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Abstract

In this paper, we study the numerical approximation of a general second order semi-
linear stochastic partial differential equation (SPDE) driven by a additive fractional
Brownian motion (fBm) with Hurst parameter H > % and Poisson random measure.
Such equations are more realistic in modelling real world phenomena. To the best
of our knowledge, numerical schemes for such SPDE have been lacked in the scien-
tific literature. The approximation is done with the standard finite element method
in space and three Euler-type timestepping methods in time. More precisely the
well-known linear implicit method, an exponential integrator and the exponential
Rosenbrock scheme are used for time discretization. In contract to the current litera-
ture in the field, our linear operator is not necessary self-adjoint and we have achieved
optimal strong convergence rates for SPDE driven by fBm and Poisson measure. The
results examine how the convergence orders depend on the regularity of the noise
and the initial data and reveal that the full discretization attains the optimal conver-
gence rates of order O(h% + At) for the exponential integrator and implicit schemes.
Numerical experiments are provided to illustrate our theoretical results for the case
of SPDE driven by the fBm noise.
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Numerical Algorithms

1 Introduction

We analyse the strong numerical approximation of an SPDE defines in A C RY,
d € {1, 2, 3} with initial value and boundary conditions (Dirichlet, Neumann, Robin
boundary conditions or mixed Dirichlet and Neumann). In Hilbert space, our model
equation can be formulated as the following parabolic SPDE

{ dX (1) + AX (t)dt = F(X(1)dt + ¢(t)dB" (1) + [, 20N (dz, d1)

X(0) = Xo, )

in Hilbert space H = L%(A), with  zg € x, where x is the mark set defined by
x = H \ {0}. Let B(I") be the smallest o -algebra containing all open sets of I". Let
(x, B(x), v) be a o-finite measurable space and v (with v # 0) a Lévy measure on
B(x) such that

v({0}) =0 and /min(||z||2,1)v(dz)<oo. )
X

Let N(dz, dt) be the H-valued Poisson distributed o -finite measure on the product
o-algebra B(yx) and B(R.) with intensity v(dz)dt, where dt is the Lebesgue mea-
sure on B(R,). In our model problem (1), N(dz, dt) stands for the compensated
Poisson random measure defined by

N(dz, dt) := N(dz, dt) — v(dz)dt. 3)

We denote by 7 > 0, the final time, F : H — H, ¢ are deterministic mappings
that will be specified precisely later, X is the initial data which is random, —A is
a linear operator, not necessary self-adjoint, unbounded and generator of an analytic
semigroup S(t) := e~'4,t > 0. Note that BY(¢) is a H{-valued Q-cylindrical frac-
tional Brownian motion of Hurst parameter H € (%, 1] in a filtered probability space
(82, F, P, {F:}1>0) with the covariance operator Q : ‘H — H, which is positive defi-
nite and self-adjoint. The filtered probability space (2, F, P, {F;};>0) is assumed to
fulfil the usual condition (see [31, Definition 2.2.11]). It is well known [3] that the
noise can be represented as

B (1) = Y g 1Q%ei = Y JaiBl (e;. 1 €[0.T1. @)

ieNd ieNd

where ¢;, ¢;, i € N¢ are respectively the eigenvalues and eigenfunctions of the
covariance operator Q, and ,Bl.H are mutually independent and identically distributed
fractional Brownian motions (fBm).

In our study, we first study in details the following particular case where zg = 0,
i.e. the SPDE is driven only by fBm

{ dX () + AX(t)dt = F(X(1))dt + ¢ (t)dBH (1),

X(©0) = Xo, t€[0,T]. %)

