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Abstract

For pairs of holomorphic maps (u, ) on the complex plane, we study some dynamical
properties of the weighted composition operator W,y on the Fock spaces. We prove
that no weighted composition operator on the Fock spaces is supercyclic. Conditions
under which the operators satisfy the Ritt’s resolvent growth condition are also identi-
fied. In particular, we show that a non-trivial composition operator on the Fock spaces
satisfies such a growth condition if and only if it is compact.
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1 Introduction

For pairs of holomorphic maps (u, V), several properties of the weighted composition
operator W, yy : f — u - f oy in various settings are well understood. But there
are still some basic structures of the operators that require further investigation. In
this paper, we study some dynamical structures of the operators on the Fock spaces
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Fp,0 < p < oo. We recall that the space F), is the space consisting of all entire
functions f for which

1£15 = & fc IF@IPeP2aA®) < 00

T

where d A is the usual Lebesgue area measure on the complex plane C.

The space F> is a reproducing kernel Hilbert space with kernel function K, (z) =
€% and normalized kernel k,, = || Ky, Iy ! K. A straightforward calculation shows
that for each w € C, the function k,, belongs to F, with ||k, = 1 for all p.

For each entire function f, the subharmonicity of | f|” implies the point estimate

1/2
lf(z)lfe'z'2/2</ |f<w)|f’e—1’w'2/2dA<w>) <RI, A
D(z,1)

where D(z, 1) is a disc of radius 1 and center z.

The bounded and compact weighted composition operators on Fock spaces were
characterized in terms of Berezin-type integral transforms in [9,20] and the reference
therein. Later, Le [5] considered the Hilbert space F; and obtained a simpler condition
namely that W, y) is bounded on J if and only if u € F; and

M, ¥) = sup Ju(z)|e1V@P=1P/2 & o (1.2)
zeC

He further proved that (1.2) implies ¥/ (z) = az + b for some complex numbers a
and b such that |a| < 1. In [14], Mengestie and Worku proved that the Berezin-
type integral condition used to describe the boundedness of generalized Volterra-type
integral operators V(, ) on the Fock spaces F), is equivalent to a simple condition
similar to (1.2). Because of the Littlewood—Paley type description of the Fock spaces,
by simply replacing |g’(z)|/(1 + |z|) by |u(z)| in the results there, it has been known
that (1.2) in fact describes the bounded weighted composition operators on all the
spaces ), 1 < p < oo, with norm bounds

M, ¥) < W ll < lal™>/PM@u, ¥). (1.3)

As indicated in [5], an interesting consequence of (1.2) is that if |a] = 1, then
a simple argument with Liouville’s theorem leads to the explicit expression for the
weight function

u(z) = u(0)K_zp(z). (1.4)

We note that W, y) can be written as the product M, Cy where M, and Cy are
respectively the multiplication and composition operators. By condition (1.2), the
operator W, y) can be bounded even if both the factors Cy, and M,, are unbounded. For
example one can setu((z) = e~ %, Yo(z) = z+1, and observe that W, y,) is bounded
while both the factors remain unbounded. Similarly, compactness of W, y has been
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described by the fact that ¥/(z) = az + b, la] < 1 and |u(z)]e(V@P=1z%/2 _ 0 as
|z] = 0. Compactness implies that |a| < 1.

We conclude this section with a word on notation. The notation U (z) < V(z) (or
equivalently V (z) 2 U(z)) means that there is a constant C such that U(z) < CV(z)
holds for all z in the set of a question. We write U (z) >~ V(z) if both U(z) < V(z)
and V(z) S U(2).

