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Abstract
In this paper, we introduce a special kind of finite volume method called Multi-Point

Flux Approximation method (MPFA) to price European and American options in

two dimensional domain. We focus on the L-MPFA method for space discretization

of the diffusion term of Black–Scholes operator. The degeneracy of the Black-

Scholes operator is tackled using the fitted finite volume method. This combination

of fitted finite volume method and L-MPFA method coupled to upwind methods

gives us a novel scheme, called the fitted L-MPFA method. Numerical experiments

show the accuracy of the novel fitted L-MPFA method comparing to well known

schemes for pricing options.

Keywords Finite volume methods � L Multi-Point Flux Approximation �
Degenerated PDEs � Option pricing

Mathematics Subject Classification 65M08 � 68W25 � 65C20

1 Introduction

In finance, an option is a contract which gives to the holder the right but not the

obligation to buy (call) or to sell (put) an asset at a specific price (strike) at a certain

date in the future (expiry date). We have two main types of options which are
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European and American options. European options are options that can be exercised

only at expiry date while American options can be exercised anytime before the

expiry date. This flexibility of exercising American options leads to solve an

optimal stopping time problem in the Black–Scholes framework which incorporates

the early exercise. Many studies focused on the pricing problem of American

options were conducted and the linear complementary problem approach was quite

popular for pricing American options (see Kovalov et al. 2007; Zhang et al. 2009;

Wang et al. 2006; Topper 2005). This approach brings us to solve linear

complementary problem stated as follows (see Topper 2005):

LV � 0;

V � VH � 0;

LV �
�
V � VH

�
¼ 0;

8
><

>:
ð1Þ

where L is the following Black–Scholes operator

L :¼ oV

os
� 1

2

Xn

i;j¼1

rirjqijSiSj
o2V

oSioSj
� r

Xn

i¼1

Si
oV

oSi
þ rV ; ð2Þ

with r is the risk free interest, V is the option value at time s, VH is the payoff,

s ¼ T � t with t and T respectively the instantaneous and maturity time. For i; j ¼
1; . . .; n; Si represents the asset i price, ri represents the volatility of asset i, qij
represents the correlation between the assets i and j.

Furthermore, (Wang et al. 2006) proposed a power penalty method to solve the

linear complementary problem for pricing American options. The power penalty

problem is formulated as follows:

LV þ b
�
VH � V

�1=k
þ ¼ 0; ð3Þ

where b is the penalty parameter and k is the power of the method. Let us notice

that, when we take the penalty parameter b ¼ 0 in (3), we get the Black–Scholes

Equation for pricing European options, with the operator L defined in (2). However,

the power penalty problem (3) can not be solved analytically, therefore numerical

methods are required for its resolution. Nevertheless, the Black–Scholes operator

(2) is degenerated when the stock price approaches zero. This degeneracy can affect

the accuracy of the numerical method used for the resolution. To tackle this

problem, several methods have been proposed. The fitted finite volume method,

proposed by S.Wang in Wang (2004) whereby a rigorous proof of convergence is

provided, appears to be more attractive. Moreover, the fitted finite volume method

has been used for the resolution of the two dimensional second order Black-Scholes

PDE followed by the convergence proof in Huang et al. (2006). In spite of the fact

that the fitted finite volume methods perform well for the resolution of the Black-

Scholes PDE, they are only of order 1 with respect to asset price variable. Besides,

the fitted O-Multi-Point Flux Approximation (O-MPFA) method has been proposed

in Koffi and Tambue (2019a) to overcome the degeneracy problem of the Black–

Scholes PDE. It has been shown that the O-MPFA is more accurate than the
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classical fitted finite volume method by Wang (2004). However, the O-MPFA is

heavy (9 points stencil method) and for more general grids, the convergence rate of

the O-MPFA method may decrease (see Aavatsmark 2007).

In this paper, we focus on the L-MPFA method which is based on the

approximation of a linear function gradient defined over a given triangle and the

continuity of flux through the edges of this triangle.

Indeed, the L-MPFA method is a 7 points stencil method while the O-MPFA is a

9 points stencil method. This shows that the O-MPFA method can be computa-

tionally more expensive than the L-MPFA method. Moreover, for more general

grids, the order reduction in convergence rate is larger for the O-MPFA than the L-

MPFA (see Aavatsmark 2002). Thereby, to approximate the solution of the second

order Black-Scholes operator, we couple the L-MPFA method with the upwind

methods (first and second order). Besides, the degeneracy of the Black-Scholes

operator (2) is handled by the fitted finite volume,(Wang 2004), when the stock

price is approaching zero. The L-MPFA method coupled with the upwind methods

(1st and 2nd order) is used to approximate the solution of (3) when the Black-

Scholes operator is not degenerated. We call fitted L-MPFA method that

combination of the L-MPFA method and the fitted finite volume method. Numerical

simulations show that the new fitted L-MPFA method is more accurate than the

fitted O-MPFA method developed in Koffi and Tambue (2019a) and the standard

fitted finite volume method developed in Huang et al. (2006). Note that in dimension

one, the L-MPFA method and the O-MPFA method are identical and are well

known as Two Point Flux Approximation (TPFA). The rigorous convergence proof

of the fitted TPFA for pricing options is provided in Koffi and Tambue (2019b).

Note that the standard extension in high dimension of TPFA while keeping the two

point flux approximation is very complicated on general grid and can only converge

on M-orthogonal grids for simple diffusion problems (see Tambue 2016). Note that

L-MPFA schemes are very different to O-MPFA schemes and the current paper is

not a simple extension of the work in Koffi and Tambue (2019a). The key

differences can be summarized in the following points:

– Here, we have considered American and Europeans options rather than

Europeans options in Koffi and Tambue (2019a). Note that pricing American

put options is very complicated as the exact solution does not exist even for

constant coefficients. The American options pricing here is modeled by the

nonlinear degenerated parabolic PDEs (4). We can observe that the current novel

fitted L-MPFA is very robust for such degenerated nonlinear parabolic PDEs,

where we have coupled with implicit time stepping methods. The corresponding

nonlinear algebraic equations have been solved using a modified Newton

method as the corresponding functions are not differentiable.

– The L-MPFA schemes presented here in two dimensional domain only have one

additional cell added to the TPFA schemes, while still being able to handle

general grids.

– For more general grids, the order reduction in convergence rate will be lower for

the L-MPFA schemes than the O-MPFA schemes and few oscillations are

expected here in the non-monotone parameter regions.
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The paper is structured as follows. In Sect. 2, we present the power penalty problem

with the corresponding initial and boundary conditions.

The spatial discretization of the linear operator is developed in the Sect. 3.

Details on the L-MPFA method of the diffusion term discretization are provided.

The convection term is discretized using the upwind methods (1st and 2nd method).

At the end of the Sect. 3, the novel fitted MPFA method is provided. The h� Euler

method is used for the time discretization method in the Sect. 4. Numerical

experiments are presented for the different numerical methods in Sect. 5. The

conclusions of our study are drawn in the last Section.