The self-similar and long-range dependence properties of the fBm make this process
a suitable candidate to model many phenomena like financial markets (see, e.g., [4,
11, 22]) and traffic networks (see, e.g., [17, 39]). In most cases, SPDEs of type (5)
do not have explicit solutions and therefore numerical algorithms are required for
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their approximations. It is important to mention that if H # % the process B is
not a semi-martingale and the standard stochastic calculus techniques are therefore
obsolete while studying SPDEs of type (5). Alternative approaches to the standard
1t6 calculus are therefore required in order to build a stochastic calculus framework
for such fBm. In recent years, there have been various developments of stochastic
calculus and stochastic differential equations with respect to the fBm especially for
H e (%, 1] (see, for example, [2, 3, 24, 25]) and theory of SPDEs driven by fractional
Brownian motion has been also studied. For example, stochastic partial differential
equations in a Hilbert space with an infinite dimensional fractional Brownian motion
are considered in [3, 6, 7, 18-20]. In contrast to standard Brownian (H = 1/2)
where there are numerous literature on numerical algorithms for SPDEs, few works
have been done for numerical methods for fBm for SPDEs of type (5). Indeed, stan-
dard explicit and linear implicit schemes have been investigated in the literature for
SPDE:s of type (5) (see [13, 14, 38]). The works in [13, 38] deal with self-adjoint
operator and use the spectral Galerkin method for the spatial discretization. This is
very restrictive as many concrete applications use non self-adjoint operators. Beside
numerical algorithms used for spatial discretization and time discretization in [13,
38] are limited to few applications. Our goal in this work is to extend keys time
stepping methods, which have been built for standard Brownian motion (H = 1/2).
These extensions are extremely complicated due to the fact that the process B is
not a semi-martingale. Our results will be based on many novel intermediate lem-
mas. Indeed, our schemes here are based on finite element method (or finite volume
method) for spatial discretization so that we gain the flexibility of these methods to
deal with complex boundary conditions and we can apply well-developed techniques
such as upwinding to deal with advection. For time discretization, we will first update
the implicit linear for finite element method and not necessarily self-adjoint. We also
provide the strong convergence of the exponential scheme [21, 34] for (H € (%, 1]).
Note that this scheme is an explicit stable scheme, where the implementation is based
on the computation of matrix exponential functions [21]. As the linear implicit and
exponential scheme are stable only when the linear operator A is stronger than the
nonlinear function F,! we also provide the strong convergence of the stochastic expo-
nential Rosenbrock scheme (SERS) [26] for (H € (%, 1]), which is very stable when
(5) is driven both by its linear or nonlinear parts.

However, the model (5) can be unsatisfactory and less realistic. For instance, in
finance, the unpredictable nature of many events such as market crashes, announce-
ments made by the central banks, changing credit risk, insurance in a changing risk,
changing face of operational risk [5, 30] might have sudden and significant impacts
on the stock price. As for standard Brownian motion, we can incorporate a non-
Gaussian noise such as Lévy process or Poisson random measure to model such
events. The corresponding equation is our model equation given in (1). In contrast to
SPDE driven by fBm in (5) where at least few numerical schemes exist, numerical
schemes for such SPDE of type (1) driven by fBm and Poisson measure have been
lacked in scientific literature, to the best of our knowledge. In this work, we will

'In this case the SPDE (5) is said to be driven by its linear part.
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also fill the gap by extending the implicit scheme, the exponential scheme and the
stochastic exponential Rosenbrock scheme to SPDE of type (1). For SPDE of type
(5) and SPDE of type (1), our strong convergence results examine how the conver-
gence orders depend on the regularity of the noise and the initial data and reveal that
the full discretization attains optimal convergence rates of order O(h? + At) for the
exponential integrator and implicit schemes.”

The paper is structured as follows. In Section 2, Mathematical setting for fBm is
presented, along with the well posedness and regularities results of the mild solu-
tion of SPDE (5) driven by fBm. In Section 3, numerical schemes based on implicit
scheme, stochastic exponential integrator and stochastic exponential Rosenbrock
scheme for SPDE (5) driven by fBm are presented. In Section 4, the strong conver-
gence proofs of schemes presented in Section 3 are provided. In Section 5, numerical
schemes based on semi-implicit scheme, stochastic exponential integrator scheme
and stochastic exponential Rosenbrock scheme are presented for SPDE (1) driven
by fBm and Poisson measure, along with the extension of their strong convergence
proofs. We end the paper in Section 6 with numerical experiments illustrating our
theoretical results for SPDE (5) driven by fBm noise.

