adopt the stable time discretization method mostly used, that is the Euler-

6-methods for (57) and (87) representing the semi-discrete solutions for the standard mimetic finite difference method
and the fitted mimetic finite difference method, respectively, and is given by

U U Gt ) + 0 0) G+
S =0 @UT HFURT ) + (1= 0) (G + F(UR, t) (5
UN(0) = Uf. 0<6=1
and
UR™ U _ g (Ut 4 FOUR™ ) 41— 0) (GoU -+ U )
At =0ty Hooo tm HYy H>m oo
UH(O):UZ;’ 0<0§]7

The scheme (89) is order 2 in time when 6 = 1/2 and order 1if 6 # 1/2.

4. Numerical tests

In this section, we run numerical simulations on a 8 GB 1600 MHz DDR3, Macbook Pro (13-inch, Mid 2012). We will
consider two tests. The first test will be for pricing the European put option and the second test will be for pricing the
American put option.

4.1. European put options

For the first test, we consider the case when the penalty parameter A = 0 in (10). Indeed, this case corresponds to
the solution of the European put option. As remarked earlier, there exits a closed form solution to the Black-Scholes PDE

14
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Table 1

Table showing the two-dimensional L*-relative error for the various spatial discretization methods for the
European option. By fitting the data for fitted finite volume method, we found that the order of convergence
in space is 0.99. This order confirms the theoretical result in [12].

N Fitted finite volume error Mimetic FDM error Fitted mimetic FDM error
10 x 10 0.1095 0.0061 0.0056
15 x 15 0.0733 0.0059 0.0055
30 x 30 0.0369 0.0057 0.0053
50 x 50 0.0222 0.0057 0.0053
75 x 75 0.0148 0.0056 0.0052
100 x 100 0.0111 0.0056 0.0052

T=1,r=01, K=1Xnax = Ymax = 4K, 01 =0, =0.2,p=04,a1 =a; =0.5, At =T/100.

Table 2
Table showing CPU time (in seconds) for the various spatial discretization methods for the European option.
N Fitted FV CPU time Mimetic FDM CPU time Fitted Mimetic FDM CPU time
10 x 10 0.751 0.744 0.326
15 x 15 1314 1.126 0.583
30 x 30 3.211 2.699 1.951
50 x 50 6.944 6.733 5.492
75 x 75 15.211 14.944 12.749
100 x 100 30.013 27.110 26.271

T=11r=01 K=1Xnx =Ymax =4K, 01 =0, =02, 01 =, =0.5, At =T/100.

when the coefficients are constant, and this is given in [1] as below

U(s1, 52, K, T) = Ke " (1 — M(—y1 + VT, —ys + 02¥/T; P))

—s1e7TM(y1, d; p1) — 526" M(y2, —d; p2) (91)
where
o2
In(s1/s2) + (b1 — by + ;) T
d= ,
oﬁ
of o5
1H(S1/I<) + b] + 7 T ll'l(Sz/K) + bz + 7 T
V1= oJT , Y2 = o /T s

2 2 o1 — PO 0y — PO
0 =,/0{ +0y — poi0y, P1=f, ,02=f

— 20Xy + y?
1 — _
Indeed, to compute the relative error, we use the [>-norm given by
\/Z 2 th hyJ(Uz,] Ui;?;alytic)z
\/Z Ny hx hy ( analytlc)z
itYj

analytic

and

Error =

(93)

where U;; and Uj; are respectively the numerical solution and the analytical solution at (x;, y;) (see Fig. 2).

From Table 1 we can observe the accuracy of the mimetic methods comparing to the finite volume method. The
table further shows the importance of the fitted scheme as the fitted mimetic scheme outperforms the standard mimetic
scheme. Furthermore, we present the CPU timings in seconds of all the methods. From Table 2, we see that the
computational timings for the methods are quite close. This is due to the fact that the matrix representation of all the
methods are similar.

4.2. American put options

Since American options in general have no analytical solution even when the Black-Scholes operator has constant
parameters, in our case, we choose the fitted mimetic scheme as the reference solution. Our motivation of choosing the

15
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Put Analitic Solution
e [ @ -~ o [}
[=] o f - = (=] [=]
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option solution
-
[=]
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(b)

Fig. 2. The analytical solution of the European put option is given in (a) while the corresponding numerical solution based on mimetic numerical
is given in (b).

fitted mimetic scheme as reference solution is based on the fact that the fitted scheme seems to be more accurate than the
other schemes as we have seen in the previous test for European option. The fitted mimetic method is therefore used as
an analytical solution. The relative error is computed as shown in the table below: We can observe from Table 3 that the
mimetic method remain superior to the fitted finite volume method [23] for pricing American put option problem. Note
that we have used the Newton method with tolerance tol= 1077, to solve at each iteration the non-linear full discrete
equations in (89) and (90) with # = 1, with initial guess U}". Remember that [U:™ — U"]/* = max {tup™ —umyx, o},

16
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Table 3

This table shows the two-dimensional L?-relative error for the various spatial discretization methods for the
American put option. By fitting the data for the Mimetic method, we found that the order of convergence in
space is 1.08. This order might be 2 if the second order upwinding technique [24] is used to approximate the
convection term.

N Fitted Finite Volume Error Mimetic FDM Error
10 x 10 0.1428 0.0241
20 x 20 0.1058 0.0052
30 x 30 0.0711 0.0033
50 x 50 0.0698 0.0022
75 x 75 0.0592 0.0018
85 x 85 0.0600 0.0017
100 x 100 0.0570 0.0016

T=1,r=01,K=1 X=Y=4K, 0y =0, =02, p =04, a; =y = 0.5, tolerance (tol) = 1077, ¢ =
1074, At =T/100, and penalty parameters: » = 100, k = 2.

Table 4
This table shows the CPU timings (in seconds) for the spatial discretization methods for the American put option.
N Fitted Finite Volume CPU time (s) Mimetic FDM CPU time (s)
10 x 10 0.369 0.352
20 x 20 0.714 0.688
30 x 30 1.826 1.721
50 x 50 11.935 11.529
75 x 75 15.881 14.672
85 x 85 19.769 18.948
100 x 100 28.951 26.869

T=1,r=01K=1 X=Y=4K, 0y =0, =02, p =04, oy =ay; = 0.5, tolerance (tol) = 1077, ¢ =
1074, At = T/100, and penalty parameters: 2 = 100, k = 2.

that is for € > 0, we have

[Up™ — UMk, if Upm — UM > e

sm __ pymyl/k _
[ Un 1y _{ 0, otherwise. (94)

The CPU timings of the methods are shown in the Table 4 below:
5. Conclusion

In this paper, we have provided the mimetic and fitted mimetic finite difference methods to approximate the two
dimensional degenerate Black-Scholes differential operator governing option pricing. We have presented the support
operator method which underlies the construction of the standard mimetic finite difference method and novel fitted
mimetic finite difference method. Indeed, to handle the degeneracy of near the boundary at zero of the Black-Scholes
differential operator, we have proposed the fitted scheme. The novel combined scheme (fitted mimetic finite difference
method) has out-performed the standard mimetic and fitted finite volume methods when numerical experiments were
conducted for European and American options.
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