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Abstract
Stochastic optimal principle leads to the resolution of a partial differential equation

(PDE), namely the Hamilton–Jacobi–Bellman (HJB) equation. In general, this

equation cannot be solved analytically, thus numerical algorithms are the only tools

to provide accurate approximations. The aims of this paper is to introduce a novel

fitted finite volume method to solve high dimensional degenerated HJB equation

from stochastic optimal control problems in high dimension (n� 3). The challenge

here is due to the nature of our HJB equation which is a degenerated second-order

partial differential equation coupled with an optimization problem. For such

problems, standard scheme such as finite difference method losses its monotonicity

and therefore the convergence toward the viscosity solution may not be guarantee.

We discretize the HJB equation using the fitted finite volume method, well known to

tackle degenerated PDEs, while the time discretisation is performed using the

Implicit Euler scheme.. We show that matrices resulting from spatial discretization

and temporal discretization are M-matrices. Numerical results in finance demon-

strating the accuracy of the proposed numerical method comparing to the standard

finite difference method are provided.

Keywords Stochastic optimal control � Dynamic programming � HJB
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1 Introduction

The theory of optimal control for stochastic differential equations is mathematically

challenging and it has been considered in many fields such as economics,

engineering, biology and finance (Fleming and Soner 2006; Pham 2000). Stochastic

optimal control problems have been studied by many researches (Krylov 2000;

Jakobsen 2003; Peyrl et al. 2005). In some cases, the well posedness of such

problems have been studied using methods such as viscosity and minimax

techniques (see Crandall and Lions 1983; Crandall et al. 1984, 1992). In general,

most of them do not have an explicit solution, therefore there have been many

attempts to develop novel methods for their approximations. Numerical approxi-

mation of stochastic optimal control problem is therefore an active research area and

has attracted a lot of attentions (Huang et al. 2004; Krylov 1999, 2005, 2000;

Jakobsen 2003; Peyrl et al. 2005). The keys challenge for solving HJB equation are

the low regularity of the solution and the lack of appropriate numerical methods to

tackle the degeneracy of the differential operator in HJB equation. Indeed adding to

the standard issue that we usually have when solving degenerated PDE, we need to

couple with an optimization problem at each point of the grid and for each time step.

A standard approach is based on Markov chain approximation, which suffers from

time step limitations due to stability issues (Forsyth and Labahn 2007) as the

method is indeed based on finite difference approach. Many stochastic optimal

control problems such as Merton optimal problems have degenerated linear operator

when the spatial variables approach the region near to zero. This degeneracy has an

adverse impact on the accuracy when the finite difference method is used to solve

such optimal problems (Dleuna Nyoumbi and Tambue 2021; Wilmott 2005) as the

monotonicity of the scheme is usually lost. However, when solving HJB equation,

the monotonicity also plays a key role to ensure the convergence of the numerical

scheme toward the viscosity solution. Indeed in high dimensional Merton’s control

problem, the matrix in the diffusion part is lower rank near the origin and it has been

found in Bénézet et al. (2019) and Henderson et al. (2020) that the standard finite

difference schemes become non monotone and may not converge to the viscosity

solution of the HJB. To solve the degeneracy issue, a fitted finite volume have been

proposed in Dleuna Nyoumbi and Tambue (2021) for one and two dimensional

optimal control problems. This method uses special technique called fitted

technique to tackle the degeneracy. The scheme have been initially developed to

solve Black–Scholes PDEs for options pricing (see Wang 2004 and references

therein). In Dleuna Nyoumbi and Tambue (2021), numerical experiments have been

used to demonstrate that the fitted finite volume scheme is more accurate than the

standard finite difference approach to approximate one and two dimensional

stochastic optimal problems. To the best of our knowledge, even for Black–Scholes

PDEs for options pricing, fitted technique for high dimensional domain (n� 3) has

be lacked in the literature.

The aim of this research is to introduce the first fitted finite volume method for

stochastic optimal control problems in high dimensional domain (n� 3). This

method is suitable to handle the degeneracy of the linear operator while solving
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numerically the HJB equation. The method is coupled with implicit time-stepping

method and the iterative method presented in Peyrl et al. (2005) for optimization

problem at every time step. The merit of the method is that it is absolutely stable in

time because of the implicit nature of the time discretisation and yields a linear

system with a positive-definite M-matrix, this is in contrast of the standard finite

difference scheme.

The novel contribution of our paper over the existing literature can be

summarized as

• We have upgraded the fitted finite volume technique to discretize a more

generalized HJB equation coupled with the implicit time-stepping method for

temporal discretization method and the iterative method for the optimization

problem at every time step. To best of our knowledge such combination has not

yet proposed so far to solve stochastic optimal control problems in high

dimensional domain (n� 3).

• We have proved that the corresponding matrices after spatial and temporal

discretization are positive-definite M-matrices. We have demonstrated by

numerical experiments that the proposed scheme can be more accurate than

the standard finite difference scheme.

The rest of the paper is organized as follows. The stochastic optimal control

problems is introduced in Sect. 2. In Sect. 3, we introduce the fitted finite volume in

high dimensional domain and show that the system matrix of the resulting discrete

equations is an M-matrix. Section 5 provides temporal discretization and optimiza-

tion algorithm for spatial diiscretized HJB equation. In Sect. 6, we present some

numerical examples illustrating the accuracy of the proposed method comparing to

the standard finite difference. Finally, in Sect. 7, we summarise our finding.

2 Preliminaries and Formulation

Let X;F ; F ¼ ðF tÞt� 0;P
� �

be a filtrated probability space. We consider the

numerical approximation of the following controlled stochastic differential equation

(SDE) defined in Rn by

dxs ¼ bðs; xs; asÞdt þ rðs; xs; asÞdxs; s 2 ðt; T� xt ¼ x ð1Þ

where

b : ½0; T� � Rn �A ! Rn ðt; xt; atÞ ! bðt; xt; atÞ ð2Þ

is the drift term and

r : ½0; T� � Rn �A ! Rn�d ðt; xt; atÞ ! rðt; xt; atÞ ð3Þ

the d-dimensional diffusion coefficients. Note that xt are d-dimensional indepen-

dent Brownian motion on X;F ; ðF tÞt� 0;P
� �

, the control a ¼ ðatÞt� 0 is an F-

adapted process, valued in A compact convex subset of Rm ðm� 1Þ and satisfying
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some integrability conditions and/or state constraints. Precise assumptions on b and

r to ensure the existence of the unique solution xt of (1) can be found in Pham

(2000).

Given a function f from ½0; T� � Rn �A into R and g from Rn into R, the

performance functional is defined as

Jðt; x; aÞ ¼ E

Z T

t

f ðs; xs; aÞ dsþ gðxTÞ
� �

; 8 x 2 Rn: ð4Þ

We assume that

E

Z T

t

f ðs; xs; aÞ dsþ gðxTÞ
� �� �

\1: ð5Þ

The model problem consists to solve the following optimization

vðt; xÞ ¼ sup
a2A

Jðt; x; aÞ; 8 x 2 Rn: ð6Þ

By dynamic programming, the resulting Hamilton–Jacobi–Bellamn (HJB) equation

(Krylov 2000) is given by

ovðt; xÞ
ot

þ sup
a2A

Lavðt; xÞ þ f ðt; x; aÞ½ � ¼ 0 on ½0; TÞ � Rn

vðT ; xÞ ¼ gðxÞ; x 2 Rn

8
<

:
ð7Þ

where

Lavðt; xÞ ¼
Xn

i¼1

ðbðt; x; aÞÞi
ovðt; xÞ
oxi

þ
Xn

i;j¼1

ðaaðt; xÞÞi;j
o2vðt; xÞ
oxi oxj

; ð8Þ

and aaðt; xÞ ¼ 1

2

�
rðt; x; aÞðrðt; x; aÞÞT

	
. The resulting Hamilton–Jacobi–Bellman

equation is typically a second order nonlinear partial differential equation, which

can degenerate and therefore should to solve accurately.

3 Fitted Finite Volume Method in Three Dimension HJB

As we have already mentioned, even for Black–Scholes PDEs for options pricing,

fitted technique for three dimensional space has be lacked in the literature to the best

of our knowledge. The goal here is to update the technique in Dleuna Nyoumbi and

Tambue (2021) and Wang (2004) to three dimensional HJB equation.

Consider the more generalized HJB Eq. (7) in dimension 3 which can be written

in the form by setting s ¼ T � t
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� ovðs; x; y; zÞ
os

þ sup
a2A

r � kðvðs; x; y; zÞÞð Þ þ cðs; x; y; z; aÞ vðs; x; y; zÞ½ � ¼ 0; ð9Þ

where kðvðs; x; y; zÞÞ ¼ Aðs; x; y; z; aÞ � rvðs; x; y; zÞ þ bðs; x; y; z; aÞ vðs; x; y; zÞ
with

b ¼ ðx b1; y b2; z b3ÞT ; A ¼
a11 a12 a13

a21 a22 a23

a31 a32 a33

2

64

3

75: ð10Þ

Indeed this divergence form is not a restriction as the differentiation is respect to

x, y and z and not respect to the control a, which may be discontinuous in some

applications. We will assume that a21 ¼ a12; a31 ¼ a13 and a32 ¼ a23. We also

define the following coefficients, which will help us to build our

scheme a11ðt; x; y; aÞ ¼ a1ðt; x; y; aÞ x2; a22ðt; x; y; aÞ ¼ a2ðt; x; y; aÞy2; a33ðt; x;
y; aÞ ¼ a3ðt; x; y; aÞz2, a12 ¼ a21 ¼ d1ðt; x; y; aÞ x y z, a13 ¼ a31 ¼ d2ðt; x; y; aÞ x y z
and a23 ¼ a32 ¼ d3ðt; x; y; aÞ x y z. Although this initial value problem (9) is defined

on the unbounded region R3, for computational reasons we often restrict to a

bounded region. As usual the three dimensional domain is truncated to

Ix ¼ ½0; xmax�, Iy ¼ ½0; ymax� and Iz ¼ ½0; zmax�. The truncated domain will be divided

into N1, N2 and N3 sub-intervals

Ixi :¼ ðxi; xiþ1Þ; Iyj :¼ ðyj; yjþ1Þ; Izk :¼ ðzk; zkþ1Þ;

i ¼ 0. . .N1 � 1; j ¼ 0. . .N2 � 1; k ¼ 0. . .N3 � 1 with 0 ¼ x0\x1\ � � � � � �\xN1

¼ xmax; 0 ¼ y0\y1\ � � � � � �\yN2
¼ ymax and 0 ¼ z0\z1\ � � � � � �\zN3

¼ zmax.

This defines on Ix � Iy � Iz a rectangular mesh.