2 Supercyclic Weighted Composition Operators on 7,

The power bounded and uniformly mean ergodic dynamical properties of the weighted
composition operators on ), have been recently described in [18]. One of the main
objectives of this note is to take that investigation further and study the supercyclic
structure and resolvent growth conditions of the operators on the spaces. We start by
recalling certain definitions. A bounded linear operator 7 on a Banach space &’ is said
to be hypercyclic if there exists a vector f in X for which the orbit, Orb(T, f) =
{T" f 1 n € Ny}, is dense in X’ where the operator 7" is the n-th iterate of 7, 70 = I
and 7 is the identity map on &X'. The operator is supercyclic if there exists a vector f
for which its projective orbit, the set of scalar multiplies of Orb(T', f), is dense in X.
Clearly, every hypercyclic operator is supercyclic but not conversely.

We note in passing that the dynamical properties of operators have been the object
of many investigations over the past several years in part because these properties are
intimately connected with the study of the famous invariant subspace open problem .

The study of the dynamical properties of an operator is related to the study of its
iterates. For the operator W(, ) and an entire function f, a simple computation shows
that each element of the orbit has the form

n—1

Wi = FO@Dun, un = [Tu?) @.1)

Jj=0

for each n € N and wo = [ the identity map on C. In [12,13], it was shown that
the Fock spaces support no supercyclic and hence hypercyclic composition operators.
Motivated by this, one may ask whether the interplay between u and v in (2.1) results
in supercyclic weighted composition operators on Fock spaces as it does for example in
the case of boundedness and compactness operator theoretic structures. Our next main
result affirms that the spaces support no supercyclic weighted composition operator
either.

Theorem 2.1 Let 1 < p < oo and (u, ) be a pair of entire functions on C which
induces a bounded weighted composition operator W, yy on Fp. Then W, y) can
not be supercyclic on F),.

As pointed above if u = 1, then W, v is just the composition operator Cy,. On the
other hand, if v is the identity map, then W, y reduces to the multiplication operator
M,,. With this, we obtain the following immediate consequence of Theorem 2.1.
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Corollary 2.2 Let1 < p < oo and (u, V) be a pair of entire functions on C, and let the
operators Cy and My, be bounded on F,. Then, both Cy, and M, are not supercyclic
on Fp.

The results above assert that the projective orbit of any given vector under W, y) is
not large enough to contain the space F,. The weighted operators exhibit the same
supercyclic phenomena as the unweighted composition operator Cy, . Since the weight
function had no effect on this property here, it is interesting to ask what type of
general Fock spaces do support supercyclic composition operators. When the weight
functions generating the spaces grow faster than the classical weight function |z|?/2,
it was verified in [14] that the corresponding Fock-type spaces fail to support. If the
weight functions grow slower than the classical case and the derivative of the weight
function grows to infinity, the approaches used in [14] show that the same conclusion
follows. On the other hand, when the weight function is ¥, (z) = [z]",0 <m < 1,
then as shown in [4], each non-trivial translation operator acting on the corresponding
Fock-type spaces is hypercyclic and hence is supercyclic. Since a bounded Cy on
such spaces happens if and only if ¥ (z) = az 4+ b with |a| < 1, by setting a = 1 and
b # 0, we observe that Cy, reduces to the translation operator 7}, which is hypercyclic.
This in fact gives spaces where the composition operator admits hypercyclic structure
and hence supercyclic. Whether this extends to the non-trivial weighted composition
operators remains to be studied.

Proof of Theorem 2.1. We now give the proof of the theorem. Since W, v is bounded,
we set ¥ (z) = az + b, with |a| < 1. For the case |a| < 1 or |a] = 1 and a # 1, we
argue as follows. The map i fixes the point zg = b/(1 — a). Assume on the contrary
that there exists a supercyclic vector f in JF,. First we claim that u is zero free on C
because if u vanishes at the point w, then (2.1) implies that every element in the orbit
of f vanishes at w which extends to the projective orbit which obviously is not the
case. Observe also that f can not have a zero in C. This is because all the elements
in the projective orbit will also vanish at a possible zero which extends to the closure
and gives a contradiction. Thus, by Proposition 4 of [2], for any two different numbers
z,w € C,