2 Mathematical setting

In this section, we review some standard results on fractional calculus and introduce
notations, definitions and preliminaries results which will be needed throughout this

paper.

Definition 1 [13,23, 25, 38] The fractional Brownian motion (fBm) of Hurst param-
eter H € (0, 1) is a centered Gaussian process 7 = {87 (), t > 0} with the
covariance function

1
Ry(t,s) =E [,BH(t)ﬁH(s)] =3 [r2H Fs2H s|2H] .
Notice that if H = % the process is the standard Brownian motion.

Remark 1 [25, Remark 1.2.3] For H = 1, we set ,BH(t) = ﬁl(t) =t&, where £ isa
standard normal random variable.

Throughout this paper the Hurst parameter H is assumed to be in the interval
(1/2,1]. Let (K, (., .)x, |I.]l) be a separable Hilbert space. For p > 2 and for a
Banach space U, we denote by L? (§2, U) the Banach space of p-integrable U -valued
random variables. We denote by L(U, K) the space of bounded linear mapping from
U to K endowed with the usual operator norm ||. ||, k) and Lo (U, K) = HS(U, K)
the space of Hilbert-Schmidt operators from U to K with

2Linear operator A self-adjoint for implicit scheme
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Wl gy = | D_Meil® | . 1€ Lo, K), (6)
ieNd
where (e;);cne 1s an orthonormal basis on U. The sum in (6) is independent of the
choice of the orthonormal basis in U. For simplicity, we use the notation L(U, U) =:
LU) and Lo(U,U) =: L(U). It is well known that for all € L(U, K) and ] €
Lo(U), 1l € Lo(U, K) and

Mz, w6 < Wlw.x) 1l cywy- (7

We denote by Lg, the space of Hilbert-Schmidt operators from Q% (H) to H by Lg =
HS(Q% (H), H) with corresponding norm |. ||L(2) by

1

2

1
Lo = | 2o lezel? | el @®)

ieNd

1
1,9 = 102

Now, let us introduce the Wiener integral with respect to the one-dimensional fBm
BH. Let T > 0 and the linear space £ denotes the collection of all R-valued step
functions defined on [0, T'], thatis, ¢ € &, if

n—1

o) = Z¢il[li’[i+l)’

i=1
wheret € [0, T],¢; e Rand0 =1t <tp <--- <t, = T.For ¢ € £, we define its
Wiener integral with respect to 87 as

T n—1
fo 9B () = D¢ (B i) — 1) ©)
i=1

Let Z be the Hilbert space defined as the closure of £ with respect to the scalar
product

(o1, Tio,s1) 2z = Ru (2, s).
Then, the mapping

n—1

T
¢ = bl — f ¢ (s)dp™ (s)
, 0
i=1
is an isometry between £ and the linear space span{By, t € [0, T]}, which can
be extended to an isometry between Z and the first Wiener chaos of the fBm

spaan(Q){ﬂH, t € [0, T]} (see [3, 18]). The image of an element ¢ € Z by this
isometry is called the Wiener integral of ¢ with respect to 8. Next introduce the
square integrable Kernel

t
Kp(t,s) = cHsl/z_H/ (u — ) H=312 =112,
S
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and its derivative

9 \H-1/2
—Kp(t,s) =cp(t —s)H3/? (-) .
Jat s

h = Hen-n_\!/? ith B denoting the Beta functi dr Let
wnere cyg = m , W1 €no lng € DbcEla Tunction an > 5. LE

us define the operator K7, from & to L*([0, T]) by
r 9
Kio)6) = [ o3 Kt 5)ar
N
We easily have
(K5Xo,m(s) = K ()Xo,
and

(KiT0.0 Kilos) 2qo,ryy = Ru(t,s)
= ({jo,11> Ljo,s1) 2.