By setting

xiþ1=2 :¼ xi þ xiþ1

2
; xi�1=2 :¼ xi þ xi�1

2
; yjþ1=2 :¼ yj þ yjþ1

2
;

yj�1=2 :¼ yj þ yj�1

2
; zkþ1=2 :¼ zk þ zkþ1

2
; zk�1=2 :¼ zk þ zk�1

2
;

ð11Þ

for each i ¼ 1. . .N1 � 1 j ¼ 1. . .N2 � 1 and each k ¼ 1. . .N3 � 1. These mid-

points form a second partition of Ix � Iy � Iz if we define x�1=2 ¼ x0,

xN1þ1=2 ¼ xmax, y�1=2 ¼ y0, yN2þ1=2 ¼ ymax and z�1=2 ¼ z0, zN3þ1=2 ¼ zmax. For

each i ¼ 0; 1; . . .;N1, j ¼ 0; 1; . . .;N2 and k ¼ 0; 1; . . .;N3, we set

hxi ¼ xiþ1=2 � xi�1=2, hyj ¼ yjþ1=2 � yj�1=2, hzk ¼ zkþ1=2 � zk�1=2 and define the

grids points as

G ¼ ðxi; yj; zkÞ : 1� i�N1 � 1; 1� j�N2 � 1; 1� k�N3 � 1

 �

:

Integrating both size of (9) over Ri;j;k ¼ xi�1=2; xiþ1=2

� 
� yj�1=2; yjþ1=2

� 
�

zk�1=2; zkþ1=2

� 
we have
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�
Z xiþ1=2

xi�1=2

Z yjþ1=2

yj�1=2

Z zkþ1=2

zk�1=2

ov

os
dx dy dz

þ
Z xiþ1=2

xi�1=2

Z yjþ1=2

yj�1=2

Z zkþ1=2

zk�1=2

sup
a2A

r � kðvÞð Þ þ c v½ � dx dy dz ¼ 0;

ð12Þ

for i ¼ 1; 2; . . .;N1 � 1, j ¼ 1; 2; . . .;N2 � 1, k ¼ 1; 2; . . .;N3 � 1.

Applying the mid-points quadrature rule to the first and the last point terms, we

obtain the above

� o vi;j;kðsÞ
o s

li;j;k þ sup
a2A

Z

Ri;j;k

r � kðvÞð Þ dx dy dzþ ci;j;kðs; aÞ vi;j;kðsÞ li;j;k

" #

¼ 0

ð13Þ

for i ¼ 1; 2; . . .N1 � 1, j ¼ 1; 2; . . .N2 � 1, k ¼ 1; 2; . . .N3 � 1 where li;j;k ¼
xiþ1=2 � xi�1=2

� �
� yjþ1=2 � yj�1=2

� �
� zkþ1=2 � zk�1=2

� �
is the volume of Ri;j;k.

Note that vi;j;kðsÞ denotes the nodal approximation to vðs; xi; yj; zkÞ at each point of

the grid.

We now consider the approximation of the middle term in (13). Let n denote the

unit vector outward-normal to oRi;j;k. By Ostrogradski Theorem, integrating by

parts and using the definition of flux k, we have
Z

Ri;j;k

r � kðvÞð Þdx dy dz ¼
Z

oRi;j;k

k � n ds

¼
Z xiþ1=2;yjþ1=2;zkþ1=2ð Þ

xiþ1=2;yj�1=2;zk�1=2ð Þ
a11

ov

dx
þ a12

dv

oy
þ a13

ov

oz
þ x b1 v

� 	
dy dz

�
Z xi�1=2;yjþ1=2;zkþ1=2ð Þ

xi�1=2;yj�1=2;zk�1=2ð Þ
a11

ov

ox
þ a12

ov

oy
þ a13

ov

oz
þ x b1 v

� 	
dy dz

þ
Z xiþ1=2;yjþ1=2;zkþ1=2ð Þ

xi�1=2;yjþ1=2;zk�1=2ð Þ
a21

ov

ox
þ a22

ov

dy
þ a23

ov

oz
þ y b2 v

� 	
dx dz

�
Z xiþ1=2;yj�1=2;zkþ1=2ð Þ

xi�1=2;yj�1=2;zk�1=2ð Þ
a21

ov

ox
þ a22

ov

oy
þ a23

ov

oz
þ y b2 v

� 	
dx dz

þ
Z xiþ1=2;yjþ1=2;zkþ1=2ð Þ

xi�1=2;yj�1=2;zkþ1=2ð Þ
a31

ov

ox
þ a32

ov

oy
þ a33

ov

oz
þ z b3 v

� 	
dx dy

�
Z xiþ1=2;yjþ1=2;zk�1=2ð Þ

xi�1=2;yj�1=2;zk�1=2ð Þ
a31

ov

ox
þ a32

ov

oy
þ a33

ov

oz
þ z b3 v

� 	
dx dy:

ð14Þ

Note that
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Z x1;y2;z2ð Þ

x1;y1;z1ð Þ
f ðx; y; zÞdydz :¼

Z y2

y1

Z z2

z1

f ðx1; y; zÞdzdy: ð15Þ

We shall look at (14) term by term. For the first term we want to approximate the

integral by a constant, i.e,

Z xiþ1=2;yjþ1=2;zkþ1=2ð Þ

xiþ1=2;yj�1=2;zk�1=2ð Þ
a11

ov

ox
þ a12

ov

oy
þ a13

ov

oz
þ x b1 v

� 	
dy dz

� a11

ov

ox
þ a12

ov

oy
þ a13

ov

oz
þ x b1 v

� 	����
xiþ1=2;yj;zkð Þ

� hyj � hzk :
ð16Þ

To achieve this, it is clear that we now need to derive approximations of the kðvÞ � n
defined above at the mid-point xiþ1=2; yj; zk

� �
, of the interval Ixi for

i ¼ 0; 1; . . .N1 � 1. This discussion is divided into two cases for i� 1, and i ¼ 0 on

the interval Ix0
¼ ½0; x1�. This is really an extension of the two dimensional fitted

finite volume presented (Huang et al. 2010).

Case I: For i� 1.

Let set a11ðs; x; y; z; aÞ ¼ a1ðs; x; y; z; aÞ x2. We approximate the term

a11

ov

ox
þ x b1 v

� 	
by solving the following two points boundary value problem

a1ðs; xiþ1=2; yj; zk; ai;j;kÞ x
ov

ox
þ b1ðs; xiþ1=2; yj; zk; ai;j;kÞ v

� 	0
¼ 0;

vðxi; yj; zkÞ ¼ vi;j;k; vðxiþ1; yj; zkÞ ¼ viþ1;j;k;

ð17Þ

integrating (17) yields the first-order linear equations

a1ðs; xiþ1=2; yj; zk; ai;j;kÞ x
ov

ox
þ b1ðs; xiþ1=2; yj; zk; ai;j;kÞ v ¼ C1; ð18Þ

where C1 denotes an additive constant. As in Huang et al. (2010), we get

C1 ¼
b1iþ1=2;j;kðs; ai;j;kÞ x

bi;j;kðsÞ
iþ1 viþ1;j;k � x

bi;j;kðsÞ
i vi;j;k

� �

x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

: ð19Þ

Therefore,
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a11

ov

ox
þ a12

ov

oy
þ a13

ov

oz
þ x b1 v

����
xiþ1=2;yj;zkð Þ

� xiþ1=2

b1iþ1=2;j;kðs; ai;j;kÞ x
bi;j;kðsÞ
iþ1 viþ1;j;k � x

bi;j;kðsÞ
i vi;j;k

� �

x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

0

@

þd1i;j;kðs; ai;j;kÞ yj zk
ov

oy

����
x1iþ1=2

;yj;zk

� � þ d2i;j;kðs; ai;j;kÞ yj zk
ov

oz

����
x1iþ1=2

;yj;zk

� �

1

A;

ð20Þ

where bi;j;kðsÞ ¼
b1iþ1=2;j;kðs; ai;j;kÞ
a1iþ1=2;j;kðs; ai;j;kÞ

, a12 ¼ a21 ¼ d1ðs; x; y; z; aÞ x y z and

a13 ¼ a31 ¼ d2ðs; x; y; z; aÞ x y z.
Note that in this deduction, we have assumed that b1iþ1=2;j;kðs; ai;j;kÞ 6¼ 0. Finally,

we use the forward difference,

ov

oy

����
xiþ1=2;yj;zkð Þ

� vi;jþ1;k � vi;j;k
hyj

;
ov

oz

����
xiþ1=2;yj;zkð Þ

� vi;j;kþ1 � vi;j;k
hzk

:

We finally have

a11

ov

ox
þ a12

ov

oy
þ a13

ov

oz
þ x b1 v

� �

xiþ1=2;yj;zkð Þ
�hyj � hzk

� xiþ1=2

b1iþ1=2;j;kðs; ai;j;kÞ x
bi;j;kðsÞ
iþ1 viþ1;j;k � x

bi;j;kðsÞ
i vi;j;k

� �

x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

0

@

þd1i;j;kðs; ai;j;kÞ yj zk
vi;jþ1;k � vi;j;k

hyj
þ d2i;j;kðs; ai;j;kÞ yj zk

vi;j;kþ1 � vi;j;k
hzk

	
� hyj � hzk :

ð21Þ

Similarly, the second term in (14) can be approximated by

a11

ov

ox
þ a12

ov

oy
þ a13

ov

oz
þ x b1 v

� �

xi�1=2;yj;zkð Þ
�hyj � hzk

� xi�1=2

b1i�1=2;j;kðs; ai;j;kÞ x
bi�1;j;kðsÞ
i vi;j;k � x

bi�1;j;kðsÞ
i�1 vi�1;j;k

� �

x
bi�1;j;kðsÞ
i � x

bi�1;j;kðsÞ
i�1

0

@

þd1i;j;kðs; ai;j;kÞ yj zk
vi;jþ1;k � vi;j;k

hyj
þ d2i;j;kðs; ai;j;kÞ yj zk

vi;j;kþ1 � vi;j;k
hzk

	
� hyj � hzk :

ð22Þ
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Case II Approximation of the flux at i ¼ 0 on the interval Ix0
¼ ½0; x1�. Note that the

analysis in the case I does not apply to the approximation of the flux on Ix0
because

it is the degenerated zone. Therefore, we reconsider the following form

�
a1x1=2;j;kðs; a1;j;kÞ x

ov

ox
þ b1x1=2;j;kðs; aÞ v

	0
	 C2 in ½0; x1�

vðx0; yj; zkÞ ¼ v0;j;k; vðx1; yj; zkÞ ¼ v1;j;k;

ð23Þ

where C2 is an unknown constant to be determined. Integrating (23), we find

a1ðs; a1;j;kÞ x
ov

ox
þ b1 v

� 	����
x11=2

;yj;zk

� �

¼ 1

2
ða1x1=2;j;kðs; a1;j;kÞ þ b1x1=2;j;kðs; a1;j;kÞÞv1;j;k

h

� ða1x1=2;j;kðs; a1;j;kÞ � b1x1=2;j;kðs; a1;j;kÞÞv0;j;k

i

ð24Þ

and deduce that

a11

ov

ox
þ a12

ov

oy
þ a13

ov

oz
þ x b1 v

� �

x1=2;yj;zkð Þ
�hyj � hzk

� x1=2

1

2
ða1x1=2;j;kðs; a1;j;kÞ þ b1x1=2;j;kðs; a1;j;kÞÞ v1;j;k

h�

�ða1x1=2;j;kðs; a1;j;kÞ � b1x1=2;j;kðs; a1;j;kÞÞ v0;j;k

i

þd11;j;kðs; a1;j;kÞ yj zk
v1;jþ1;k � v1;j;k

hyj

þd21;j;kðs; a1;j;kÞ yj zk
v1;j;kþ1 � v1;j;k

hzk

	
� hyj � hzk :

ð25Þ

Remark 1 Notice that if Ix ¼ ½f; xmax� with f 6¼ 0, we do not need to truncate the

interval Ix, we just apply the fitted finite volume method directly as for i� 1.