2 Formulation of the Problem

2.1 Option with Two Underlying Assets

Pricing an American option with 2 underlying assets leads to solve the following

power penalty problem:

LV þ b
�
VH � V

�1=k
þ ¼ 0; ð4Þ

where the Black–Scholes operator is defined as:

L :¼ oV

os
� 1

2
r21x

2 o
2V

ox2
� qr1r2xy

o2V

oxoy
� 1

2
r22y

2 o
2V

oy2
� rx

oV

ox
� ry

oV

oy
þ rV ; ð5Þ

with the following initial and boundary conditions

Vðx; y; 0Þ ¼ V�ðx; yÞ ¼ max K � a1x� a2y; 0ð Þ;
Vð0; y; s; Þ ¼ Vðx; 0; s; Þ ¼ K;

limx;y�!þ1 Vðx; y; sÞ ¼ 0:

8
><

>:
ð6Þ

K is the strike price, V� is the payoff for basket options and ai; i ¼ 1; 2, are weights
such that a1 þ a2 ¼ 1.

In equation (4), when the penalty parameter b ¼ 0, we get the Black–Scholes

Partial Differential Equation for pricing European options with the corresponding

initial and boundary conditions

Vðx; y; 0Þ ¼ V�ðx; yÞ ¼ max K � a1x� a2y; 0ð Þ;
Vð0; y; sÞ ¼ Vðx; 0; sÞ ¼ 0;

limx�!1 Vðx; y; sÞ ¼ x� Ke�rs;

limy�!1 Vðx; y; sÞ ¼ y� Ke�rs:

8
>>><

>>>:

ð7Þ

In order to apply the finite volume method, it is convenient to re-write the Black–

Scholes operator (5) in the following divergence form

123

R. S. Koffi, A. Tambue



oV

os
�r � ðMrVÞ � rðfVÞ � kV þ b

�
VH � V

�1=k
þ ¼ 0; ð8Þ

where

M ¼ 1

2

r21x
2 qr1r2xy

qr1r2xy r22y
2

0

B@

1

CA; f ¼
ðr � r21 �

1

2
qr1r2Þx

ðr � r22 �
1

2
qr1r2Þy

0

BBB@

1

CCCA
;

k ¼ �3r þ r21 þ r22 þ qr1r2:

2.2 Finite Volume Method

Let us consider the new domain X of study by truncating D such that X ¼
Ix � Iy � ½0; T� where Ix ¼ ½0; xmax� and Iy ¼ ½0; ymax�. In the sequel of this work, the

Black–Scholes operator (5) is considered over the truncated domain X.
At x ¼ xmax and y ¼ ymax, the linear boundary condition will be applied (Huang

et al. 2006). The intervals Ix and Iy will be subdivided into N þ 1 subintervals in the

following way:

Ixi ¼ ½xi�1; xi�; Iyj ¼ ½yj�1; yj� i; j ¼ 1; :::;N þ 1: ð9Þ

Let us set the mid-points xi�1
2
and yj�1

2
as follows

xi�1
2
¼ xi�1 þ xi

2
; yj�1

2
¼ yj�1 þ yj

2
; i; j ¼ 1; :::;N; ð10Þ

with hi ¼ xiþ1
2
� xi�1

2
; lj ¼ yjþ1

2
� yj�1

2
, and

x�1
2
¼ x0 ¼ 0; xNþ3

2
¼ xNþ1 ¼ xmax; y�1

2
¼ y0 ¼ 0 ; yNþ3

2
¼ yNþ1 ¼ ymax:

For i; j ¼ 1; . . .;N, we denote by Cij ¼ ½xi�1
2
; xiþ1

2
� � ½yj�1

2
; yjþ1

2
� a control volume

associated our subdivision. (Fig. 1)

Note that for i; j ¼ 1; . . .;N the control volume Cij is the area surrounding the grid
point ðxi; yjÞ.

Our goal is to approximate the option function V at ðxi; yjÞ1
by a function denoted V.
The matrix M in (8) will be replaced by its average value in each control volume

Mij ¼ 1

measðCijÞ

Z

Cij
Mdxdy; i; j ¼ 1; :::;N; ð11Þ

where measðCijÞ is the measure of Cij. Thereby,
1 Center of the control volume .Cij.
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Mij ¼

r21
6

x3
iþ1

2

� x3
i�1

2

xiþ1
2
� xi�1

2

qr1r2
8

ðxiþ1
2
þ xi�1

2
Þðyjþ1

2
þ yj�1

2
Þ

qr1r2
8

ðxiþ1
2
þ xi�1

2
Þðyjþ1

2
þ yj�1

2
Þ r22

6

y3
jþ1

2

� y3
j�1

2

yjþ1
2
� yj�1

2

2

666664

3

777775
:

Now let us consider the divergence form given in (8). According to the finite

volume method, we integrate the partial differential equation (8) over each control

volume Cij. For i; j ¼ 1; :::;N,

Z

Cij

oV
os

dC�
Z

Cij
r�ðMrVÞdC�

Z

Cij
rðfVÞdC�

Z

Cij
kVdCþ

Z

Cij
b
�
VH�V

�1=k
þ dC¼0:

ð12Þ

The next section will be dedicated to spatial discretization of equation (12). For the

first and the last two terms on the left hand side of the equality sign, we use the mid-

point quadrature rule for their approximation as follows:

Z

Cij

oV
os

dC � measðCijÞ
dV
ds

ðxi; yj; sÞ � hilj
dV ij

ds
; ð13Þ

Z

Cij
kVdC � measðCijÞkVðxi; yj; sÞ � hiljkV ij; ð14Þ

Fig. 1 Control volume
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Z

Cij
b
�
VH � V

�1=k
þ dC � measðCijÞb

�
VH � V

�1=k
þ � hiljb

�
VH

i � V ij

�1=k
þ : ð15Þ

The convection term

Z

Cij
rðfVÞdC ð16Þ

of (12) will be approximated using the upwind methods (first or second order).

The diffusion term
Z

Cij
r � ðMrVÞdC ð17Þ

of (12) will be approximated using the L-Multi-Point Flux Approximation
method (L-MPFA) or the fitted L- Multi-Point Flux Approximation method.
More details about these methods will be given in the next section.

3 Space Discretization

The spatial discretization of (8) consists in approximating all terms in (12) over the

control volumes of the study domain.

3.1 Discretization of the Diffusion Term

Let us start by applying the divergence theorem to the diffusion term (17) as

follows, for i; j ¼ 1; :::;N:

F ij ¼
Z

Cij
r � ðMijrVÞdC ¼

Z

oCij
ðMijrVÞ � ndC; ð18Þ

where n is the outward vector from the control volume.

Now, we can apply the so-called L-Multi-Point Flux Approximation
(L-MPFA) method to approximate the integral defined in (18).

3.1.1 L -Multi-Point Flux Approximation (L-MPFA) Method

The L-MPFA method takes its name from the fact that the curve connecting the

three control volume centres considered for the application of the method,

constitutes a stylized ‘‘L’’. Here, we follow the description of the L-method given in

Aavatsmark (2002).

Let us consider the triangle x1x2x3 (see Fig. 2), and a linear function g defined

over this triangle. We define
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Xrg ¼
gðx2Þ � gðx1Þ
gðx3Þ � gðx1Þ

� �
; ð19Þ

where

X ¼
�
x2 � x1

�T

�
x3 � x1

�T

" #

; ð20Þ

Thereby, the gradient of the linear function g may be expressed as follows:

rg ¼ 1

T

 

m2
�
gðx2Þ � gðx1Þ

	
þ m3

�
gðx3Þ � gðx1Þ

	
!