{M} =C. 2.2)

un(w) f (" (w))

Letr > 0 be given. Then K = {z € C : |z — z9| < r} is a compact neighbourhood of
zo which also contains 1/ (K) since for each z € K

¥ (z) — z0l = laz + b — z0| < laz — azo| + lazo —zo +b| < lalr <r.
Now, if we set w = ¥ (z), z € K, z # zo and consider the expression in (2.2)

u(z) f("(2)

un(2) f(Y"(2) | -
u(@@m(2) fmri2) | T

(W) f (Y (w)) |
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for all n € N where

_ maxgek [u(z)] - maxzex | f(2)]
mingeg |u(z)| - mingex | f(2)]

This obviously contradicts the relation in (2.2).
It remains to prove the case for ¢ = 1. This is rather immediate as by (1.4), we
have u(z) = u(0)K_;(z) and

W) f = uO K f) = u(O) | K_pllok_p f(4) = u@)e? P We_, 4 . (2.3)

Then we show that W_, ) is an isometry. Thus, for f € F),

)4 — _ 2
Wy FII5 ZHK_buz” [E IK_b @I f(z + b)|Pe P2 qA(z)

P N — 2
E||K—b||2p/;:|f(Z+b)|Pe plztbl?/2
X (|K—b(z)Ipep‘z+b|2/2*p\z|2/2> dAz)

- b2/2
= 1K _pll; "ePPI 2 F1D = 1 £115

forall 1 < p < oo.Thisshows that the operator is a linear isometry, and in fact one can
easily show that it is also a bijective operator with inverse map W(;ihyw) = Wa, v-1)-

It follows from this, the fact that u(0) # 0 and (2.3), that W, y) is a normal
operator. Then the conclusion of supecyclicity follows directly from the well known
Ansari—Bourdon’s theorem [1] and completes the proof.

3 The Ritt’s Resolvent Growth Condition for W, ), on 7,

The resolvent growth condition for an operator is another dynamical structure closely
related to its iterates, power boundedness and spectral properties. We recall that the
resolvent function R(A, T') of an operator T defined on the resolvent set o(T) is an
operator valued function given by R(x, T) = (A — T)~ L. If T is power bounded and
hence o (T') contained in the closed unit disc, then using the series expansion of the
resolvent function

— T" o 17" ¢
IR, T)| = X_;}W ggmzm—_l (3.1)

where ¢ := sup, c, [I7" ||. Thus, every power bounded operator satisfies the so-called
Kreiss’s resolvent condition. Conversely, for infinite dimensional spaces, condition
(3.1) does not imply power boundedness as it only gives ||T"| = O(n) as n — o0;
see for example [19]. Now we are interested in a stronger resolvent growth condition
that conversely implies power boundedness, namely, the Ritt’s resolvent condition
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[17]. An operator T satisfies such a condition if there exists a positive constant M
such that

IR, T < (3.2)

A —1]

for all o € C with |A] > 1. Both the Kreiss’s and Ritt’s resolvent conditions play
important roles in numerical analysis; see [3] and the references therein for more
details.

We now state our next main result.

Theorem 3.1 Let 1 < p < oo and (u, ) be a pair of entire functions on C which
induces a bounded weighted composition operator W, y on F, and hence y(z) =
az+ b, |a| < 1. Then if

() la| =1, then W, v satisfies the Ritt’s resolvent condition if and only if any one
of the following holds:

a=1,b=0and |u(0)| <1
a=1,b=0andu(0) =1
a=1,b#0and |u()| < e P’/
a # 1 and [u(0)] < e~ 1P1°/2,

(i1) Wu,y) is compact and satisfies the Ritt’s resolvent growth condition, then
|u(b/(1 — a))l < 1. Conversely, if |u(b/(1 — a))| < 1, then Wy y satisfies
the Ritt’s resolvent growth condition.