Case III For j� 1. For the third term in (14) we want to approximate the integral

by a constant, i.e,

Z xiþ1=2;yjþ1=2;zkþ1=2ð Þ

xi�1=2;yjþ1=2;zk�1=2ð Þ
a21

ov

ox
þ a22

ov

oy
þ a23

ov

oz
þ y b2 v

� 	
dx dz

� a21

ov

ox
þ a22

ov

oy
þ a23

ov

oz
þ y b2 v

� 	
j xi;yjþ1=2;zkð Þ � hxi � hzk :

ð26Þ

Following the same procedure for the case I of this section, we find that
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a21

ov

ox
þ a22

ov

oy
þ a23

ov

oz
þ y b2 v

� �

xi;yjþ1=2;zkð Þ
�hxi � hzk

� yjþ1=2

b2i;jþ1=2;kðs; ai;j;kÞ y
b1 i;j;kðsÞ
jþ1 vi;jþ1;k � y

b1 i;j;kðsÞ
j vi;j;k

� �

y
b1 i;j;kðsÞ
jþ1 � y

b1 i;j;kðsÞ
j

0

@

þd1i;j;kðs; ai;j;kÞ xi zk
viþ1;j;k � vi;j;k

hxi
þ d3i;j;kðs; ai;j;kÞ xi zk

vi;j;kþ1 � vi;j;k
hzk

	
� hxi � hzk ;

ð27Þ

where b1i; j; kðsÞ ¼
b2i;jþ1=2;kðs; ai;j;kÞ
a2i;jþ1=2;kðs; ai;j;kÞ

, a22ðs; x; y; z; aÞ ¼ a2ðs; x; y; z; aÞ y2; and

a23 ¼ a32 ¼ d3ðs; x; y; z; aÞ x y z. Similary, the fourth term in (14) can be approxi-

mated by

a21

ov

dox
þ a22

ov

oy
þ a23

ov

oz
þ y b2 v

� �

xi;yj�1=2;zkð Þ
�hxi � hzk

� yj�1=2

b2i;j�1=2;kðs; ai;j;kÞ y
b1 i;j�1;kðsÞ
j vi;j;k � y

b1 i;j�1;kðsÞ
j�1 vi;j�1;k

� �

y
b1 i;j�1;kðsÞ
j � y

b1 i;j�1;kðsÞ
j�1

0

@

þd1i;j;kðs; ai;j;kÞ xi zk
viþ1;j;k � vi;j;k

hxi
þ d3i;j;kðs; ai;j;kÞ xi zk

vi;j;kþ1 � vi;j;k
hzk

	
� hxi � hzk :

ð28Þ

Case IV Approximation of the flux at Iy0
i.e for j ¼ 0. Using the same procedure

for the approximation of the flux at Ix0
, we deduce that

a21

ov

ox
þ a22

ov

oy
þ a23

ov

oz
þ y b2 v

� �

xi;y1=2;zkð Þ
�hxi � hzk

� y1=2

1

2
ða2i;y1=2;kðs; ai;1;kÞ þ b2i;y1=2;kðs; ai;1;kÞÞvi;1;k
h�

�ða2i;y1=2;kðs; ai;1;kÞ � b2i;y1=2;kðs; ai;1;kÞÞ vi;0;k
i

þd1i;1;kðs; ai;1;kÞ xi zk
viþ1;1;k � vi;1;k

hxi

þd3i;1;kðs; ai;1;kÞ xi zk
vi;1;kþ1 � vi;1;k

hzk

	
� hxi � hzk :

ð29Þ

For the fifth term in (14) we want to approximate the integral with a constant.

Following the same procedure as in the case I and case III, we have
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a31

ov

ox
þ a32

ov

oy
þ a33

ov

oz
þ z b3 v

� �

xi;yj;zkþ1=2ð Þ
�hxi � hyj

� zkþ1=2

b3i;j;kþ1=2ðs; ai;j;kÞ z
b2 i;j;kðsÞ
kþ1 vi;j;kþ1 � z

b2 i;j;kðsÞ
k vi;j;k

� �

z
b2 i;j;kðsÞ
kþ1 � z

b2 i;j;kðsÞ
k

0

@

þd2i;j;kðs; ai;j;kÞ xi yj
viþ1;j;k � vi;j;k

hxi
þ d3i;j;kðs; ai;j;kÞ xi yj

vi;jþ1;k � vi;j;k
hyj

	
� hxi � hyj ;

ð30Þ

where b2i; j; kðsÞ ¼
b3i;j;kþ1=2ðs; ai;j;kÞ
�a3i;j;kþ1=2ðs; ai;j;kÞ

, a33ðs; x; y; z; aÞ ¼ a3ðs; x; y; z; aÞ z2.

Similarly, the sixth term in (14) can be approximated by

a31

ov

ox
þ a32

ov

oy
þ a33

ov

oz
þ z b3 v

� �

xi;yj;zk�1=2ð Þ
�hxi � hyj

� zk�1=2

b3i;j;k�1=2ðs; ai;j;kÞ z
b2 i;j;k�1ðsÞ
k vi;j;k � z

b2 i;j;k�1ðsÞ
k�1 vi;j;k�1

� �

z
b2 i;j;k�1ðsÞ
k � z

b2 i;j;k�1ðsÞ
k�1

0

@

þd2i;j;kðs; ai;j;kÞ xi yj
viþ1;j;k � vi;j;k

hxi
þ d3i;j;kðs; ai;j;kÞ xi yj

vi;jþ1;k � vi;j;k
hyj

	
� hxi � hyj :

ð31Þ

Case V Approximation of the flux at Iz0
. Using the same procedure for the

Approximation of the flux at Iz0
, we deduce that

a31

ov

ox
þ a32

ov

oy
þ a33

ov

oz
þ z b3 v

� �

xi;yj;z1=2ð Þ
�hxi � hyj

� z1=2

1

2
ð �a3i;j;z1=2

ðs; ai;j;1Þ þ b3i;j;z1=2
ðs; ai;j;1ÞÞ vi;j;1

h�

�ðða3i;j;z1=2
ðs; ai;j;1Þ � b3i;j;z1=2

ðs; ai;j;1ÞÞvi;j;0
i

þd2i;j;1ðs; ai;j;1Þ xi yj
viþ1;j;1 � vi;j;1

hxi
þ d3i;j;1ðs; ai;j;1Þ xi yj

vi;jþ1;1 � vi;j;1
hyj

	
� hxi � hyj :

Equation (13) becomes by replacing the flux by his value for i ¼ 1; . . .;N1 � 1,

j ¼ 1; . . .;N2 � 1, k ¼ 1; . . .;N3 � 1 and N ¼ ðN1 � 1Þ � ðN2 � 1Þ � ðN3 � 1Þ
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� d vi;j;kðsÞ
d s

þ sup
ai;j;k2AN

ei;j;ki�1;j;k vi�1;j;k þ ei;j;ki;j;k vi;j;k þ ei;j;kiþ1;j;k viþ1;j;k

h

þei;j;ki;j�1;k vi;j�1;k þ ei;j;ki;jþ1;kvi;jþ1 þ ei;j;ki;j;k�1 vi;j�1;k þ ei;j;ki;j;kþ1vi;j;kþ1

i
¼ 0;

with vð0Þ given;

8
>>>><

>>>>:

ð32Þ

This can be rewritten as the Ordinary Differential Equation (ODE) coupled with

optimization

d vðsÞ
d s

¼ sup
a2AN

Aðs; aÞ vðsÞ þ Gðs; aÞ½ �

with vð0Þ given;

8
><

>:
ð33Þ

or

d vðsÞ
d s

þ inf
a2AN

Eðs; aÞ vðsÞ þ Fðs; aÞ½ � ¼ 0;

with vð0Þ given;

8
<

:
ð34Þ

where Aðs; aÞ ¼ �Eðs; aÞ is an N � N matrix, AN ¼ A�A� � � � � A|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðN1�1Þ�ðN2�1Þ�ðN3�1Þ

Gðs; aÞ ¼ �Fðs; aÞ depends of the boundary condition and the term c, v ¼ vi;j;k
� �

.

By setting n1 ¼ N1 � 1; n2 ¼ N2 � 1; n3 ¼ N3 � 1; I :¼ Iði; j; kÞ ¼ iþ ðj�
1Þn1 þ ðk � 1Þn1n2 and J :¼ Jði0; j0; k0Þ ¼ i0 þ ðj0 � 1Þn1 þ ðk0 � 1Þn1n2, we have

Eðs; aÞðI; JÞ ¼ ei;j;ki0;j0;k0

� �
, i0; i ¼ 1; . . .;N1 � 1, j0; j ¼ 1; . . .;N2 � 1 and k0; k ¼

1; . . .;N3 � 1 where the coefficients are defined by

ei;j;kiþ1;j;k ¼� d2i;j;kðs; ai;j;kÞ xi yj
hxi

� d1i;j;kðs; ai;j;kÞ xi zk
hxi

� xiþ1=2

b1iþ1=2;j;kðs; ai;j;kÞ x
bi;j;kðsÞ
iþ1

hxi x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

� � ;

ei;j;ki�1;j;k ¼� xi�1=2

b1i�1=2;j;kðs; ai;j;kÞ x
bi�1;j;kðsÞ
i�1

hxi x
bi�1;j;kðsÞ
i � x

bi�1;j;kðsÞ
i�1

� � ;

ei;j;ki;jþ1;k ¼�
d1i;j;kðs; ai;j;kÞ yj zk

hyj
�
d3i;j;kðs; ai;j;kÞ xi yj

hyj

� yjþ1=2

b2i;jþ1=2;kðs; ai;j;kÞ y
b1 i;j;kðsÞ
jþ1

hyj y
b1 i;j;kðsÞ
jþ1 � y

b1 i;j;kðsÞ
j

� � ;
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ei;j;ki;j�1;k ¼ � yj�1=2