; ð21Þ

where m2; m3 are respectively the normal vector to x2 � x1 and x3 � x1 and defined

by

m2 ¼ R
�
x2 � x1

�
; m3 ¼ �R

�
x3 � x1

�
;

with

R ¼ 0 1

�1 0

� �

and

T ¼ mT2Rm3:

Let’s notice that the matrix R is a rotation of angle � p
2
. Thereby the vector m2 and

m3 have same length with the vectors x2 � x1 and x3 � x1.

Let us called interaction volume Rij, a cell grid defined as follows:

Fig. 2 Triangle x1x2x3
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for i; j ¼ 1; . . .;N þ 1 Rij ¼ ½xi�1; xi� � ½yj�1; yj�: ð22Þ

We denote respectively by x1ðxi�1; yj�1Þ; x2ðxi; yj�1Þ; x3ðxi; yjÞ and x4ðxi�1; yjÞ the

centre of the control volumes Ci�1;j�1; Ci;j�1; Ci�1;j and Ci;j. We denote also by

�x1; �x2; �x3 and �x4 the midpoints of the segment x1x2, x3x4; x1x3 and x2x4. We may

notice that an interaction volume Rij, for i; j ¼ 1; . . .;N þ 1, is covering an area in

the intersection of the control volumes Ci�1;j�1; Ci;j�1; Ci�1;j and Cij. An interaction

volume can be divided into 2 triangles such that the half edges 1, 2 are in the

triangle T1 ¼ x1x2x3 and the half edges 3, 4 are in the triangle T2 ¼ x1x3x4 (see Fig.
3).

Here, we follow the procedure in Aavatsmark (2007).

In an interaction volume, we aim to compute the flux through the half edges

1, 2, 3 and 4 (See Fig. 3).

Thereby, using (18), the flux f ijp through the half edge p seen from the centre of

the control volume Cij is expressed as follows:

f ijp ¼ nTpM
ijrV ij; ð23Þ

where np is the vector normal to the half edge p with the same length.

Let us consider the triangle T1 ¼ x1x2x3 from the interaction volume Rij

In the triangle T12 ¼ �x1x2 �x2, using the flux expression (23) and the gradient

expression (21), it follows that

Fig. 3 Interaction volume
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f i;j�1
1 ¼xi;j�1

12

�
�V2 � V i;j�1

	
� xi;j�1

11

�
�V1 � V i;j�1

	
;

f i;j�1
2 ¼xi;j�1

22

�
�V2 � V i;j�1

	
� xi;j�1

21

�
�V1 � V i;j�1

	
;

ð24Þ

where

xi;j�1
11 ¼ 1

Ti;j�1
1

� nT1M
i;j�1m1; xi;j�1

12 ¼ 1

Ti;j�1
1

� nT1M
i;j�1m2;

xi;j�1
21 ¼ 1

Ti;j�1
1

� nT2M
i;j�1m1; xi;j�1

22 ¼ 1

Ti;j�1
1

� nT2M
i;j�1m2;

with

Ti;j�1
1 ¼ �mT2Rm1:

Besides, using the property of the matrix R, we have

m4 ¼ Rð�x5 � x2Þ: ð25Þ

Moreover, using equation (19) and the expression of gradient (21) in the triangle

T12 leads to

�V5 ¼ V i;j�1 þ vi;j�1
42

�
�V2 � V i;j�1

	
� vi;j�1

41

�
�V1 � V i;j�1

	
; ð26Þ

where

vi;j�1
41 ¼ 1

Ti;j�1
1

mT4Rm1

vi;j�1
42 ¼ 1

Ti;j�1
1

mT4Rm2;

In the triangle T11 ¼ x1 �x1 �x5,

f i�1;j�1
1 ¼ xi�1;j�1

13

�
�V1 � V i�1;j�1

	
þ xi�1;j�1

12

�
�V5 � V i�1;j�1

	
: ð27Þ

Replacing �V5 by its expression (26) in (27), it reads

f i�1;j�1
1 ¼xi�1;j�1

13

�
�V1�V i�1;j�1

	

þxi�1;j�1
12

 

V i;j�1�V i�1;j�1þvi;j�1
42

�
�V2�V i;j�1

	
�vi;j�1

41

�
�V1�V i;j�1

	
!

;

ð28Þ

where
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xi�1;j�1
13 ¼ 1

Ti�1;j�1
1

� nT1M
i�1;j�1m3; xi�1;j�1

12 ¼ 1

Ti�1;j�1
1

� nT1M
i�1;j�1m2;

with

Ti�1;j�1
1 ¼ mT3Rm2:

Similarly, in the triangle T13 ¼ �x5 �x2x3,

f ij2 ¼ �xij
21

�
�V5 � V ij

	
þ xij

23

�
�V2 � V ij

	
: ð29Þ

Replacing �V5 by its expression (26) in (29), it reads

f ij2 ¼ �xij
21

 

V i;j�1 � V ij þ vi;j�1
42

�
�V2 � V i;j�1

	
� vi;j�1

41

�
�V1 � V i;j�1

	
!

þ xij
23

�
�V2 � V ij

	
;

ð30Þ

where

xij
21 ¼

1

Tij
1

� nT2M
ijm1; xij

23 ¼
1

Tij
1

� nT2M
ijm3;

with

Tij
1 ¼ �mT3Rm3:

Since the flux is continuous through edges, then using (24), (28) and (30) leads to

f1¼xi;j�1
12

�
�V2�V i;j�1

	
�xi;j�1

11

�
�V1�V i;j�1

	

¼xi�1;j�1
13

�
�V1�V i�1;j�1

	
þxi�1;j�1

12

 

V i;j�1�V i�1;j�1þvi;j�1
42

�
�V2�V i;j�1

	
�vi;j�1

41

�
�V1�V i;j�1

	
!

;

f2¼xi;j�1
22

�
�V2�V i;j�1

	
�xi;j�1

21

�
�V1�V i;j�1

	

¼�xij
21

 

V i;j�1�V ijþvi;j�1
42

�
�V2�Vi;j�1

	
�vi;j�1

41

�
�V1�Vi;j�1

	
!