Proof In 1999, Nagy and Zemanek [15] proved that a bounded operator 7 on complex
Banach space satisfies the Ritt’s resolvent growth condition if and only if it is power
bounded and the difference of its consecutive iterates satisfy

supn|T"H — T < 0. (3.3)
neN

As before, we let ¥ (z) = az+b, |a| <1, and set zo = b/(1 —a) whena # 1. From
[18, Thm. 3.1], we recall the following results about the spectrum of the operators. If
W(u,y) is compact and hence |a| < 1, then

o (W) = {0, u(zo)a™, m € No}. (3.4)

On the other hand, if |a| = 1, then

{u(zg)a”’ m € NO}, a#1
o (W) = lz eC: |z = |u(0)|elb\2/2] Ca=1,b#£0 (3.5)
W), a=1, b=0.

Now from [6] and [16, Thm. 4.5.4], if W, y,) satiﬂes the Ritt’s growth condition, then
its spectrum is contained in a stolz type domain By where Sy is the interior of convex
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hull of the set {1} and the disc {z € D : |z|] < sin6} and 6 = arccos(1/M) where M
is the best possible constant in (3.2) and 6 € [0, 7/2). In particular, we have

o(Wu,yy) NT C {1} 3.6)

where T denotes the unit circle.
(1) Since Ritt’s condition implies power boundedness, by [18, Thm. 2.1],

b
”( )‘ — ()P < 1.
1—a

This together with (3.5) and (3.6) implies for |a| = 1 that eithera = 1, b = 0 and
@) < loru© = l,ora = 1,b # 0 and |u(0)] < e ¥’/2 0ora # 1 and
lu(0)] < e 10772,

Conversely,ifa = 1,b = 0and [u(0)| < 1, then W(, ) is trivially power bounded.
Furthermore, W, v reduces to the multiplication operator M,,. By [11, Lem. 2.3], it
is known that M, is bounded on ), if and only if u is a constant function. Thus, if
u = u(0), then || 7"+ — T"|| = |u(0)|"|1 — u(0)| which implies that condition (3.3)
holds whenever #(0) = 1 or |u#(0)| < 1. On the other hand, if |#(0)] < 1 ora =1,
b #0and |u(0)| < e P’/2ora # 1 and [u(0)| < eI/, then applying (1.3) and
(1.4), we have

Wiyl = )" = @D " = (juoppelt? Reterie= )"

— |u(0)|nen‘b|2 Re(a(@—1)/[(a—1)(@—1)]) — |M(O)|nen|b‘2/2,

from which it follows that

n n+1
sup nl|Wiith) = Wit gl < sup (Ju(@)1e?/2)" 4 supn (u(@)]e/2) " < oc.
(u,9) (u,9)
neN neN neN

(ii) For |a| < 1, firstobserve thatforeachn € N, the operator W(’;’ ") itselfis a weighted
composition operator induced by the symbol (u,,, ") and W(';’ v = Wau,ym)- Aiming
to check condition (3.3), we first find an estimate for the norm of the difference of the
two weighted composition operators,

Wity = Wee | = 1 W gty = Weanym

Applying the difference to the normalized reproducing kernels k,, and relation (1.1)

z ” W(un+1,1//”“)kw = W, uymku ||P
) TY"(2)

|| W(Mn+1,1//"+l) - W(“nﬂ//n)

2 2
o=z +u)/2

> lupt1(2)e™"" @ —u,(2)e

3.7
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for all w, z € C. In particular, setting z = w = zo it readily follows from (3.7) and
(2.1) that

> |un(zo)lu(zo) — 1] = [u(zo)|"|u(zo) — 1|, (3.8)

” W(un+1,w"+l) — W(u”,wn)

from which the relation in (3.3) for || W, y, Il holds only if |u(zo)| < 1.
Conversely, by [18, Thm. 2.2], W(, ) is power bounded if and only if |u(z¢)| < 1,

and || W(’L I1/)|| =~ |u(zp)|". Then we repeat the arguments made for |a| = 1,a # 1 to
show that (3.3) holds whenever |u(z0)| < 1, and this completes the proof. O

It would be desirable to know whether the necessity condition |u(zg)| = 1 could be
sufficient as well. We in fact conjecture that it should be. In the following we provide
several results in favor of our conjecture.