b2i;j�1=2;kðs; ai;j;kÞ y
b1 i;j�1;kðsÞ
j�1

hyj y
b1 i;j�1;kðsÞ
j � y

b1 i;j�1;kðsÞ
j�1

� � ; ei;j;ki;j;kþ1

¼ � d2i;j;kðs; ai;j;kÞ yj zk
hzk

�
d3i;j;kðs; ai;j;kÞxi zk

hzk

� zkþ1=2

b3i;j;kþ1=2ðs; ai;j;kÞ z
b2 i;j;kðsÞ
kþ1

hzk z
b2 i;j;kðsÞ
kþ1 � z

b2 i;j;kðsÞ
k

� � ; ei;j;ki;j;k�1

¼ � zk�1=2

b3i;j;k�1=2ðs; ai;j;kÞ z
b2 i;j;k�1ðsÞ
k�1

hzk z
b2 i;j;k�1ðsÞ
k � z

b2 i;j;k�1ðsÞ
k�1

� � ; ð35Þ

and

ei;j;ki;j;k ¼xi�1=2

b1i�1=2;j;kðs; ai;j;kÞ x
bi�1;j;kðsÞ
i

hxi x
bi�1;j;kðsÞ
i � x

bi�1;j;kðsÞ
i�1

� � þ yj�1=2

b2i;j�1=2;kðs; ai;j;kÞ y
b1 i;j�1;kðsÞ
j

hyj y
b1 i;j�1;kðsÞ
j � y

b1 i;j�1;kðsÞ
j�1

� �

þ
d3i;j;kðs; ai;j;kÞ xi yj

hyj
þ
d3i;j;kðs; ai;j;kÞ xi zk

hzk
þ
d2i;j;kðs; ai;j;kÞ xi yj

hxi

� ci;j;kðs; ai;j;kÞ þ
d1i;j;kðs; ai;j;kÞ yj zk

hyj
þ d2i;j;kðs; ai;j;kÞ yj zk

hzk
þ d1i;j;kðs; ai;j;kÞ xi zk

hxi

þ zk�1=2

b3i;j;k�1=2ðs; ai;j;kÞ z
b2 i;j;k�1ðsÞ
k

hzk z
b2 i;j;k�1ðsÞ
k � z

b2 i;j;k�1ðsÞ
k�1

� � þ zkþ1=2

b3i;j;kþ1=2ðs; ai;j;kÞ z
b2 i;j;kðsÞ
k

hzk z
b2 i;j;kðsÞ
kþ1 � z

b2 i;j;kðsÞ
k

� �

þ xiþ1=2

b1iþ1=2;j;kðs; ai;j;kÞ x
bi;j;kðsÞ
i

hxi x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

� � þ yjþ1=2

b2i;jþ1=2;kðs; ai;j;kÞ y
b1 i;j;kðsÞ
j

hyj y
b1 i;j;kðsÞ
jþ1 � y

b1 i;j;kðsÞ
j

� �

ð36Þ

for i ¼ 2; . . .;N1 � 1, j ¼ 2; . . .;N2 � 1 and k ¼ 2; . . .;N3 � 1 and

e1;j;k
0;j;k ¼� 1

2 x2

x1ð �a1x1=2;i;jðs; a1;j;kÞ � b1x1=2;j;kðs; a1;j;kÞÞ v0;j;k;

e1;j;k
1;j;k ¼

1

2 x2

x1ð �a1x1=2;i;jðs; a1;j;kÞ þ b1x1=2;j;kðs; a1;j;kÞÞ �
1

3
c1;j;kðs; a1;j;kÞ

þ d21;j;kðs; a1;j;kÞ x1 yj

hx1

þ d11;j;kðs; a1;j;kÞ x1 zk

hx1

þ x1þ1=2

b11þ1=2;j;kðs; a1;j;kÞ x
b1;j;kðsÞ
1

hx1
x
b1;j;kðsÞ
2 � x

b1;j;kðsÞ
1

� � ;
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e1;j;k
2;j;k ¼ � d21;j;kðs; a1;j;kÞ x1 yj

hx1

� d11;j;kðs; a1;j;kÞ x1 zk

hx1

� x1þ1=2

b11þ1=2;j;kðs; a1;j;kÞ x
b1;j;kðsÞ
2

hx1
x
b1;j;kðsÞ
2 � x

b1;j;kðsÞ
1

� � ; ei;1;ki;0;k

¼ � 1

2 y2

y1ð �a2i; y1=2; kðs; ai;1;kÞ � b2i;y1=2;kðs; ai;1;kÞÞ vi;0;k; e
i;1;k
i;1;k

¼ 1

2 y2

y1ð �a2i;y1=2;kðs; ai;1;kÞ þ b2i;y1=2;kðs; ai;1;kÞÞ �
1

3
ci;1;kðs; ai;1;kÞ

þ d1i;1;kðs; ai;1;kÞ y1 zk

hy1

þ d3i;1;kðs; ai;1;kÞ xi y1

hy1

þ y1þ1=2

b2i;1þ1=2;kðs; ai;1;kÞ y
b1 i;1;kðsÞ
1

hy1
y
b1 i;1;kðsÞ
2 � y

b1 i;1;kðsÞ
1

� � ; ð37Þ

ei;1;ki;2;k ¼� d1i;1;kðs; ai;1;kÞ y1 zk

hy1

� d3i;1;kðs; ai;1;kÞ xi y1

hy1

� y1þ1=2

b2i;1þ1=2;kðs; ai;1;kÞ y
b1 i;1;kðsÞ
2

hy1
y
b1 i;1;kðsÞ
2 � y

b1 i;1;kðsÞ
1

� � ;

ð38Þ

ei;j;1i;j;0 ¼� 1

2 z2

z1ð �a3i;j;z1=2
ðs; ai;j;1Þ � b3i;j;z1=2

ðs; ai;j;1ÞÞ vi;j;0;

ei;j;1i;j;1 ¼ 1

2 z2

z1ð �a3i;j;z1=2
ðs; ai;j;1Þ þ b3i;j;z1=2

ðs; ai;j;1ÞÞ

� 1

3
ci;j;1ðs; ai;j;1Þ þ

d2i;j;1ðs; ai;j;1Þ yj z1

hz1

þ
d3i;j;1ðs; ai;j;1Þ xi z1

hz1

þ z1þ1=2

b3i;j;1þ1=2ðs; ai;j;1Þ z
b2 i;j;1ðsÞ
1

hz1
z
b2 i;j;1ðsÞ
2 � z

b2 i;j;1ðsÞ
1

� � ;

ei;j;1i;j;2 ¼�
d2i;j;1ðs; ai;j;1Þ yj z1

hz1

�
d3i;j;1ðs; ai;j;1Þ xi z1

hz1

� z1þ1=2

b3i;j;1þ1=2ðs; ai;j;1Þ z
b2 i;j;1ðsÞ
2

hz1
z
b2 i;j;1ðsÞ
2 � z

b2 i;j;1ðsÞ
1

� � :

ð39Þ

G collects the given homogeneous boundary therm v0;j;k; vi;0;k; vi;j;0; vN1;j;k; vi;N2;k

and vi;j;N3
for i ¼ 1; . . .;N1 � 1, j ¼ 1; . . .;N2 � 1 and k ¼ 1; . . .;N3 � 1.
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Theorem 1 Assume that the coefficients of A given by (10) are positive and c\0.1

Let

h ¼ max
i¼1;...;N1�1
j¼1;...;N2�1;

k¼1;...;N3�1

fhxi ; hyj ; hzkg; ð40Þ

if h is relatively small then the matrix Eðs; aÞ in the system (34) is an M-matrix for

any ai;j;k 2 AN .

Proof Let us show that Eðs; aÞ has positive diagonals, non-positive off-diagonals,

and is diagonally dominant. We first note that

b1iþ1=2;j;kðs; ai;j;kÞ
x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

¼
�a1i;j;kðs; ai;j;kÞ bi;j;kðsÞ
x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

[ 0;

b2i;jþ1=2;kðs; ai;j;kÞ
y
b1 i;j;kðsÞ
jþ1 � y

b1 i;j;kðsÞ
j

¼
�a2i;j;kðs; ai;j;kÞ b1i;j;kðsÞ

y
b1 i;j;kðsÞ
jþ1 � y

b1 i;j;kðsÞ
j

[ 0;

b3i;j;kþ1=2ðs; ai;j;kÞ

z
b2 i;j;kðsÞ
kþ1 � z

b2 i;j;kðsÞ
k

¼
�a3i;j;kðs; ai;j;kÞ b2i;j;kðsÞ

z
b2 i;j;kðsÞ
kþ1 � z

b2 i;j;kðsÞ
k

[ 0;

ð41Þ

for i ¼ 1; . . .;N1 � 1, j ¼ 1; . . .;N2 � 1, k ¼ 1; . . .;N3 � 1 and all b1iþ1=2;j;kðs; ai;j;kÞ 6
¼ 0; b2i;jþ1=2;kðs; ai;j;kÞ 6¼ 0; b3i;j;kþ1=2ðs; ai;j;kÞ 6¼ 0 with �a1i;j;kðs; ai;j;kÞ[ 0,

�a2i;j;kðs; ai;j;kÞ[ 0 and �a3i;j;kðs; ai;j;kÞ[ 0.

This also holds when b1iþ1=2;j;kðs; ai;j;kÞ ! 0, b2i;jþ1=2;kðs; ai;j;kÞ ! 0 and

b3i;j;kþ1=2ðs; ai;j;kÞ ! 0. Indeed

lim
b1 iþ1=2;j;kðs;aÞ!0

b1iþ1=2;j;kðs; aÞ
x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i

¼
b1iþ1=2;j;kðs; aÞ

ebi;j;kðsÞ lnðxiþ1Þ � ebi;j;kðsÞ lnðxiÞ

¼
b1iþ1=2;j;kðs; aÞ

bi;j;kðsÞ lnðxiþ1Þ � bi;j;kðsÞ lnðxiÞ

¼ �a1iþ1=2;j;kðs; aÞ ln
xiþ1

xi

� 	�1

[ 0;

lim
b1 i�1=2;j;kðs;aÞ!0

b1i�1=2;j;kðsÞ
x
bi�1;j;kðsÞ
i � x

bi�1;jðsÞ
i�1

¼
b1i�1=2;j;kðs; aÞ

ebi�1;j;kðsÞ lnðxiÞ � ebi�1;j;kðsÞ lnðxi�1Þ

¼
b1i�1=2;j;kðs; aÞ

bi�1;j;kðsÞ lnðxiÞ � bi�1;jðsÞ lnðxi�1Þ

¼ �a1i�1=2;j;kðs; aÞ ln
xi
xi�1

� 	�1

[ 0;

1 Indeed c can be positive but should be less than a certain threshold c0 [ 0.
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Indeed

lim
b2 i;jþ1=2;kðs;aÞ!0

b2i;jþ1=2;kðsÞ
y
b1 i;j;kðsÞ
jþ1 � y

b1 i;j;kðsÞ
j

[ 0;

lim
b2 i;j�1=2;kðs;aÞ!0

b2i;j�1=2;kðsÞ
y
b1 i;j�1;kðsÞ
j � y

b1 i;j�1;kðsÞ
j�1

[ 0;

lim
b3 i;j;kþ1=2ðs;aÞ!0

b3i;j;kþ1=2ðsÞ

z
b2 i;j;kðsÞ
kþ1 � z

b2 i;j;kðsÞ
k

[ 0;

lim
b3 i;j;k�1=2ðs;aÞ!0

b3i;j;k�1=2ðsÞ

z
b1 i;j;k�1ðsÞ
k � z

b2 i;j;k�1ðsÞ
k�1

[ 0:

Using the definition of Eðs; aÞ ¼ ei;j;ki;j;k

� �
, i ¼ 1; . . .;N1 � 1, j ¼ 1; . . .;N2 � 1

and k ¼ 1; . . .;N3 � 1 given above, we see that

ei;j;ki;j;k > 0; ei;j;kiþ1;j;k 6 0; ei;j;ki�1;j;k 6 0 ; ei;j;ki;jþ1;k 6 0;

ei;j;ki;j�1;k 6 0; ei;j;ki;j;kþ1 6 0; and ei;j;ki;j;k�1 6 0;

For i ¼ 2; . . .;N1 � 1, j ¼ 2; . . .;N2 � 1 and k ¼ 2; . . .;N3 � 1, since

x
bi;j;kðsÞ
iþ1 � x

bi;j;kðsÞ
i þ x

bi;j;kðsÞ�1

i bi;j;kðsÞ hxi ,
x
bi�1;j;kðsÞ
i�1 � x

bi�1;j;kðsÞ
i � x

bi�1;j;kðsÞ�1

i bi�1;j;kðsÞ hxi
y
b1 i;j;kðsÞ
jþ1 � y

b1 i;j;kðsÞ
j þ y

b1 i;j;kðsÞ�1

j b1i;j;kðsÞ hyj ,
y
b1 i;j�1;kðsÞ
j�1 � y

b1 i;j�1;kðsÞ
j � y

b1 i;j�1;kðsÞ�1

j b1i;j�1;kðsÞ hyj
z
b2 i;j;kðsÞ
kþ1 � z

b2 i;j;kðsÞ
k þ z

b2 i;j;kðsÞ�1

k b2i;j;kðsÞ hzk and

z
b2 i;j;k�1ðsÞ
k�1 � z

b2 i;j;k�1ðsÞ
k � z

b2 i;j;k�1ðsÞ�1

k b2i;j;k�1ðsÞ hzk , when h ¼ maxfhxi ; hyj ; hzkg
�! 0,

ei;j;ki;j;k

���
���� ei;j;ki�1;j;k

���
���� ei;j;ki;j�1;k

���
���� ei;j;ki;j;k�1

���
���� ei;j;kiþ1;j;k

���
���� ei;j;ki;jþ1;k

���
���� ei;j;kþ1

i;j;k

���
���

! �ci;j;kðs; ai;j;kÞ;

we have

ei;j;ki;j;k

���
���� ei;j;ki�1;j;k

���
���þ ei;j;ki;j�1;k

���
���þ ei;j;ki;jþ1;k

���
���þ ei;j;kiþ1;j;k

���
���þ ei;j;ki;j;kþ1

���
���þ ei;j;ki;j;k�1

���
���

�
XN1�1

m¼1

XN2�1

n1¼1

XN3�1

n2¼1

ei;j;km;n1;n2

���
���; m 6¼ i; n1 6¼ j; n2 6¼ k;

We also have similar inequalities when one of the indices i, j, k is equal to 1.

Therefore Eðs; aÞ is an M -matrix. h
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4 Fitted Finite Volume Scheme in n Dimensional Spatial Domain

The goal here is to update our three dimension fitted schemes in high dimensional

space (n� 3). Recall that the HJB equation in n� 1 dimensional space is given by

vtðt; xÞ þ sup
a2A

Lavðt; xÞ þ f ðt; x; aÞ½ � ¼ 0 on ½0; T � � Rn;

vðT ; xÞ ¼ gðxÞ; x 2 Rn

(

ð42Þ

where La vðt; xÞ ¼ 1

2

Xn

i;j¼1

ðrrTÞi;jðt; x; aÞ
o2vðt; xÞ
oxi oxj

þ
Xn

i¼1

biðt; x; aÞ
ovðt; xÞ
oxi

:

The divergence form of equation (42) by setting s ¼ T � t is given by

� ovðs; xÞ
os

þ sup
a2A

r � kðvðs; xÞÞð Þ þ cðs; x; aÞ vðs; xÞ½ � ¼ 0; ð43Þ

where kðvðs; xÞÞ ¼ Aðs; x; aÞrvðs; xÞ þ bðs; x; aÞ vðs; xÞ with

b ¼ ðx1 b1; x2 b2; x3 b3; . . .; xn bnÞT ; A ¼

a11 a12 a13 � � � a1n

a21 a22 a23 � � � a2n

a31 a32 a33 � � � a3n

..

. ..
. ..

. ..
. ..

.

an1 an2 an3 � � � ann

2

66666664

3

77777775

: ð44Þ

Indeed this divergence form is not a restriction as the differentiation is respect to x
and not respect to the control a, which may be discontinuous in some applications.

We will assume that for i 6¼ r; air ¼ ari; r; i ¼ 1; . . .; n. We also define the fol-

lowing coefficients, which will help us to build our scheme smoothly

aiiðs; x; aÞ ¼ aiðs; x; aÞ x2
i and air ¼ ari ¼ dirðs; x; aÞ

Yn

i¼1

xi ¼ driðs; x; aÞ
Yn

i¼1

xi; r 6¼ i;

i; r ¼ 1; . . .; n: As usual the n dimensional domain is truncated to Ixi ¼ ½0; ximax�,
i ¼ 1; . . .; n be divided into Ni sub-intervals

Ix1 j
¼ ðx1j; x1jþ1Þ; Ix2k

¼ ðx2k; x2kþ1Þ; Ix3 l
¼ ðx3l; x3lþ1Þ; . . .; Ixnm ¼ ðxnm; xnmþ1Þ

j ¼ 0. . .N1 � 1; k ¼ 0. . .N2 � 1; l ¼ 0. . .N3 � 1; . . .;m ¼ 0. . .Nn � 1; with

0 ¼ xi0\xi1\ � � � � � �\xip ¼ ximax; .
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This defines on Ix ¼
Qn

i¼1 Ixi a rectangular mesh. By setting

x1jþ1=2 :¼
x1j þ x1jþ1

2
; x1j�1=2 :¼

x1j þ x1j�1

2
;

x2kþ1=2 :¼ x2k þ x2kþ1

2
; x2k�1=2 :¼ x2k þ x2k�1

2
;

x3lþ1=2 :¼ x3l þ x3lþ1

2
; x3l�1=2 :¼ x3l þ x3l�1

2
;

..

. ..
.

xnmþ1=2 :¼ xnm þ xnmþ1

2
; xnm�1=2 :¼ xnm þ xnm�1

2
;

ð45Þ

for each j ¼ 1. . .N1 � 1, k ¼ 1. . .N2 � 1, l ¼ 1. . .N3 � 1; . . .;m ¼ 1. . .Nn � 1.

These mid-points form a second partition of Ix ¼
Qn

i¼1 Ixi if we define xi�1=2 ¼ xi0,

xiNiþ1=2 ¼ ximax, i ¼ 1; 2; . . .; n. For each j ¼ 0; 1; . . .;N1, k ¼ 0; 1; . . .;N2,

l ¼ 0; 1; . . .;N3; . . .;m ¼ 0; 1; . . .;Nn we put hx1 j
¼ x1jþ1=2 � x1j�1=2,

hx2k
¼ x2kþ1=2 � x2k�1=2, hx3 l

¼ x3lþ1=2 � x3l�1=2; . . .; hxnm ¼ xnmþ1=2 � xnm�1=2 and

h ¼ maxfhx1 j
; hx2k

; hx3 l
; . . .; hxnmg. Integrating both size of (42) over Rj;k;l;...;m ¼

x1j�1=2; x1jþ1=2

� 
� x2k�1=2; x2kþ1=2

� 
� x3l�1=2; x3lþ1=2

� 
� � � � � xnm�1=2; xnmþ1=2

� 

we have

�
Z

Rj;k;l;...;m

ov

os
dx1 dx2 dx3. . .dxn

þ
Z

Rj;k;l;...;m

sup
a2A

r � kðvÞð Þ þ c v½ � dx1 dx2 dx3. . .dxn ¼ 0;

ð46Þ

for j ¼ 1; 2; . . .N1 � 1, k ¼ 1; 2; . . .N2 � 1,

l ¼ 1; 2; . . .N3 � 1; . . .;m ¼ 1; 2; . . .Nn � 1.

Applying the mid-points quadrature rule to the first and the last point terms, we

obtain the above

� dvj;k;l;...;mðsÞ
ds

lj;k;l;...;m

þ sup
a2A

Z

Rj;k;l;...;m

r � kðvÞð Þ dx1 dx2. . .dxn þ cj;k;l;...;mðs; aÞ vj;k;l;...;mðsÞ lj;k;l;...;m

" #

¼ 0

ð47Þ

where lj;k;l;...;m ¼ x1jþ1=2 � x1j�1=2

� �
� x2kþ1=2 � x2k�1=2

� �
� x3lþ1=2 � x3l�1=2

� �
�

� � � � xnmþ1=2 � xnm�1=2

� �
is the volume of Rj;k;l;...;m. Note that vj;k;l;...;mðsÞ denotes

the nodal approximation to vðs; x1j; x2k; x3l; . . .; xnmÞ at each point of the grid.

We now consider the approximation of the middle term in (47). Let n denote the

unit vector outward-normal to oRj;k;l;...;m. By General Stokes Theorem, integrating

by parts and using the definition of flux k, we have
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Z

Rj;k;l;...;m

r � kðvÞð Þdx1 dx2 dx3. . .dxn

¼
Z

oRj;k;l;...;m

kðvÞ � n ds

¼
Z x1 jþ1=2;x2kþ1=2;x3 lþ1=2;...;xnmþ1=2ð Þ

x1 jþ1=2;x2k�1=2;x3 l�1=2;...;xnm�1=2ð Þ

Xn

i¼1

a1i
ov

oxi
þ x1 b1 v

 !

dx2 dx3. . .dxn

�
Z x1 j�1=2;x2kþ1=2;x3 lþ1=2;...;xnmþ1=2ð Þ

x1 j�1=2;x2k�1=2;x3 l�1=2;...;xnm�1=2ð Þ

Xn

i¼1

a1i
ov

oxi
þ x1 b1 v

 !

dx2 dx3. . .dxn

þ
Z x1 jþ1=2;x2kþ1=2;x3 lþ1=2;...;xnmþ1=2ð Þ

x1 j�1=2;x2kþ1=2;x3 l�1=2;...;xnm�1=2ð Þ

Xn

i¼1

a2i
ov

oxi
þ x2 b2 v

 !

dx1 dx3. . .dxn

�
Z x1 jþ1=2;x2k�1=2;x3 lþ1=2;...;xnmþ1=2ð Þ

x1 j�1=2;x2k�1=2;x3 l�1=2;...;xnm�1=2ð Þ

Xn

i¼1

a2i
ov

oxi
þ x2 b2 v

 !

dx1 dx3. . .dxn

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

þ
Z x1 jþ1=2;x2kþ1=2;x3 lþ1=2;...;xnmþ1=2ð Þ

x1 j�1=2;x2k�1=2;x3 l�1=2;...;xnmþ1=2ð Þ

Xn

i¼1

ani
ov

oxi
þ xn bn v

 !