Hence, the operator K Z is an isometry between £ and LZ([O, T1) which can be
extended to Z. By definition

By =B" (K o), 110,71,
is a Brownian sheet, and in turn the fractional noise has a representation
t
B () = /0 K (t,$)B(ds).
In addition, for any ¢ € Z
T T
/O p(s)dp™ (s) = /0 (Kirp()dB(s)) (10)
if and only if K};¢ € L2([0, T]).
Also denoting L% ([0, T]) = {¢ € Z,Kj¢ € L*([0, T}, since H > 1/2 we
have the following embedding property.

Proposition 1 [7,25] L2([0, T1) c LYH ([0, T]) L% ([0, TD.

The next proposition shows the first and second moments of stochastic integral
defined for function in Lzz ([0, TY).

Proposition 2 [6, 7] For f € L% ([0, T]) we have

T
H _
E [ fo F(s)dp <s>} ~0

and

2 T T
= HQH — 1)f / f @) f)u —v*2dudv.
0 JO

T
E ‘ fo F(s)dB" ()
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Moreover, we have the following lemma very important throughout this paper.
Lemma 1 [3, Lemma 1] For any ¢ € LI/H([O, T1), the following inequality holds

T T
HQH — 1)/0 /0 lo@)|le)|u — v*" 2dudv < Cﬂllcpllilmqo,n)- (1D

where Cy > 0 is a constant depending only on H.

Next, we are interested in considering an fBm with values in a Hilbert space and
giving the definition of the corresponding stochastic integral.

Definition 2 Let f € L? ([0, T], Lg). Then, its stochastic integral with respect to
the fBm B* is defined, for ¢ > 0, as follows

t t 1
| roiste) = ¥ [ rootads o (12)

ieNd

As the sequence of random variables ( fOT f(s) Q%eid ,BiH (s), i€ Nd> are mutually

independent Gaussian random variable, by Propositions 1, 2 and Lemma 1, the mean
of random variable (12) is also zero and we have the following result for its second
moment.

Lemma 2 [3, 18] Let f € L2([0, T1; LY) and H € (3, 1], then the following holds

T 2 T . % 2H
E[WL f&)dBH ) } can}:([;ﬂfﬁxpa JQ (13)
ieNd

T
cat. 1) [ )1 ds (14)
0 2
In that follows, we will make some assumptions on F, ¢, Xo and A, which will allow
us to ensure the existence and uniqueness of the mild solution X of (5) represented
by (see, e.g., [38])

IA

IA

t t
X)) =St)Xo +/ St —s)F(X(s))ds +/ St —s)p(s)dB(s), (15)
0 0

for t € [0, T]. To ensure the existence and the uniqueness of solution for SPDE (5)
and for the purpose of convergence analysis, we make the following assumptions.

Assumption 1 (Noise term) We assume that for some constant B € (0, 1] and § €

|:2H+2ﬁ*1’ 1], the deterministic mapping ¢ : [0, T] x A — Lg satisfies

HA%Mt)‘ <C<oo, t€l0,T] (16)

0
L2

Crih—1n), 0<ti<n<T. (17)

IA

|4 @ @) — o)

0
L2
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Assumption 2 (Non linearity) For the deterministic mapping F : H — H, we
assume that there exists constant L € (0, 00) such that

IFOI =L, IF@w) — F| < Lllu—vl,u,veH (18)
As a consequence of (18) it holds that
IFI =LA+, veH. (19)

Assumption 3 (Initial value) We assume that Xo : 2 — H is a Fo/B(H)-
2H+B-1
measurable mapping and X € L? (.Q, D <A &5 ))

In the Banach space D (A%>, a € R, we use notation HA% . H = || - |l and we recall

the following properties of the semigroup S(¢) generated by — A, which will be useful
throughout this paper.

Proposition 3 (Smoothing properties of the semigroup) [29] Let o > 0, 5§ > 0
and 0 < y <1, then there exists a constant C > 0 such that

1A Sy < Ct7°, 1AV —SE) Ly < CtV, >0 (20)
IDIS(tyll < Ct7=0=92 ||y, v e DA, 1)

A

wherel = 0, 1 and D' = %. If 8 > y then D(A%) > D(AY). Moreover, A°S(t) =
S(t)A® on D(AY).