Corollary3.2 Let 1 < p < oo and (u, ) be a pair of entire functions on C which
induces a bounded weighted composition operator W, y) on F), and hence ¥ (z) =
az+b, |al < 1. Ifa =0, then W, ) satisfies the Ritt’s resolvent condition on F), if
and only if either u(b) = 1 or lu(b)| < 1.

Proof. The necessity of the condition follows from (3.8) as a particular case. Thus, we
shall verify the sufficiency. A simple computation shows that for each f € F),

| Wt ey f = Waanam £ < 1@ 1P 1 lu®) = 117
It follows that

=< lu®|"[ud) — 1|

“ W(un+1,1//"“) = Wa,ym

from which it is easy to see that (3.3) holds.
Observe that the multiplication operator M,, is power bounded if and only if |u (0)| <
1. This gives the following consequence.

Corollary 3.3 Let 1 < p < oo and u be an entire functions on C. Then a non-trivial
M, satisfies the Ritt’s resolvent condition on F if and only if it is power bounded.

The composition operator is one of the other cases where we have u(zg) = 1. For
this we show that the Ritt’s resolvent condition is in fact equivalent to the stronger
unconditional Ritt’s condition on F,. We recall that an operator 7 on a Banach space
X satisfies the unconditional Ritt’s condition if there exists a non-negative constant K
such that

Zan(Tn _ Tn—l)

n=1

< K sup{la, [} (3.9

for any finite sequence (a;) of complex numbers. We note in passing that the notion
of the unconditional Ritt’s condition is the discrete analogue of the H* calculus
for sectorial operators [8]. Kalton and Portal [7] proved that the unconditional Ritt’s
condition implies the Ritt’s resolvent condition in general, but not conversely. But for
the composition operators, it turns out that the two are equivalent.
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Theorem3.4 Let 1 < p < o0 and ¥ be an entire function on C which induces a
bounded composition operator Cy, on F,. Then the following are equivalent.

(i) Cy satisfies the Ritt’s resolvent condition on Fp;
(ii) Cy is compact or Cy is the identity map on Fp;
(iii) Cy satisfies the unconditional Ritt’s condition on F ).

Proof For p=2, the result was proved in [10]. We now modify the proof for all p’s and
first show that the statements in (i) and (ii) are equivalent. Recall that Cy, is bounded
if and only if ¥ (z) = az + b, |a] < 1 and b = 0 whenever |a| = 1. Compactness
is described by the strict inequality |a| < 1. If |a| = 1, then by Theorem 3.1 the
composition operator Cy, satisfies the Ritt’s resolvent condition on F, if and only if
a = 1, which means ¥ reduces to the identity operator. Thus, we shall proceed to
show the equivalency for the case when |a| < 1. The statement (i) implies (ii) follows
again from part (ii) of Theorem 3.1. We need to prove the converse. For each z € C
and n € N, let §,, be a positive number such that

b(l — n+1 b(l = a*
a”“z—i-(Taa)eD(a”z—i—%,&l).

An explicit expression for §, will be given latter. Then for any f € F, by the Mean
Value Theorem

b(1 — an+1 b1 —a")\|”
}CwnJrlf(Z) _ C¢'lf(Z)|p — 'f (an+lz+ (a)> — f (anz + w)
l—a l—a
P

gty =D b —at)

- 1—a l—a
X sup Lf ()P

weD(a"z+b(1—a")/(1—a),B,)

= |a"z(a — 1) + ba"|P sup |f ()P
weD(a"z+b(1—a")/(1—a),B,)
(3.10)

for some positive 8, < §, which will also be fixed latter.
Using the reproducing property,