þxij
23

�
�V2�Vij

	
:

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ð31Þ

By setting

g ¼
f1

f2

� �
;W ¼

V i�1;j�1

V i;j�1

V ij

2

64

3

75;V ¼
�V1

�V2

� �
; ð32Þ

the system of equations (31) can be written as
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g ¼ CijV þ DijW ; ð33Þ

where

Cij ¼
�xi;j�1

11 xi;j�1
12

�xi;j�1
21 xi;j�1

22

2

64

3

75;Dij ¼
0 xi;j�1

11 � xi;j�1
12 0

0 xi;j�1
21 � xi;j�1

22 0

2

64

3

75:

Using the expressions at both sides of the second equalities of system equations (31)

gives

AijV ¼ BijW ; ð34Þ

where

Aij¼
xi;j�1

11 þxi�1;j�1
13 �xi�1;j�1

12 vi;j�1
41 �xi;j�1

12 þxi�1;j�1
12 vi;j�1

42

xi;j�1
21 þxij

21v
i;j�1
41 �xi;j�1

22 þxij
23�xij

21v
i;j�1
42

2

64

3

75;

Bij¼
xi�1;j�1

13 þxi�1;j�1
12 �xi;j�1

12 þxi;j�1
11 �xi�1;j�1

12

�
1þvi;j�1

41 �vi;j�1
42

�
0

0 �xi;j�1
22 þxi;j�1

21 þxij
21

�
1þvi;j�1

41 �vi;j�1
42

�
�xij

21þxij
23

2

64

3

75:

Thereby, by solving (34) with respect to V and replacing in (33) we get

g ¼ RijV; ð35Þ

where

Rij ¼ Cij½Aij��1Bij þ Dij:

Now considering the triangle T2 (see Fig. 3) and applying the above procedure used

in the triangle T1, we are able to calculate the fluxes through the half edges 3 and 4

as follows:

h ¼ SijV; ð36Þ

where

h ¼
f3

f4

� �
;V ¼

V i;j�1

V ij

V ij

2

64

3

75:

For simplicity, in an interaction volume Rij, the flux through the half edges 1, 2, 3

and 4 are given by

f ¼ TijV ð37Þ

where

123

R. S. Koffi, A. Tambue



f ¼

f1

f2

f3

f4

2

6664

3

7775
;V ¼

V i�1;j�1

V i;j�1

V ij

V i�1;j

2

6664

3

7775
; ð38Þ

and Tij is 4� 4 matrix coming from Rij and Sij defined in (35),(36). Tij is called the

transmissibility matrix of the interaction volume Rij.

Let us notice that the flux through a full edge will be the addition of the fluxes

through its 2 half edges. (Fig. 5)

Let us recall that, from (18), our aim is to compute the flux through the edges of

the control volume Cij. In order to cover the boundary of a control volume, we need

four interaction volumes

Let us denote, for the volume control Cij, by E f
ij
l the flux through lower half

eastern edge, by E f
ij
u the flux through the upper half eastern edge. The flux E f

ij

through the east edge of the control volume Cij is calculated as follows:

The lower half eastern edge is in position 3 in the triangle T2 of the interaction

volume Riþ1;j (see Fig. 4). So by using (37), the flux is given by

E f
ij
l ¼ Tiþ1;j

31 V i;j�1 þ Tiþ1;j
33 V iþ1;j þ Tiþ1;j

34 V ij:

Similarly, the upper half eastern edge is in position 1 in the triangle T1 of the

interaction volumeRiþ1;jþ1 and it is in position 1 in the interaction volume. Thereby

using (37), the flux is given by

Fig. 4 Triangle T1
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E f
ij
u ¼ Tiþ1;jþ1

11 V ij þ Tiþ1;jþ1
12 V iþ1;j þ Tiþ1;jþ1

13 V iþ1;jþ1:

Finally the flux through the eastern edge of the control volume Cij will be the

addition of E f
ij
l and E f

ij
u . Thus,

E f
ij ¼ E f

ij
d þ E f

ij
u

E f
ij ¼ Tiþ1;j

31 V i;j�1 þ
�
Tiþ1;j
33 þ Tiþ1;jþ1

12

	
V iþ1;j þ

�
Tiþ1;jþ1
11 þ Tiþ1;j

34

	
V ij

þ Tiþ1;jþ1
13 V iþ1;jþ1;

ð39Þ

The same method is applied to calculate the flux through the northern, western and

southern edges of the control volume Cij. The flux through the edges of the control

volume Cij is obtained by summing up the flux through the 4 edges. This gives :

F ij ¼ aijV ij þ bijV iþ1;j þ cijV iþ1;jþ1 þ dijV i;jþ1 þ eijV i�1;j þ aijV i�1;j�1 þ bijV i;j�1;

ð40Þ

where

Fig. 5 Flux through eastern edge of control volume Cij
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aij¼Tiþ1;jþ1
11 þTiþ1;j

34 þTiþ1;jþ1
41 þTi;jþ1

22 �Ti;jþ1
12 �Tij

33�Tij
23�Tiþ1;j

44 ;

bij¼Tiþ1;j
33 þTiþ1;jþ1

12 �Tiþ1;j
43 ;cij¼Tiþ1;jþ1

13 þTiþ1;jþ1
43 ;dij¼Ti;jþ1

23 þTiþ1;jþ1
44 �Ti;jþ1

13 ;

eij¼Ti;jþ1
21 �Ti;jþ1

11 �Tij
34;aij¼�Tij

31�Tij
21;bij¼Tiþ1;j

31 �Tij
22�Tiþ1;j

41 :

This leads to a system of equations which can be written as follows:

F ¼ AmpV þ Fmp; ð41Þ

where

F ¼

F 11

F 12

..

.

F 1N

F 21

F 22

..

.

..

.

FNN

2

6666666666666666664

3

7777777777777777775

;V¼

V11

V12

..

.

V1N

V21

V22

..

.

..

.

VNN

2

6666666666666666664

3

7777777777777777775

;Amp¼

W1 X1 0N ... ... ... ... 0N

Y2 W2 X2
. .
. ..

.

0N Y3 W3 X3
. .
. ..

.

..

. . .
.

Y4 W4 X4
. .
. ..

.

..

. . .
. . .

. . .
. . .

. . .
. ..

.

..

. . .
. . .

. . .
. . .

.
0N

..

. . .
.

YN�1 WN�1 XN�1

0N ... ... ... ... 0N YN WN

2

66666666666666666664

3

77777777777777777775

;

with 0N is N�N zeros matrix,Wi;Xi;Zi are tridiagonal matrix and Fmp is a N
2 vector

coming from the boundary conditions.

Fig. 6 A structure of the
diffusion matrix using L-MPFA
method
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As we can see on Fig. 6, the L-MPFA method is a 7 points stencil method, unlike

the O-MPFA method (see Koffi and Tambue 2019a ) which is a 9 points stencil

method.

3.2 Discretisation of the Convection Term

The integral of convection term
Z

Cij
rðfVÞdC;

where

f ¼
ðr � r21 �

1

2
qr1r2Þx

ðr � r22 �
1

2
qr1r2Þy

0

B@

1

CA;

will be approximated using the upwind methods (1st and 2nd order ). We start by

applying the divergence theorem, and we have for i; j ¼ 1; :::;N:

Iij ¼
Z

Cij
rðfVÞdCij ¼

Z

oCij
ðf � VÞ � ndCi;j; ð42Þ

with n an outward unit normal vector.

3.2.1 First Order Upwind Method

The first order upwind method discussed in (LeVeque 2004, chapter 4.8) will be

applied to evaluate the second term of (12).

Iij is calculated by summing up the flux through the edges of the control volume

Cij.
The flux through an edge using the first order upwind will depend on the sign of

f � n on this edge. If the sign of f � n is positive, V ij will be used to approximate

ðf � nVÞ otherwise we will use the value of V in other side of the edge.