The next lemma (specially (24) and (25)) is an important result which plays a
crucial role to obtain regularity results, very useful in this work.

Lemma3 Forany0<p <1,0<y <2and0 <v < H with H € (%,1], if the

linear operator is given by (34), there exists a positive constant C such that for all
O0<t<n=<T,

1
/ 1AP2S (1 = P)II gpydr < Clta —1)' 7, (22)
1
H | y
/ IAY2S(t — MLapdr < Clta —1)' 72, (23)
n
15 H 1
/ A S(tz—r)llf(H)dr <C, (24)
lal
2 1 H—v
/ |AVS(t, — V)llf(y.[)dr <Clr—n) 7. (25)
1
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Proof See [27, Lemma 2.1] for the proof of (22) and (23). Concerning the proof
of (24), the border case H = % if obtained using (22) with p = 1 and the order
border case H = 1 is also obtained using (23) with y = 2. Hence the proof of (24)
is then completed by interpolation theory. The proof of (25) for 0 < v < H is an
immediate consequence of Proposition 3. The border case v = H is proved by (24).

This completes the proof of Lemma 3. O

Remark 2 Proposition 3 and Lemma 3 also hold with a uniform constant C (inde-
pendent of #) when A and S(¢) are replaced respectively by their discrete versions
Ay and Sy (¢) defined in Section 3, see, e.g., [16, 21].

The well posedness result is given in the following theorem along with optimal
regularity results in both space and time.

Theorem 1 Assume that Assumptions 1-3 are satisfied, then there exists a
unique mild solution given by (15) such that for all t € [0,T], X(t) €

2 (9 D (Az'“zﬁ_l)) with

IXDll 22300 < C (1 + 1 Xoll22.20)) » (26)

A

IFX ) 2090 < € (1+ 1Xo0ll 20 70)) - 27

Moreover, if the linear operator is given by (34), the following optimal regularity
results in space and time hold

2H+p—1
<C 1+HA : Xo‘
L2(2,H)

2H+B—1

a0

T 2
LZ(Q,H)), r€10.T], (28)

andfor0 <t <t <T;
1X (1) — XD 22.n)

2H+B—1 2H+B—1

sCi-m T (1147 Xollan) (29)

where C = C(B, L, T, H) is a positive constant and B is the regularity parameter of
Assumption 1.

Proof [38, Theorem 3.5] gives the result of existence and uniqueness of the mild
solution X. For regularity in space, we adapt from [26, Theorem 2.1 (23), (24)] by
just replacing B in their case by 2H + B — 1. The difference will therefore be made
at the level of the estimate of the stochastic integral

2
12=E‘ )

U 2H+p-
/A2 =St — $)p(s)dB (s)
0
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To reach our goal, we use triangle inequality, the estimate (a + b)2 < 2a?%+2b2, (13)
and (14), Assumption 1, Proposition 3, Lemma 3 (24) to have

L oH4yp-1 2
P?=E /A2 =50 — $)p(s)dB (s)
0
Y | H 2
< 2E /A 2 St —5) (@) —@(s))dB7 (s)
0
U aHip-1 H 2
) /A =80t — $)¢()dBY (5)
0
t 2H+p-1 2
<20 [ [4"5 50 -9 @0 - g6, as
0 2

f 2H+B-1 1
+2CHZ</O HA TS — $)p (1) 0% e

ieNd
'
2 /
0
t
+2Cq Z /
ieNd 0

t —
C/ (=)@ —sPds+Cu | 3 |47 60003
0

iENd
t
0

1 2H
" ds)

|45 @0 - o)
! 2H
7 ds)

2

2

A

AR St — s)H

2
ds
L(H) LY

ATLS —s)Hf(H) |47 00036

IA

1
A S(r — s)H g ds>
L(H)

! 28—2H 1 2 " aH # -
<C| t—9)""""ds+C HAT t (/ HA St —s ds)
[e=s wlaZow], ([ |a"sc-s],