1 _
fw)={(f,Ky) = _/ f(Z)ewze*\zlsz(Z)
T Jc
and
1
) <~ / 211 @) ]eReDe 1P g 4 ()
T Jc

1 _
=5 (S“plf(z)le_'ZFﬂ) / j2leReDe T 2a A ()
C

zeC
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IA

1 _
—I71p / |2]eRe@D =24 A7)
C

IA

%e'w'z/znfup [C (1 + |zhe =" 2qA).
On the other hand,

L+l < T+ w—z|+wl < (14w —z|)(1 + w])
and hence

1 1
— / (1 + |z2he ¥ PRaAR) < (1 + [w)— f (1 + [w — z])e 2P 2q Az
T JC T JC

=+ |w]) (1 12T (1 + %))

= (V27 + DA + |w))

where I" refers to the gamma function. Thus, we deduce
2
|f' @)l = (V27 + DA+ [whel "2 f1] .

Now, since w € D(a”z +b(1—a")/(1 —a), ﬂn) we have

b(l —a" b(l —a"
w| < |w—ang + 24 =9 | |y A =D
1—a 1—a
b(l —a" 21b
< Btz + 28 pariz 2P .
l1—a [1—al

Now taking all these estimates in (3.10)

1
— / |Cyni1 f(2) = Cyn f(z)|pe’p/2‘z|2dA(z)
C
< 20a|”|| fIIL (2 + 1)P f (@ — D)z + b7 |1 + ay(2)[PeP @@= 2 A7)
C

<2lal” | flp(vV27 + DPL,

where
I = / (122 + 2Pl @) + b + bl () P s @D Raaw).  (3.11)
C

Next, we show that the integral above is uniformly bounded by a positive number
independent of n € N. To this end, observe that since
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b(1 —a"t! b(l —a"
e P (e )

b1 —a™hy b1 —a")
S A A S
1—a 1-—

< lal"la — 1]|z| + |al"|]

a4+ =|a"z(a — 1) + ba"|

8, can be taken to be |a|"|a — 1]|z| + |a|*|b]. Thus, B, can also be chosen in such a
way that 8, = «,|z| + |a|"|b]| for some 0 < «,, < |a|"|a — 1| whenever z # 0. Then

21b|
11— al

2
al(z) < <|a|"<|a — 1|+ Dlz| + lal"|b] + ) = lal”"(jla — 1] + D?|z|?

2lb 216] \?
+2la"|zl(ja — 1] + 1)  |a]"|b] + 121 + ( 1a]"1p] + b1 \"
11 —al 1 —al

(3.12)

Given the estimate in (3.12) and the exponential integrating weight in (3.11), we claim
that

la?(ja —11+1)° =1 <0 (3.13)

for all n. Setting a = |ale'? we write

la? ((la — 1]+ 1)* = 1 = |a>" (|a|\/(cosé? “ 12+ (sinf)? + 1)2 — 1

Thus, it is enough to show that la|*(2la] + 1) —1 < 0. But this obviously holds since
r = |a| < 1 and the values of the function g(r) = r2(2r + 1)> — 1 lie in the interval
[—1, 0]. Now, integrating with polar coordinates shows that the integral in (3.11) is
uniformly bounded by a positive number C independent of n. Therefore,

[Cynit = Cyn|” < Clal?". (3.14)

This together with |a| < 1 implies that the relation in (3.3) holds for Cy,.

Next we show that the statements in (i) and (iii) are also equivalent. From the
discussion above, we have already mentioned that (iii) implies (i). Thus, it remains
to show (i) implies (iii). But this is rather immediate since by (3.14), we observe that
[Cyn — Cyn+1]l is bounded by an exponentially decreasing sequence with n. Thus

Z ay (Cllf" - Cwn—l )

n=1

< supflan|} Y 1Cyn — Cyur || S sup{lanl}.
n n

n=1
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