dx1 dx2 dx3. . .dxn�1

�
Z x1 jþ1=2;x2kþ1=2;x3 lþ1=2;...;xnm�1=2ð Þ

x1 j�1=2;x2k�1=2;x3 l�1=2;...;xnm�1=2ð Þ

Xn

i¼1

ani
ov

oxi
þ xn bn v

 !

dx1 dx2 dx3. . .dxn�1

¼
Xn

i¼1

�Z x1 jþ1=2;x2kþ1=2;x3 lþ1=2;...;xiqþ1=2;...;xnmþ1=2ð Þ

x1 j�1=2;x2k�1=2;x3 l�1=2;...;xiqþ1=2;...;xnm�1=2ð Þ

Xn

r¼1

air
ov

oxr
þ xi bi v

 !
Yn

i 6¼r

dxr

	

�
Xn

i¼1

�Z x1 jþ1=2;x2kþ1=2;x3 lþ1=2;...;xiq�1=2;...;xnmþ1=2ð Þ

x1 j�1=2;x2k�1=2;x3 l�1=2;...;xiq�1=2;...;xnm�1=2ð Þ

Xn

r¼1

air
ov

oxr
þ xi bi v

 !
Yn

i6¼r

dxr

	

We will approximate the first term using the the mid-points quadrature rule as

Xn

i¼1

�Z x1 jþ1=2;x2kþ1=2;x3 lþ1=2;xiqþ1=2;...;xnmþ1=2ð Þ

x1 j�1=2;x2k�1=2;x3 l�1=2;xiqþ1=2;...;xnm�1=2ð Þ

Xn

r¼1

air
ov

oxr
þ xi bi v

 !
Yn

i 6¼r

dxr

	

�
Xn

i;r¼1

air
ov

oxr
þ xi bi v

� 	����
x1 j;x2k ;x3 l;...;xiqþ1=2;xis;...;xnmð Þ

Yn

i 6¼r

hxrm :

ð48Þ

where the value of the subscript m 2 fj; k; l; . . .; q; s; . . .;mg depends respectively of

the value taking by r 2 f1; 2; 3; . . .; i; . . .; ng. To achieve this, it is clear that we now

need to derive approximations of the kðvÞ � n defined above at the mid-point

x1j; x2k; x3l; . . .; xiqþ1=2; xiþ1s; . . .; xnm
� �

, of the interval Ixiq for q ¼ 0; 1; . . .Ni � 1,

i ¼ 1; 2; . . .; n. This discussion is divided into two cases for q� 1, and q ¼ 0 on the

interval Ixi0 ¼ ½0; xi1�; i ¼ 1; 2; . . .; n. This is really the generalization of the fitted

finite scheme.
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Case I For q� 1.

We follow the same procedure as in three dimension and have the following

generalization

Xn

i;r¼1

air
ov

oxr
þ xi bi v

� 	����
x1 j;x2k ;x3 l;...;xiqþ1=2;xiþ1s;...;xnmð Þ

Yn

i 6¼r

hxrm

�
Xn

i¼1

xiqþ1=2bij;k;l;...;qþ1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ

�
xi
bj;k;l;...;q;s...;mðsÞ
qþ1 vj;k;l;...;qþ1;s;...;m � xi

bj;k;l;...;q;s...;mðsÞ
q vj;k;l;...;q;s;...;m

� �

xi
bj;k;l;...;q;s...;mðsÞ
qþ1 � xi

bj;k;l;...;q;s...;mðsÞ
q

Yn

i 6¼r

hxrm

þ
Xn

i;r¼1
i 6¼r

xiqþ1=2 dirj;k;l;...;q;s;...;mðs; aj;k;l;...;q;s;...;mÞ
Y

i6¼r

xrm

 !

�
 

vj;k;l;...;q;s;mþ1;...;m � vj;k;l;...;q;s;m;...;m
hxr m

	Yn

i 6¼r

hxrm :

ð49Þ

where the value of the subscript m 2 fj; k; l; . . .; q; s; . . .;mg depends respectively of

the value taking by r 2 f1; 2; 3; . . .; i; . . .; ng; bj;k;l;...;q;s;m...;mðsÞ ¼

bij;k;l;...;qþ1=2;s;r...;mðs; aj;k;l;...;q;s;m;...;mÞ
aij;k;l;...;qþ1=2;s;m...;mðs; aj;k;l;...;q;s;m;...;mÞ

6¼ 0: Similarly

Xn

i;r¼1

air
ov

oxr
þ xi bi v

� 	����
x1 j;x2k ;x3 l;...;xiq�1=2;xiþ1s;...;xnmð Þ

Yn

i 6¼r

dxr

�
Xn

i¼1

xiq�1=2bij;k;l;...;q�1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ �
Yn

i 6¼r

hxrm

 !

�
xi
bj;k;l;...;q�1;s...;mðsÞ
q vj;k;l;...;q;s;...;m � xi

bj;k;l;...;q�1;s...;mðsÞ
q�1 vj;k;l;...;q�1;s;...;m

� �

xi
bj;k;l;...;q�1;s...;mðsÞ
q � xi

bj;k;l;...;q�1;s...;mðsÞ
q�1

þ
Xn

i;r¼1
i 6¼r

xiq�1=2 dirj;k;l;...;q;s;...;mðs; aj;k;l;...;q;s;...;mÞ
Y

i 6¼r

xrm

 ! 

� vj;k;l;...;q;s;mþ1;...;m � vj;k;l;...;q;s;m;...;m
hxr m

	Yn

i 6¼r

hxrm :

ð50Þ

where bj;k;l;...;q�1;s;m...;mðsÞ ¼
bij;k;l;...;q�1=2;s;m;...;mðs; aj;k;l;...;q;s;m;...;mÞ
aij;k;l;...;q�1=2;s;m;...;mðs; aj;k;l;...;q;s;m;...;mÞ

6¼ 0:

Case II Approximation of the flux at q ¼ 0 on the interval

Ixi0 ¼ ½0; xi1�; i ¼ 1; . . .; n. Note that the analysis in case I does not apply to the
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approximation of the flux on Ixi0 because it is the degenerated zone. Follow the same

lines as for the three dimensional case, we get

Xn

i;r¼1

air
ov

oxr
þ xi bi v

� 	����
x1 j;x2k ;x3 l;...;xi1=2;xis;...;xnmð Þ

Yn

i 6¼r

dxr

�
Xn

i¼1

xi1=2

1

2

��
aij;k;l;...;1=2;s...;mðs; aj;k;l;...;1;s;...;mÞ

þ bij;k;l;...;1=2;s...;mðs; aj;k;l;...;1;s;...;mÞ
	
vj;k;l;...;1;s;...;m

Yn

i 6¼r

hxrm

	

�
Xn

i¼1

xi1=2

1

2

��
aij;k;l;...;1=2;s...;mðs; aj;k;l;...;1;s;...;mÞ

� bij;k;l;...;1=2;s...;mðs; aj;k;l;...;1;s;...;mÞ
	
vj;k;l;...;0;s;...;m

Yn

i 6¼r

hxrm

	

þ
Xn

i;r¼1
i6¼r

xi1=2 dirj;k;l;...;1;s;...;mðs; aj;k;l;...;1;s;...;mÞ
Y

i 6¼r

xrm

 ! 

� vj;k;l;...;1;s;mþ1;...;m � vj;k;l;...;1;s;m;...;m
hxrm

	Yn

i6¼r

hxr m :

ð51Þ

Equation (47) becomes by replacing the flux by its value for j ¼ 1; . . .;N1 � 1,

k ¼ 1; . . .;N2 � 1, l ¼ 1; . . .;N3 � 1; . . .;m ¼ 1; . . .;Nn � 1; and

N ¼
Qn

i¼1ðNi � 1Þ.

� d vj;k;l;...;q;s;m;...;mðsÞðsÞ
d s

þ 1

lj;k;l;...;q;s;...;m

� sup
aj;k;l;...;q;s;...;m2AN

�Xn

i¼1

xiqþ1=2bij;k;l;...;qþ1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ

�
xi
bj;k;l;...;q;s...;mðsÞ
qþ1 vj;k;l;...;qþ1;s;...;m � xi

bj;k;l;...;q;s...;mðsÞ
q vj;k;l;...;q;s;...;m

� �

xi
bj;k;l;...;q;s...;mðsÞ
qþ1 � xi

bj;k;l;...;q;s...;mðsÞ
q

Yn

i 6¼r

hxrm

þ
Xn

i;r¼1
i 6¼r

xiqþ1=2

�
dirj;k;l;...;q;s;...;mðs; aj;k;l;...;q;s;...;mÞ

Y

i 6¼r

xrm

 !

� vj;k;l;...;q;s;mþ1;...;m � vj;k;l;...;q;s;m;...;m
hxrm

	Yn

i 6¼r

hxrm
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�
Xn

i¼1

xiq�1=2bij;k;l;...;q�1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ �
Yn

i6¼r

hxr m

 !

�
xi
bj;k;l;...;q�1;s...;mðsÞ
q vj;k;l;...;q;s;...;m � xi

bj;k;l;...;q�1;s...;mðsÞ
q�1 vj;k;l;...;q�1;s;...;m

� �

xi
bj;k;l;...;q�1;s...;mðsÞ
q � xi

bj;k;l;...;q�1;s...;mðsÞ
q�1

þ
Xn

i;r¼1
i 6¼r

xiq�1=2

�
dirj;k;l;...;q;s;...;mðs; aj;k;l;...;q;s;...;mÞ

Y

i6¼r

xrm

 !

� vj;k;l;...;q;s;mþ1;...;m � vj;k;l;...;q;s;m;...;m
hxr m

	Yn

i 6¼r

hxrm

þ cj;k;l;...;q;s;m;...;m vj;k;l;...;q;s;m;...;m lj;k;l;...;q;s;m;...;m

�
¼ 0:

ð52Þ

This can be rewritten as the ordinary differential equation (ODE) coupled with

optimization

d vðsÞ
d s

þ inf
a2AN

Eðs; aÞ vðsÞ þ Fðs; aÞ½ � ¼ 0;

with vð0Þ given;

8
<

:
ð53Þ

where Eðs; aÞ is an N � N matrix, AN ¼ A� � � � � A|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
N

, Gðs; aÞ ¼ �Fðs; aÞ

depends of the boundary condition and the term c. v ¼ vj;k;l;...;q;s;m;...;m
� �

, and

Gðs; aÞ ¼ �Fðs; aÞ. By setting n1 ¼ N1 � 1; n2 ¼ N2 � 1; n3 ¼ N3 � 1; ; . . .; nn ¼
Nn � 1; ; I :¼ Iðj; k; l; . . .; q; s; m; . . .;mÞ ¼ jþ ðk � 1Þn1 þ ðl� 1Þn1n2 þ � � � þ
ðm� 1Þ

Qn�1
i¼1 ni and J :¼ Jðj0; k0; l0; . . .; q0; s0; m0; . . .;m0Þ ¼ j0 þ ðk0 � 1Þn1 þ ðl0�

1Þn1n2 þ � � � þ ðm0 � 1Þ
Qn�1

i¼1 ni, we have Eðs; aÞðI; JÞ ¼ ej;k;l;...;q;s;m;...;mj0;k0;l0...;q0;s0;m0;...;m0

� �
,

j0; j ¼ 1; . . .;N1 � 1, k0; k ¼ 1; . . .;N2 � 1 and l0; l ¼ 1; . . .;N3 � 1; . . .;m0;m ¼
1; . . .;Nn � 1 and

ej;k;l;...;q;s;m;...;mj;k;l...;q;s;r;...;m ¼ 1

lj;k;l;...;q;s;...;m

�Xn

i¼1

xiqþ1=2bij;k;l;...;qþ1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ

� xi
bj;k;l;...;q;s...;mðsÞ
q

xi
bj;k;l;...;q;s...;mðsÞ
qþ1 � xi

bj;k;l;...;q;s...;mðsÞ
q

Yn

i 6¼r

hxrm

þ
Xn

i;r¼1
i6¼r

�
dirj;k;l;...;q;s;...;mðs; aj;k;l;...;q;s;...;mÞ

Y

i6¼r

xrm

 !
1

hxrm

	Yn

i¼1

hxiq
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þ
Xn

i¼1

xiq�1=2bij;k;l;...;q�1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ �
Yn

i6¼r

hxr m

 !