_ 2
< ¢ L HA%W) L =C. 30)
2
For the proof of (29), triangle inequality yields
1X () — X2 < 1S@—1n) =D X 120.90
[5)
+ / S(t — s)F (X (s))ds
1 L2(2,H)
n
+ / S(2 - $)p(5)dBH (5) .
1 L2(2.H)
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Using the stability property of the semigroup S(¢) (20) with y = % and (28)
allows to have

X () — X(tl)llLZ(Q,H>

15}
+ / 15102 — )30 1F X6 12030 ds
1

2H+p—1
x|

L(H) ‘ L2(R2,H)

"

14
f *S(ty — )¢ (s)d B (s)
141

L2(2,H)

IA

=)™ F (14145 Xoll 2o

15}
+C(ta — 1) (1 + 1Xoll 22.30) + H / Sty — $)p(s)dB" (s)
n

L2(2.H)
< C(tz—ll) <1+ [ @1 + 1 Xoll L2, H))
" ‘ / " S — 0 6)BH ()
n L2(2.H)
< C(tz—tl) (1+|| (QH)>+II 31

because D (A s ) is continuously embedded in L?(£2) and

II::‘

b4
/ " S(ty — )9 (s)d B (5)
1

L2(22,H)

For the estimate of /1, using triangle inequality, the estimate (a + b)2 < 2a? +2b2,
(13) and (14), inserting an appropriate power of A, Proposition 3, Assumption 1,
Lemma 3 (25) with v = # € [0, %) (hence 0 < v < H), we obtain
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1%) 2
11> =E / Sty — )¢ (s)dBH (s)
4]
%) 2
< ZE‘/ S(ty — 5) (¢(12) — p(5)) dB (s)
n
153 2
2R / S(t2 — )¢ (12)d B (s)
1

IA

n
26 [ 1502 - 9) @)~ $6)) 12y ds
n
%)
+2Cy Z </

ieNd
12}
20 f
f

15)
+2CH§: (/
ieNd 4

f (2~ /=¥ ds 120y | 3 |4 o 0ter|

ieNd
19}
X /
n

5 N 2H
2 ’H ds)
L(H)
-1
SC@—QW”M{WAT

S(ty — )p(t) Qe | ds

>2H

Sty —s)A T

IA

47 @) -

‘L(H) ’

>2,,

4T g 0te]”

‘ (H)‘

| /\

1
Sty —)A 2

2
L (- 1) 2H A1

< Clp—n) 2PV Lty — )P < C(p —)?HP-1 (32)

Substituting (32) in (31) completes the proof of (29) and therefore that of Theorem 1.
O

3 Numerical schemes

Throughout this section, we assume that A is bounded and has smooth boundary or
is a convex polygon of R?, d € {1,2,3)}. In the rest of this paper we consider the
SPDE (5) to be of the following form

dX(t,x) +[-V - DVX(,x) +q- VX, x)]dt = f(x, X(¢, x))dt
+b(x, )dBY (1, x), (33)
x € A, t € [0,T], where the function f : A x R — R is continuously twice
differentiable and the function » : A x R — R is globally Lipschitz with respect

to the second variable. In the abstract framework (5), the linear operator A takes the
form
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d d
ad ou du
= _i,z_:l ax; (Dij(x)g) ! ;qi(x)a_xi’ D= (Dij)isijear (B9

q = (gi)1<i<q>» Where D;jj € L>(A), gi € L>(A). We assume that there exists a
positive constant ¢; > 0 such that

d
Y Dij(EE = cilE, VEeR!, xeq. (35)
ij=1
The functions F : H — Hand¢p : R — HS (Ql/z(?’-[), ’H) are defined by

(F() (x) = f(x,v(x)) and (o(1)w)) (x) = b(x,1). u(x), (36)
forallx € A, v e H,u e Q2(H), with H = L?(A). For an appropriate family of

eigenfunctions (e;) such that sup | sup|le; (x) ||i| < 00, it is well known [12, Section
ieNd LxeA