By doing so, we get for i; j ¼ 1; :::;N;

Iij ¼�ijV i�1;j þ lijV i;j�1 þ XijV ij þ /ijV i;jþ1 þWijV iþ1;j; ð43Þ

where
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�ij ¼ �ljf
i�1
x maxðf i�1

x ; 0Þ; lij ¼ �hif
j�1
y maxðf j�1

y ; 0Þ;

Xij ¼ lj

 

f ix maxðf ix; 0Þ � f i�1
x minðf i�1

x ; 0Þ
!

þ hi

 

f jy maxðf jy; 0Þ � f j�1
y minðf j�1

y ; 0Þ
!

;

/ij ¼ hif
j
y minðf jy; 0Þ;Wij ¼ ljf

i
x minðf ix; 0Þ:

Equation (43) will lead to a system of equations which be written as follows:

I ¼ AupV þ Fup; ð44Þ

Aup is a N2 � N2 matrix

I ¼

I11

I12

..

.

I1N

I21

I22

..

.

..

.

INN

2

6666666666666666664

3

7777777777777777775

;V ¼

V11

V12

..

.

V1N

V21

V22

..

.

..

.

VNN

2

6666666666666666664

3

7777777777777777775

;Aup ¼

H1 P1 0N . . . . . . . . . 0N

Q2 H2 P2
. .
. ..

.

0N Q3 H3 P3
. .
. ..

.

..

. . .
. . .

. . .
. . .

. . .
. ..

.

..

. . .
.

QN�2 HN�2 PN�2 0N

..

. . .
.

QN�1 HN�1 PN�1

0N . . . . . . . . . 0N QN HN

2

6666666666666664

3

7777777777777775

;

with 0N is N � N zeros matrix, Hi is a tridiagonal matrix, Pi;Qi are diagonal

matrices and Fup is a vector coming from the boundary conditions.

Therefore, combining the L-MPFA method (41) and the first order upwind (44),

we get

dV
ds

¼ AV þ GðVÞ þ F; ð45Þ

with

A¼L�1

 

AmpþAupþAL

!

;GðVÞ¼b
h
max

�
V��V;0

	i1=k
;F¼L�1

 

FmpþFup

!

;

where AL is a diagonal matrix of size N2�N2 coming from the discretisation of

(14). The diagonal elements of AL are ðALÞii¼hilik; for i¼1; :::;N2 with k given in

(8). The matrix L is also a diagonal matrix of size N2�N2 whose diagonal elements

are Lii¼hili; for i¼1; . . .;N2:
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3.2.2 Second Order Upwind Method

A second order approximation is used to calculated the flux defined in (42). For

instance, the flux EJ
ij through the eastern edge of the control volume Cij is

approximated as follows: We will start by giving an approximation of the gradient

in the integral expression (18)

EJ
ij ¼

Z

Eij
ðf � VÞ � nE ; ð46Þ

where

nE ¼
1

0

2

64

3

75;

is the outward unit normal vector to the eastern edge Eij of the control volume Cij.
We set fx ¼ f � nE and we have

V �

3V ij � V i�1;j

2
if fx � 0;

3V iþ1;j � V iþ2;j

2
if fx\0:

8
><

>:
ð47Þ

Then we get

EJ
ij¼ lj

"
3

2
maxðf iþ1

x ;0ÞV ij�
1

2
maxðf iþ1

x ;0ÞV i�1;jþ
3

2
minðf iþ1

x ;0ÞV iþ1;j�
1

2
minðf iþ1

x ;0ÞV iþ2;j

#

;

ð48Þ

with

f iþ1
x ¼ ðr � r2x �

1

2
qrxryÞxiþ1

2
:

We use the same argument to calculate the flux NJ
ij;WJij; SJ

ij through the northern,

western and southern edges of the control volume Cij and after sum them up. We get

then

Jij ¼ �ijV i�2;j þ gijVi� 1; jþ jijV i;j�2 þ lijV i;j�1 þ XijV ij

þ /ijV i;jþ1 þWijV i;jþ2 þ DijV iþ1;j

þPijV iþ2;j;

ð49Þ

where
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�ij ¼
1

2
lj maxðf ix; 0Þ; gij ¼ � 1

2
lj maxðf iþ1

x ; 0Þ � 3

2
lj maxðf ix; 0Þ;

jij ¼
1

2
hi maxðf jy; 0Þ; lij ¼ � 1

2
hi maxðf jþ1

y ; 0Þ � 3

2
hi maxðf jy ; 0Þ;

Xij ¼
3

2
lj maxðf iþ1

x ; 0Þ þ 3

2
hi maxðf jþ1

y ; 0Þ � 3

2
lj minðf ix; 0Þ �

3

2
hi minðf jy ; 0Þ;

/ij ¼
3

2
hi minðf jþ1

y ; 0Þ þ 1

2
hi minðf jy; 0Þ;Wij ¼ � 1

2
hi minðf jþ1

y ; 0Þ;

Dij ¼
3

2
lj minðf iþ1

x ; 0Þ þ 1

2
lj minðf ix; 0Þ;Pij ¼ � 1

2
lj minðf iþ1

x ; 0Þ:

For the control volumes near the boundary of the study domain, the first order

upwind method is used for the approximation of the flux through edges directly

connected to the boundary.

Equation (49) leads to a system of equations which can be written as:

J ¼ A2upV þ F2up; ð50Þ

where

J¼

J11

J12

..

.

J1N

J21

J22

..

.

JNN

2

6666666666666664

3

7777777777777775

;V¼

V11

V12

..

.

V1N

V21

V22

..

.

VNN

2

6666666666666664

3

7777777777777775

;A2up¼

K1 R1 G1 0N . . . . . . 0N

S2 K2 R2 G2
. .
. ..

.

H3 S3 K3 R3 G3
. .
. ..

.

0N
. .
. . .

. . .
. . .

. . .
.

0N

..

.
HN�2 SN�2 KN�2 RN�2 GN�2

..

.
HN�1 SN�1 KN�1 RN�1

0N . . . . . . 0N HN SN KN

2

6666666666666664

3

7777777777777775

;

where for i¼1; . . .;N;Ki is penta-diagonal matrice and Ri;Gi;Si;Hi are diagonal

matrices. F2up is a vector coming from the boundary conditions.

Therefore, combining the L-MPFA method (41) and the second order upwind

method (50), we have

dV
ds

¼ AV þ GðVÞ þ F; ð51Þ

with

A¼L�1

 

AmpþA2upþAL

!

;GðVÞ¼b
h
max

�
V��V;0

	i1=k
;F¼L�1

 

FmpþF2up

!

;

where AL is a diagonal matrix of size N2�N2 coming from the discretisation of

(14). The diagonal elements of AL are ðALÞii¼hilik; for i¼1; :::;N2 with k given in
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(8). The matrix L is also a diagonal matrix of size N2�N2 whose diagonal elements

are Lii¼hili; for i¼1; . . .;N2.

Besides, the ellipticity condition for the PDE (2) is not satisfied when the stocks

price (x ! 0 and/or y ! 0) is near to zero. This may cause some oscillations of the

numerical solution when the PDE is degenerate.

Nevertheless, (Wang 2004) suggested a fitted finite volume method to deal with

the degeneracy of the PDE. Thereby, the fitted finite volume method will be applied

in the degeneracy region (x ! 0 and/or y ! 0) in the next section.