� xi
bj;k;l;...;q�1;s...;mðsÞ
q

xi
bj;k;l;...;q�1;s...;mðsÞ
q � xi

bj;k;l;...;q�1;s...;mðsÞ
q�1

�
� cj;k;l;...;q;s;m;...;m;

XN1�1

j0¼j�1
j0 6¼j

XN2�1

k0¼k�1
k0 6¼k

XN3�1

l0¼l�1
l0 6¼l

� � �
XNn�1

m0¼m�1
m0 6¼m

ej;k;l;...;q;s;r;...;mj0;k0;l0...;q0;s0;m0;...;m0

¼ 1

lj;k;l;...;q;s;...;m

�Xn

i¼1

xiq�1=2bij;k;l;...;q�1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ

�
�xi

bj;k;l;...;q�1;s...;mðsÞ
q�1

xi
bj;k;l;...;q�1;s...;mðsÞ
q � xi

bj;k;l;...;q�1;s...;mðsÞ
q�1

Yn

i 6¼r

hxrm

 !�
;

XN1�1

j0¼jþ1
j0 6¼j

XN2�1

k0¼kþ1
k0 6¼k

XN3�1

l0¼lþ1
l0 6¼l

� � �
XNn�1

m0¼mþ1
m0 6¼m

ej;k;l;...;q;s;m;...;mj0;k0;l0...;q0;s0;m0;...;m0

¼ 1

lj;k;l;...;q;s;...;m

�Xn

i¼1

xiqþ1=2bij;k;l;...;qþ1=2;s...;mðs; aj;k;l;...;q;s;...;mÞ

�
�xi

bj;k;l;...;q;s...;mðsÞ
qþ1

xi
bj;k;l;...;q;s...;mðsÞ
qþ1 � xi

bj;k;l;...;q;s...;mðsÞ
q

Yn

i6¼r

hxr m

�
Xn

i;r¼1
i 6¼r

�
dirj;k;l;...;q;s;m;...;mðs; aj;k;l;...;q;s;m;...;mÞ xiqxrm

� � 1

hxiq

	�Yn

r¼1

hxrm

	�

ð54Þ

for j ¼ 2; . . .;N1 � 1, k ¼ 2; . . .;N2 � 1; . . .;m ¼ 2; . . .;Nn � 1. If one of the

indices j; k; l; . . .;m is equal to 1,

ej;k;l;...;1;s;m;...;mj;k;l...;1;s;m;...;m

¼ 1

lj;k;l;...;1;s;...;m
xi1=2

1

2

��
aij;k;l;...;1=2;s...;mðs; aj;k;l;...;1;s;m;...;mÞ

þ bij;k;l;...;1=2;s...;mðs; aj;k;l;...;1;s;...;mÞ
	Yn

i 6¼r

hxrm

	

þ 1

lj;k;l;...;1;s;...;m

�
xi1þ1=2bij;k;l;...;1=2;s...;mðs; aj;k;l;...;1;s;...;mÞ

� xi
bj;k;l;...;q;s...;mðsÞ
1

xi
bj;k;l;...;1;s...;mðsÞ
2 � xi

bj;k;l;...;1;s...;mðsÞ
1

Yn

i 6¼r

hxrm
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þ
Xn

r¼1
i 6¼r

�
dirj;k;l;...;1;s;m...;mðs; aj;k;l;...;1;s;m;...;mÞ xi1xrmð Þ 1

hxi1

	
hxi1
Yn

i 6¼r

hxrm

�

� 1

n
cj;k;l;...;1;s;m;...;m;

�
XN1�1

j0¼j�1

XN2�1

k0¼k�1

XN3�1

l0¼l�1

. . .
XNn�1

m0¼m�1

ej;k;l;...;1;s;m;...;mj0;k0;l0...;0;s0;m0;...;m0

¼ � 1

lj;k;l;...;1;s;...;m

�Xn

i¼1

xi1=2

1

2

��
aij;k;l;...;1=2;s;m;...;mðs; aj;k;l;...;1;s;m;...;mÞ

� bij;k;l;...;1=2;s;m;...;mðs; aj;k;l;...;1;s;m;...;mÞ
	Yn

i 6¼r

hxrm

	�
;

XN1�1

j0¼jþ1

XN2�1

k0¼kþ1

XN3�1

l0¼lþ1

� � �
XNn�1

m0¼mþ1

ej;k;l;...;1;s;m;...;mj0;k0;l0...;q0;s0;m0;...;m0

¼ 1

lj;k;l;...;1;s;m;...;m

�Xn

i¼1

xi1þ1=2bij;k;l;...;1þ1=2;s;m;...;mðs; aj;k;l;...;1;s;m;...;mÞ

�
�

�xi
bj;k;l;...;1;s;m;...;mðsÞ
2

xi
bj;k;l;...;1;s;m;...;mðsÞ
2 � xi

bj;k;l;...;1;s;m;...;mðsÞ
1

	Yn

i6¼r

hxr m

�
Xn

i;r¼1
i 6¼r

�
dirj;k;l;...;1;s;m;...;mðs; aj;k;l;...;1;s;m;...;mÞ xi1xrmð Þ 1

hxi1

	
hxi1
Yn

i 6¼r

hxrm

�
:

ð55Þ

The monotonicity of system matrix Eðs; aÞ is given in the following theorem.

Theorem 2 Assume that the coefficients of A given by (44) are positive and c\0.2

If h is relatively small then the matrix Eðs; aÞ in the system (53) is an M-matrix for

any aj;k;l;...;m 2 AN.

Proof The proof follows the same lines as in Theorem 1. h

5 Temporal Discretization and Optimization Problem

This section is devoted to the numerical time discretization method for the spatially

discretized optimization problem after the fitted finite volume method. Let us re-

consider the differential equation coupled with optimization problem given in (33)

by

2 Indeed c can be positive but should be less than a certain threshold c0 [ 0.
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d vðsÞ
d s

¼ sup
a2AN

Aðs; aÞvðsÞ þ Gðs; aÞ½ � vð0Þ given; ð56Þ

For temporal discretization, we use a constant time step Dt[ 0, of course variable

time steps can be used. The temporal grid points given by Dt ¼ snþ1 � sn for

n ¼ 1; 2; . . .m� 1. We denote vðsnÞ � vn , AnðaÞ ¼ Aðsn; aÞ and GnðaÞ ¼ Gðsn; aÞ:
For h 2 1

2
; 1

� 
, following (Peyrl et al. 2005), the h-Method approximation in

time is given by

vnþ1 � vn ¼Dt sup
a2AN

h ½Anþ1ðaÞ vnþ1 þ Gnþ1ðaÞ�
�

þð1 � hÞ ½AnðaÞ vn þ GnðaÞ�Þ;
ð57Þ

this also can be written as

inf
a2AN

½I þ Dt hEnþ1�vnþ1 þ Fnþ1ðaÞ þ ½I þ Dt hEn�vn þ FnðaÞ
� �

¼ 0: ð58Þ

We can see that to find the unknown vnþ1, we need also to solve an optimization.

Let

anþ1 2 arg sup
a2AN

hDt Anþ1ðaÞ vnþ1 þ Gnþ1ðaÞ
� 

þ ð1 � hÞDt AnðaÞ vn þ GnðaÞ½ �

 �

 !

:

ð59Þ

Then, the unknown vnþ1 is solution of the following equation

½I � hDt Anþ1ðanþ1Þ� vnþ1 ¼ ½I þ ð1 � hÞDt Anðanþ1Þ� vn

þ ½hDt Gnþ1ðanþ1Þ þ ð1 � hÞDt Gnðanþ1Þ�;

Note that, for h ¼ 1

2
, we have the Crank Nickolson scheme and for h ¼ 1 we have

the Implicit scheme. Unfortunately (57)–(59) are nonlinear and coupled and we need

to iterate at every time step. The following iterative scheme close to the one in Peyrl

et al. (2005) is used.

1. Let vnþ1ð Þ0¼ vn,

2. Let v̂k ¼ vnþ1ð Þk,
3. For k ¼ 0; 1; 2. . . until convergence (kv̂kþ1 � v̂kk� �, given tolerance) solve
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aki 2 arg sup
a2AN

hDt Anþ1ðaÞ v̂k þ Gnþ1ðaÞ
� 

i
þð1 � hÞDt AnðaÞ vn þ GnðaÞ½ �i


 �
 !

ak ¼ ðakÞi
½I � hDt Anþ1ðakÞ� v̂kþ1 ¼ ½I þ ð1 � hÞDt AnðakÞ�vn

þ ½hDt Gnþ1ðakÞ þ ð1 � hÞDt GnðakÞ�;
ð60Þ

4. Let kl being the last iteration in step 3, set vnþ1 :¼ v̂kl , anþ1 :¼ akl .

The monotonicity of system matrix of (58), more precisely ½I þ Dt hEnþ1� is given in

the following theorem.

Theorem 3 Under the same assumptions as in Theorem 1, for any given

n ¼ 1; 2; . . .;m� 1, the system matrix ½I þ Dt hEnþ1� in (58) is an M-matrix for

each a 2 AN :

Proof The proof is obvious. Indeed as in Theorem 1, ½I þ Dt hEnþ1� is (strictly)

diagonally dominant since Dt[ 0. Then, it is an M-matrix. h

The merit of the proposed method is that it is unconditionally stable in time

because of the implicit nature of the time discretization. More precisely, following

(Angermann and Wang 2007, Theorem 6 and Lemma 3), we can easily prove that

the scheme (57) is stable and consistent, so the convergence of the scheme is

ensured (see Barles and Souganidis 1991)

6 Application

To validate our method presented in the previous section, we present here some

numerical experiments. All computations were performed in Matlab 2013.