3.2.3 Fitted Finite Volume

The fitted finite volume method is used to approximated the flux through edges

which are (fully) in the degeneracy region i.e the western edge of the control volume

C1;j; j ¼ 1; ::;N and the southern edge of the control volume Ci;1; i ¼ 1; . . .;N.
For the western edge of the control volume C1;jj ¼ 1; . . .;N, using the mid-

quadrature rule, the flux is given by

Z ðx1
2
;y

jþ1
2
Þ

ðx1
2
;y

j�1
2
Þ

 

m11

oV
ox

þ m12

oV
oy

þ pV
!

dy �
 

m11

oV
ox

þ m12

oV
oy

þ pV
!

ðx1
2
;yjÞ

� lj;

ð52Þ

Besides,

m11

oV
ox

þ m12

oV
oy

þ pV ¼x

 

ax
oV
ox

þ d
oV
oy

þ bV
!

; ð53Þ

with a ¼ 1
2
r21 , b ¼ r � r21 � 1

2
qr1r2 and d ¼ 1

2
qr1r2y.

We want to approximate

gðVÞ ¼ ax
oV
ox

þ bV;

by a constant over Ix1 ¼ ð0; x1Þ satisfying the following two-point boundary value

problem

g0ðvÞ ¼
 

ax
ov

ox
þ bv

!0

¼ K1;

vð0; yjÞ ¼ V0;j; vðx1; yjÞ ¼ V1;j:

8
><

>:
ð54Þ

By solving this problem, it yields to

V ¼ V0;j þ ðV1;j � V0;jÞ
x

x1
: ð55Þ

Thereby, by using (52),(53), (54), (55) and the forward difference to approximate

the first partial derivative oV
oy we get
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Z ðx1
2
;y

jþ1
2
Þ

ðx1
2
;y

j�1
2
Þ

 

m11

oV
ox

þ m12

oV
oy

þ pV
!

dy � 1

2
x1

h 1
2
ljðaþ bÞ � dj

i
V i;1

þ 1

2
djx1V1;jþ1 �

1

4
x1ljða� bÞV0;j;

ð56Þ

where

a ¼ 1

2
r21; b ¼ r � r21 �

1

2
qr1r2; dj ¼

1

2
qr1r2yj; lj ¼ yjþ1

2
� yj�1

2
:

Similarly, for the flux through the southern edge of the control volume

Ci;1i ¼ 1; :::;N, it is given by

Z ðx
iþ1

2
;y1

2
Þ

ðx
i�1

2
;y1

2
Þ

 

m21

oV
ox

þ m22

oV
oy

þ qV
!

dx � 1

2
y1

h 1
2
hiðeþ kÞ � h0i

i
V i;1

þ 1

2
h0iy1V iþ1;1 �

1

4
y1hiðe� kÞV i;0;

ð57Þ

where

e ¼ 1

2
r22; k ¼ r � r22 �

1

2
qr1r2; h

0
i ¼

1

2
qr1r2xi; hi ¼ xiþ1

2
� xi�1

2
:

3.2.4 The Fitted L-Multi-Point Flux Approximation Method ( with the 1st Order
Upwind method )

1. Fitted L-MPFA method (with 1st order upwind method)

Here the fitted finite volume method is combined with the first order upwind

method . Thereby we have:

For the control volume C11, the western and southern edges are (fully) in the

degeneracy region. The integrals over the western and southern edges of the

control volume C11 are then approximated using the fitted finite volume (56)

and (57). The integrals over the eastern and northern edges of the control C11,
which are not in the degeneracy region, are approximated using the L-MPFA

method coupled to the upwind methods (1st and 2nd order).
Z

C11
rkðVÞdC11�aa11V11þbb11V21þcc11V22þdd11V12þee11V01þbb11V10;

where
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aa11 ¼ T22
11 þ T21

34 þ T22
41 þ T12

22 þ l1 maxðf 2x ; 0Þ þ h1 maxðf 2y ; 0Þ

� 1

2
x1

� 1
2
l1ðaþ bÞ � d1

	
;� 1

2
y1

� 1
2
h1ðeþ kÞ � h01

	
;

bb11 ¼ T21
33 þ T22

12 þ l1 minðf 2x ; 0Þ �
1

2
h01y1; cc11 ¼ T22

13 þ T22
43 ;

dd11 ¼ T12
23 þ T22

44 þ h1 minðf 2y ; 0Þ �
1

2
d1x1; ee11 ¼ T12

21 þ
1

4
l1x1ða� bÞ;

bb11 ¼ T21
31 þ

1

4
y1h1ðe� kÞ:

Similarly, for the control volume C1;j; j ¼ 1; . . .;N, only the southern edge is

(fully) in the degeneracy region. Then, the integral over the southern edge is

approximated using the fitted finite volume method (57). The integrals over

the eastern, northern and western edges are approximated using the L-MPFA

method coupled to the upwind methods(1st and 2nd order)
Z

C1;j

rkVdC ¼ aa1;jV1;j þ bb1;jV2;j þ cc1;jV2;jþ1 þ dd1;jV1;jþ1 þ bb1;jV1;j�1

þ aa1;jV0;j�1 þ ee1;jV0;j;

ð58Þ

where

aa1;j ¼ T2;jþ1
11 þ T2;j

34 þ T2;jþ1
41 þ T1;jþ1

22 � T1;j
23 � T2;j

44 þ lj maxðf 2x ; 0Þ

þ h1 maxðf jþ1
y ; 0Þ � h1 minðf jy ; 0Þ;�

1

2
x1

� 1
2
ljðaþ bÞ � dj

	
;

bb1;j ¼ T2;j
33 þ T2;jþ1

12 � T2;j
43 þ lj minðf 2x ; 0Þ;

cc1;j ¼ T2;jþ1
13 þ T2;jþ1

43 ;

dd1;j ¼ T1;jþ1
23 þ T2;jþ1

44 þ h1 minðf jþ1
y ; 0Þ � 1

2
djx1;

bb1;j ¼ T2;j
31 � T1;j

22 � T2;j
41 � h1 maxðf jy ; 0Þ;

aa1;j ¼ �T1;j
21 ;

ee1;j ¼ T1;jþ1
21 þ 1

4
ljx1ða� bÞ:

Using the same argument as above, for the control volume Ci;1i ¼ 2; ::;N, the
integral over the southern edge is approximated using the fitted finite volume

(57). The integrals over the eastern, northern and western edges are

approximated using the L-MPFA method combined with the upwind methods

(1st and 2nd order)
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Z

Ci;1
rðkVÞdC ¼ aai;1V i;1 þ bbi;1V iþ1;1 þ cci;1V iþ1;2 þ ddi;1V i;2

þ eei;1V i�1;1 þ aai;1V i�1;0

þ bbi;1V i;0;

ð59Þ

where

aai;1 ¼ Tiþ1;2
11 þ Tiþ1;1

34 þ Tiþ1;2
41 þ Ti;2

22 � Ti;2
12 � Ti;1

33 þ l1 maxðf iþ1
x ; 0Þ

þ hi maxðf 2y ; 0Þ � l1 minðf ix; 0Þ �
1

2
y1

� 1
2
hiðeþ kÞ � h0i

	
;

bbi;1 ¼ Tiþ1;1
33 þ Tiþ1;2

12 þ l1 minðf iþ1
x ; 0Þ � 1

2
h0iy1;

cci;1 ¼ Tiþ1;2
13 þ Tiþ1;2

43 ;

ddi;1 ¼ Ti;2
23 þ Tiþ1;2

44 � Ti;2
13 þ hi minðf 2y ; 0Þ;

eei;1 ¼ Ti;2
21 � Ti;2

11 � Ti;1
34 � l1 maxðf ix; 0Þ;

aai;1 ¼ �Ti;1
31 ;

bbi;1 ¼ Tiþ1;1
31 þ 1

4
y1hiðe� kÞ:

Besides, for the control volume Cij; i; j ¼ 2; :::;N, the L-MPFA method is used

to approximate the diffusion term and the upwind to approximate the advection

term. This leads to the following semi-discrete equation

dV
ds

¼ AV þ GðVÞ þ F; ð60Þ

where

V ¼

V11

V12

..

.

V1N

V21

V22

..

.

VNN

2

6666666666666664

3

7777777777777775

A ¼ L�1

 

Z þ AL

!

;GðVÞ ¼ b
h
max

�
V� � V; 0

	i1=k
;

with F the vector of boundary conditions and AL a diagonal matrix of size

N2 � N2 coming from the discretisation of (14). The diagonal elements of AL

are ðALÞii ¼ hilik; for i ¼ 1; :::;N2 with k given in (8). The matrix L is also a
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diagonal matrix of size N2 � N2 whose diagonal elements are Lii ¼ hili; for

i ¼ 1; . . .;N2 and

Z ¼

D1 K1 0N . . . . . . . . . . . . 0N

L2 D2 K2
. .
. ..

.

0N L3 D3 K3
. .
. ..

.

..

. . .
.

L4 D4 K4
. .
. ..

.

..

. . .
. . .

. . .
. . .

. . .
. ..

.

..

. . .
. . .

. . .
. . .

.
0N

..

. . .
.

LN�1 DN�1 KN�1

0N . . . . . . . . . . . . 0N LN DN

2

66666666666666666664

3

77777777777777777775

:

The elements of matrix Z are matrices. 0N is a zeros matrix of size N � N. The
matrices Di;Ki; Li are tri-diagonal matrices defined as follows:

for i ¼ 1 or i ¼ N;

k ¼ 1; . . .;NðDiÞkk ¼ aa1;k; k ¼ 1; . . .;N � 1ðDiÞk;kþ1 ¼ dd1;k; k ¼ 2; . . .;NðDiÞk;k�1 ¼ bb1;k;

for i ¼ 1; k ¼ 1; . . .;NðK1Þkk ¼ bb1;k; k ¼ 1; . . .;N � 1ðK1Þk;kþ1 ¼ cc1;k;

for i ¼ N; ðLNÞ11 ¼ eeN1; k ¼ 2; . . .;NðLNÞkk ¼ eN;k þ gN;k; k ¼ 2; . . .;NðLNÞk;kþ1 ¼ aN;k;

for i ¼ 2; . . .;N � 1;

ðDiÞ11 ¼ aai;1; ðDiÞ12 ¼ ddi;1; ðKiÞ11 ¼ bbi;1; ðKiÞ12 ¼ cci;1; ðLiÞ11 ¼ eei;1;

k ¼ 2; . . .;N; ðDiÞkk ¼ ai;k þ Xi;k; ðKiÞkk ¼ bi;k þ Di;k; ðLiÞkk ¼ ei;k þ gi;k;

k ¼ 2; . . .;N � 1; ðDiÞk;kþ1 ¼ di;k þ /i;k; ðKiÞk;kþ1 ¼ ci;k;

k ¼ 2; . . .;N; ðDiÞk;k�1 ¼ bi;k þ li;k; ðLiÞk;k�1 ¼ ai;k:

where the elements aaij; bbij; ccij; ddij; eeij; bbij are defined in (58),(58),(59), and

the elements aij; bij; cij; dij; eij;Xij Dij; bij;/ij; aij; lij; gij are defined in (40) and

(43).

2. Fitted Multi-Point Flux Approximation (2nd order upwind)

Similarly, the fitted MPFA-L method deriving from the combination of the L-

MPFA method and the 2nd order upwind method leads to the following

equation :

dV
ds

¼ AV þ GðVÞ þ F; ð61Þ

where
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V ¼

V11

V12

..

.

V1N

V21

V22

..

.

VNN

2

6666666666666664

3

7777777777777775

;A ¼ L�1

 

Y þ AL

!

;GðVÞ ¼ b
h
max

�
V� � V; 0

	i1=k
;

with F the vector of boundary conditions. AL is a diagonal matrix of size

N2 � N2 coming from the discretisation of (14). The diagonal elements of AL

are ðALÞii ¼ hilik; for i ¼ 1; :::;N2 with k given in (8). The matrix L is also a

diagonal matrix of size N2 � N2 whose diagonal elements are Lii ¼ hili; for

i ¼ 1; . . .;N2

and

Y ¼

H1 P1 R1 0N . . . . . . . . . 0N 0N

Q2 H2 P2 R2 0N 0N

W3 Q3 H3 P3 R3 0N
..
.

0N W4 Q4 H4 P4 R4
. .
.

0N 0N
. .
. . .

. . .
. . .

. . .
. . .

.

..

. . .
. . .

. . .
. . .

. . .
. . .

. . .
.

..

. . .
. . .

. . .
. . .

. . .
. . .

.
0N

. .
.

WN�2 QN�2 HN�2 PN�2 RN�2

..

. . .
.

WN�1 QN�1 HN�1 Pi;N�1

0N . . . . . . . . . . . . 0N WN QN HN

2

66666666666666666666666664

3

77777777777777777777777775

:

The elements of matrix Y are matrices. 0N is a zeros matrix of size N � N. The
matrices Hi; i ¼ 1; ::;N are a penta-diagonal matrices and the matrices

Pi;Ri;Qi;Wi are diagonal matrices.

Furthermore, The h-Euler method will be applied on the semi-discrete equations

(45), (51), (60) and (61) for the spatial discretisation.

4 Time Discretization

Let us consider the ODE stemming from the spatial discretization and given by (45),

(51), (60) and (61)

123

A fitted L-Multi-point Flux...



dV
ds

¼ AV þ GðVÞ þ F:

By using the h-Euler method for the time discretization, it follows

Vmþ1 � Vm

Ds
¼ h
�
AVmþ1 þ GðVmþ1Þ þ Fðtmþ1Þ

	

þ ð1� hÞ
�
AVm þ GðVmÞ þ FðtmÞ

	
; m ¼ 0; . . .;M;

ð62Þ

At every time iteration, the nonlinear system where Vmþ1 is the solution using the

Newton method. Note that

Vm ¼ V11ðsmÞ;V12ðsmÞ; . . .;V1NðsmÞ;V21; ðsmÞV22ðsmÞ; . . .;V2NðsmÞ; . . .;VN;1ðsmÞ;VN;2ðsmÞ; . . .; . . .;VNNðsmÞ½ �T ;

sm ¼ mDs:

where the time step is Ds ¼ T
M, T being the maturity time.