Consider the following three dimensional Merton’s stochastic control problem

such that a ¼ a1ðt; xÞ is a feedback control in [0, 1] given by

vðt; x; y; zÞ ¼ sup
a2 ½0;1�

E
1

p
xpðTÞ � 1

p
ypðTÞ � 1

p
zpðTÞ

� �
; 0\p\1 ð61Þ

s.t.

dxt ¼ r1 þ at ðl1 � r1Þð Þ xt dt þ r xtat dxt;

dyt ¼l2 yt dt þ r yt dxt;

dzt ¼l3 zt dt þ r zt dxt:

ð62Þ

r1, l1, l2, l2, r are positive constants, xt; yt; zt 2 R. We assume that l1 [ r1. For

the problem (61)–(62), the corresponding HJB equation is given by
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d vðt; x; y; zÞ
d t

þ sup
a2½0;1�

La vðt; x; y; zÞ½ � ¼ 0 on ½0; TÞ � R� R� R

vðT; x; y; zÞ ¼ xp

p
� yp

p
� yp

p
; x; y; z 2 Rþ

8
>>><

>>>:

ð63Þ

where

La vðt; x; y; zÞ ¼ 1

2
r2 a2 x2 d

2vðt; x; y; zÞ
dx2

þ 1

2
r2 y2 d

2vðt; x; y; zÞ
dy2

þ 1

2
r2 z2 d

2vðt; x; y; zÞ
dz2

þ r2 a x y
d2vðt; x; y; zÞ

dxoy
þ r2 a x z

d2vðt; x; y; zÞ
dx dz

þ r2 z y
d2vðt; x; y; zÞ

dz dy

þ ðr1 þ ðl1 � r1ÞaÞ x
dvðt; x; y; zÞ

dx
þ l2 y

dvðt; x; y; zÞ
dy

þ l3 z
dvðt; x; y; zÞ

dz
:

dvðt; x; y; zÞ
ot

þ sup
a2 ½0;1�

r � kðt; x; y; z; aÞðvðt; x; y; zÞÞð Þ þ cðt; x; y; z; aÞ vðt; x; y; zÞ½ � ¼ 0;

ð64Þ

and the different variable in (63) is given by

kðvðt; x; y; zÞÞ ¼ Aðt; x; y; z; aÞrvðt; x; y; zÞ þ bðt; x; y; z; aÞ vðt; x; y; zÞ

is the flux, b ¼ ðx b1; y b2; z b3ÞT ,

A ¼
a11 a12 a13

a21 a22 a23

a31 a32 a33

2

64

3

75:

with

a11 ¼ 1

2
r2 a2 x2; a22 ¼ 1

2
r2 y2; a33 ¼ 1

2
r2 z2;

a12 ¼ a21 ¼ 1

2
r2 a x y; a13 ¼ a31 ¼ 1

2
r2 a x z;

a23 ¼ a32 ¼ 1

2
r2 y z:

ð65Þ

b1ðt; x; y; z; aÞ ¼ r1 þ ðl1 � r1Þ a� r2 a� r2 a2

b2ðt; x; y; z; aÞ ¼ l2 �
1

2
r2a� 3

2
r2

b3ðt; x; y; z; aÞ ¼ l3 �
1

2
r2 a� 3

2
r2

cðt; x; y; z; aÞ ¼ � r1 þ ðl1 � r1Þ a� 2 r2 a� r2 a2 þ l2 þ l3 � 3 r2½ �:

8
>>>>>><

>>>>>>:

ð66Þ
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The domain where we compare the solution is X ¼ 0; xmax½ � � 0; ymax½ � � 0; zmax½ �.
For each simulation, the exact or reference solution is the analytical solution using

Ansatz method as we are going to develop in the next section.

6.1 Analytical Solution Using Ansatz Method

Here we propose the analytical solution using the Ansatz decomposition. Let set the

Ansatz decomposition of v

vðt; x; y; zÞ ¼ wðtÞ � uðxÞ � uðyÞ � uðzÞ; ð67Þ

where uðxÞ ¼ xp

p
; 0\p\1, 8 x 2 Rþ is the power utility function. The different

derivative of v(t, x, y, z) gives us

dvðt; x; y; zÞ
dx

¼ wðtÞ duðxÞ
dx

uðyÞ uðzÞ; dvðt; x; y; zÞ
dy

¼ wðtÞ duðyÞ
dy

uðxÞ uðzÞ

dvðt; x; y; zÞ
dz

¼ wðtÞ duðzÞ
dz

uðxÞ uðyÞ; dvðt; x; y; zÞ
dt

¼ w0ðtÞ uðxÞ uðyÞ uðzÞ

d2vðt; x; y; zÞ
dx2

¼ wðtÞ d
2uðxÞ
dx2

uðyÞ uðzÞ; d2vðt; x; y; zÞ
dy2

¼ wðtÞ d
2uðyÞ
dy2

uðxÞ uðzÞ

d2vðt; x; y; zÞ
dz2

¼ wðtÞ d
2uðzÞ
dz2

uðxÞ uðyÞ; d2vðt; x; y; zÞ
dx dy

¼ wðtÞ duðxÞ
dx

duðyÞ
dy

uðzÞ

d2vðt; x; y; zÞ
dx dz

¼ wðtÞ duðxÞ
dx

duðzÞ
dz

uðyÞ; d2vðt; x; y; zÞ
dy dz

¼ wðtÞ duðyÞ
dy

duðzÞ
dz

uðxÞ;

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

ð68Þ

plugging into (63), we get

d wðtÞ
dt

uðxÞ uðyÞ uðzÞ

þ r1 xwðtÞ
d uðxÞ uðyÞ uðzÞð Þ

dx
þ sup

a2A
aðl1 � r1Þ xwðtÞ

d uðxÞ uðyÞ uðzÞð Þ
dx

�

þl2 ywðtÞ
d uðxÞ uðyÞ uðzÞð Þ

dy
þ l3 zwðtÞ

d uðxÞ uðyÞ uðzÞð Þ
dz

þ 1

2
r2 a2 x2wðtÞ d

2 uðxÞ uðyÞ uðzÞð Þ
dx2

þ 1

2
r2 y2 wðtÞ d

2 uðxÞ uðyÞ uðzÞð Þ
dy2

þ 1

2
r2 z2wðtÞ d

2 uðxÞ uðyÞ uðzÞð Þ
dz2

þ r2 awðtÞ x y d2

dx dy
uðxÞ uðyÞ uðzÞð Þ

þr2 awðtÞ x z d2

dx dz
uðxÞ uðyÞ uðzÞð Þ þ r2 wðtÞ y z d2

dy dz
uðxÞ uðyÞ uðzÞð Þ

�
¼ 0

wðTÞ ¼ 1; ðsincevðT ; x; y; zÞ ¼ wðTÞ uðxÞ uðyÞ uðzÞ ¼ uðxÞ uðyÞ uðzÞÞ

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

ð69Þ
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We then obtained

dwðtÞ
dt

þ p qwðtÞ ¼ 0where

q ¼ sup
a2 ½0;1�

r1 þ ðl1 � r1Þ aþ l2 þ l3 þ 1

2
r2 a2 ðp� 1Þ

�

þr2 ðp� 1Þ þ 2 r2 a pþ r2 p

; wðTÞ ¼ 1:

ð70Þ

So by setting s ¼ T � t, the analytical value function for Ansatz method is then

equal to

v sn; xi; yj; zk
� �

¼ ep�ðn�Dt�TÞ�q � ðxiÞp

p
� ðyjÞp

p
� ðzkÞp

p
; with 0\p\1: ð71Þ

We use the following L2 ½0; T � � Xð Þ norm of the absolute error

vm � vk kL2 ½0;T ��Xð Þ

¼
Xm�1

n¼0

XN1�1

i¼1

XN2�1

j¼1

XN3�1

k¼1

ðsnþ1 � snÞ � li;j;k � ðvni;j;k � v sn; xi; yj; zk
� �

Þ2

 !1=2

;
ð72Þ

where vm is the numerical approximation of v computed from our numerical

scheme. For our computation, we us we have X ¼ ½0; 1=2� � ½0; 1=4� � ½0; 1=2� for

computational domain with N1 ¼ 10, N2 ¼ 10, N3 ¼ 10, r1 ¼ 0:0449, l1 ¼ 0:0657,

l2 ¼ 0:067, l3 ¼ 0:066, r ¼ 0:2537, p ¼ 0:13 and T ¼ 1. Figure 1 shows the

structure of the matrix A after space discretisation with the fitted volume method. As

you can observe the structure of the matrix is similar to the one from finite dif-

ference method. Figure 2 shows the optimal investment policy as function of x
while using the fitted scheme. The optimal investment policy for finite difference

method is quite similar. Indeed the optimal parameter a is independent of y and z.
The controller is the solution of (61). It is computed with the numerical procedure as

outlined in Sect. 5. We have also found that in overall the value the maximum

number of iterations in our optimisation algorithm is 3 in both fitted scheme and

finite difference scheme.

We compare the fitted finite volume and the finite difference method in Table 1.

Figure 3 shows the structure of the matrix A and Fig. 4 shows the optimal

investment policy as function of x. The controller is the solution of (61). It is

computed with the numerical procedure as outlined in Sect. 5.

In Table 2, we have used X ¼ ½0; 1=2� � ½0; 1=4� � ½0; 1=2� for computational

domain with the following parameters N1 ¼ 8, N2 ¼ 9, N1 ¼ 10, r1 ¼ 0:0449,

r2 ¼ 0:0448=3, r3 ¼ 0:0447, l1 ¼ 0:0657, l2 ¼ 0:0656, l3 ¼ 0:0655, r ¼ 0:2537,

p ¼ 0:17 and T ¼ 1:5.

Tables 1 and 2 display the numerical errors of finite volume method and finite

difference method. By fitting the data from Tables 1 and 2, we found that the

convergence order in time 1 for the fitted finite volume method and the finite

difference method. From the two tables, we can observe a slight accuracy of the
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Fig. 2 Optimal investment policy at time T ¼ 1

Fig. 1 Structure of the matrix A
at time T ¼ 1
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implicit fitted finite volume comparing to the implicit finite difference method,

thanks to the fitted technique.

7 Conclusion

We have introduced a novel scheme based on finite volume method with fitted

technique to solve high dimensional stochastic optimal control problems (n� 3).

The optimization problem is solved at every time step using iterative method. We

have shown that the system matrix of the resulting non linear system is an M-matrix

and therefore the maximum principle is preserved for the discrete system obtained

after the fitted finite volume spatial discretization. Numerical experiments are used

Fig. 3 Structure of the matrix A
at time T ¼ 1:5

Table 1 Comparison of the implicit fitted finite volume method and implicit finite difference method

Time subdivision 200 150 100 50

Error of fitted finite volume method 4.65E-01 6.31E-01 8.63E-01 1.30E-00

Error of finite difference method 5.15E-01 6.98E-01 9.21E-01 1.36E-00

For the parameters, we have used N1 ¼ 10, N2 ¼ 10, N3 ¼ 10, r1 ¼ 0:0449, l1 ¼ 0:0657, l2 ¼ 0:067,

l3 ¼ 0:066, r ¼ 0:2537, p ¼ 0:13 and T ¼ 1
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to demonstrate the accuracy of the novel scheme comparing to the standard finite

difference method.
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