5 Numerical Experiments

In this section, we perform some numerical simulations for the L-MPFA method

combined to the upwind methods (first and second order) and for the fitted L-MPFA

method combined to the upwind methods (first and second order).

5.1 Errors for European Call Options

The computational domain of the problem is X ¼ ½0; 300� � ½0; 300� � ½0; T � with
T=1/12. The numerical experiments are performed with the strike price E ¼ 100,

the volatilities r1 ¼ r2 ¼ 0:3, the correlation coefficient q ¼ 0:3 and the risk free

interest r ¼ 0:08.
Here, by taking b ¼ 0 in (4), the L-MPFA method illustrated in the previous

sections will be compared to the fitted finite volume method, (Wang 2004), and the

fitted O-MPFA methods for pricing multi-asset options introduced in Koffi and

Tambue (2019a). The relative error will be computed with respect to the analytical

solution of the Black–Scholes PDE defined in Haug (2007) as follows

CðS1; S2;K; TÞ ¼ S1e
�rTMðy1; d; q1Þ þ S2e

�rTMðy2;�d þ r
ffiffiffiffi
T

p
; q2Þ

� Ke�rT � 1�Mð�y1 þ r1
ffiffiffiffi
T

p
;�y2 þ r2

ffiffiffiffi
T

p
; qÞ

� 	
;

ð63Þ
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where

d ¼ lnðS1=S2Þ þ ðb1 � b2 þ r21=2ÞT
r
ffiffiffiffi
T

p ;

y1 ¼
lnðS1=KÞ þ ðb1 þ r21=2ÞT

r1
ffiffiffiffi
T

p ; y2 ¼
lnðS2=KÞ þ ðb1 þ r22=2ÞT

r2
ffiffiffiffi
T

p ;

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21 þ r22 � 2qr1r2

q
; q1 ¼

r1 � qr2
r

; q2 ¼
r2 � qr1

r
;

and

Mða; b; qÞ ¼ 1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
Z a

�1

Z b

�1
exp � x2 � 2qxyþ y2

2ð1� q2Þ

� �
dxdy:

The solution using the L-MPFA coupled to the 2nd order upwind method is

illustrated as below

Fig. 7 Analytical solution
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The L2-norm used to compute the error is given by

err ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i;j¼1 measðCijÞ

�
V ij � Vana

ij

�2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1 measðCijÞ

�
Vana
ij

�2
q ; ð64Þ

where V is the numerical solution, Vana the analytical solution and measðCijÞ is the
measure of the control volume Cij. This gives the following tables:

Table 1 Table of errors

Fitted fin

vol

O-MPFA-1st
upw

O-MPFA-2nd
upw

fit O-MPFA-1st
upw

fit O-MPFA-2nd
upw

50� 50 0.0317 0.0224 0.0225 0.0212 0.0212

70� 70 0.0329 0.0248 0.0248 0.0238 0.0238

85� 85 0.0327 0.0260 0.0260 0.0251 0.0251

Table 2 Table of errors

L-MPFA-1stupw L-MPFA-2nd upw fit L-MPFA-1st upw fit L-MPFA-2nd upw

50� 50 0.0048 0.0049 0.0048 0.0047

70� 70 0.0041 0.0041 0.0041 0.0041

85� 85 0.0040 0.0040 0.0040 0.0040

Fig. 8 L-MPFA-upwind 2nd order
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Aswe can observe inTables 1 and 2, the newfittedL-MPFAmethod ismore accurate

than the fitted O-MPFA method developed in Koffi and Tambue (2019a) and the

standard fitted finite volume method developed in Huang et al. (2006). (Figs. 7 and 8)

5.2 Errors for American Put Options

Since there is no analytical solution for the power penalty problem (4) for pricing

American put options, and the numerical solution given by the fitted L-MPFA

coupled to 2nd order upwind method is more accurate when pricing European

options (see Tables 1 and 2), we have chosen for reference solution or ’’exact

solution’’ the numerical solution given by the fitted L-MPFA coupled to 2nd order

upwind method with dt ¼ T=256. The relative error of all the numerical methods

used in this study will be performed with respect to this reference solution. Note that

the penalty term is not differentiable, so we have used a modified Newton method

with the following approximation ½V�m � Vm�1=kþ ¼ max ½V�m � Vm�1=k; 0
n o

,

½V�m � Vm�1=kþ � ½V�m � Vm�1=k; if V�m � Vm � �

0; otherwise:

(

ð65Þ

that is for �[ 0. In our simulation we take � ¼ 10�6.

Fig. 9 Reference solution

123

A fitted L-Multi-point Flux...



For the numerical simulations below, the computational domain of the problem is

X ¼ ½0; 300� � ½0; 300� � ½0; T � with T ¼ 1=6;K ¼ 100, the volatilities

r1 ¼ r2 ¼ 0:3. The correlation coefficient is q ¼ 0:3 , the risk free interest r =

0.08. The penalty parameter b ¼ 256 and the power penalty k ¼ 1=2. (Fig. 9)

Again we can observe in Tables 3 and 4, the novel fitted L-MPFA coupled to the

2nd order upwind method is more accurate than the standard fitted finite volume by

Huang et al. (2006).

6 Conclusion

In this paper, the L-MPFA methods have been introduced to approximate the

diffusion term of the Black–Scholes PDE. The upwind methods (1st and 2nd order)

are used for space discretization of the convection term appearing in the two

dimensional Black–Scholes PDE. We have provided a novel scheme called the

fitted L-MPFA method to handle the degeneracy of the Black-Scholes PDE by

combining the fitted finite volume and the L-MPFA method coupled to the upwind

methods. Numerical experiments are performed and comparison between the L-

MPFA methods, the O-MPFA methods by Koffi and Tambue (2019a) and the fitted

finite methods by Huang et al. (2006) are performed. The results have shown that

the fitted L-MPFA method coupled to the 2nd order upwind method is more

accurate than the fitted finite volume by Huang et al. (2006) and the O-MPFA

method by Koffi and Tambue (2019a) for pricing Europeans and American options.

Table 3 Table of errors for Ds ¼ T=64

Fitted Fin

vol

L-MPFA- 1st

upw

L-MPFA-2nd

upw

fit L-MPFA-1st

upw

fit L-MPFA-2nd

upw

50� 50 0.0616 0.0610 0.0583 0.0611 0.0584

60� 60 0.0277 0.0278 0.0276 0.0278 0.0277

70� 70 0.0184 0.0183 0.0182 0.0182 0.0180

80� 80 0.0104 0.0100 0.0098 0.0097 0.0095

Table 4 Table of errors for Ds ¼ T=128

Fitted Fin

vol

L-MPFA-

1stupw
L-MPFA-2nd
upw

fit L-MPFA-1st
upw

fit L-MPFA-2nd
upw

50� 50 0.0599 0.0520 0.0476 0.0522 0.0459

60� 60 0.0227 0.0265 0.0249 0.0241 0.0220

70� 70 0.0136 0.0148 0.0146 0.0146 0.0144

80� 80 0.0087 0.0068 0.0065 0.0062 0.0059
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