4] that the Nemytskii operator F related to f and the operator ¢ associated to b

defined in (36) satisfy Assumption 1 and Assumption 2. As in [8, 21] we introduce

two spaces H and V, such that H C V; the two spaces depend on the boundary

conditions and the domain of the operator A. For Dirichlet (or first-type) boundary

conditions we take

gyl
V=H=HW=Co@)" Y =weH (A):v=0 on 94}

For Robin (third-type) boundary condition and Neumann (second-type) boundary
condition, which is a special case of Robin boundary condition, we take V = H 1 A)

={ve H*A) :0v/dvs +agv =0, on dA}, ap€eR,
where dv/dv,4 is the normal derivative of v and v4 is the exterior pointing normal
n = (n;) to the boundary of A, given by
- ov
dv/dva = Z ni(x)D,-j(x)Wj, x € IA.

i,j=1
Using the Green’s formula and the boundary conditions, the corresponding bilinear
form associated to A is given by

d
ou ov
au, v) :/A ”21 St Zq,_v dx. uwveV.
for Dirichlet and Neumann boundary conditions, and

d d
ou ov ou
a(u,v):/A ijle,-ja—xiEj—i-;qia—xiv dx—i—f aouvdx, u,veV,

A

for Robin boundary conditions. Using the Garding’s inequality, it holds that there
exist two constants c¢g and Aq such that

a(v,v) = AollvliF ) —collvl?, v eV. (37)
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By adding and substracting co Xdt in both sides of (5), we have a new linear operator
still denoted by A, and the corresponding bilinear form is also still denoted by a.
Therefore, the following coercivity property holds

a,v) = rlvll}, veV. (38)

Note that the expression of the nonlinear term F has changed as we included the term
coX in a new nonlinear term that we still denote by F. The coercivity property (38)
implies that — A is sectorial in L%(A), i.e. there exist C, 6 € (%n, ) such that

Cy
A’
where Sg = {L € C: A= pe'®, p>0, 0<|¢| <6} (see [10]). Then, —A is the
infinitesimal generator of a bounded analytic semigroup S(r) = e~*4 on L?(A) such
that

IT + AL 2eay < ) € Sp, (39)

1
Sty =e ' = 2—[ e (L + A)da, t>0, (40)
i Jo

where C denotes a path that surrounds the spectrum of —A. The coercivity prop-
erty (38) also implies that A is a positive operator and its fractional powers are well
defined for any @ > 0, by

oo
— 1 —1_.—tA
AT = e 41)
A% — (A—a)—l’

where I (@) is the Gamma function (see [10]). Under condition (35), it is well known
(see, e.g., [8]) that the linear operator —A given by (34) generates an analytic semi-
group S(f) = e~'4. Following [8, 21], we characterize the domain of the operator
A’/? denoted by D(A’/?), r € {1, 2} with the following equivalence of norms, useful
in our convergence proofs

Iollgiay = I1A720] = [vll,, Vv eD@A?),
D(A"/?) = HN H'(A),  (for Dirichlet boundary conditions),
D(A) = H, D(AY?) = H'(A), (for Robin boundary conditions).

We consider the discretization of the spatial domain by a finite element triangula-
tion [34, 37]. Let T}, be a set of disjoint intervals of 2 (for d = 1), a triangulation of
$2 (for d = 2) or a set of tetrahedra (for d = 3) with maximal length /4 satisfying the
usual regularity assumptions.

Let V; C H denote the space of continuous functions that are piecewise linear over
triangulation 7. To discretise in space, we introduce the projection P, from L%(£2)
to Vj, define for u € L?(£2) by

(Phu, X) = (u, X), VX € V. 42)
The discrete operator A, : Vi, — Vj, is defined by
<Ah§0’X) = _a((p’ X)’ (pv‘)( S th (43)

where a is the corresponding bilinear form of A.
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Like the operator A, the discrete operator — Ay, is also the generator of an analytic
semigroup Sy (t) 1= e’ An The semidiscrete space version of problem (5) is to find
X" () = X" (-, t) such that for ¢ € [0, T]

dX"(t) + ApX"(t)dt = P,F(X (1))dt + Py (t)dBY (1), 44)
X"(0) = PyXo,t €0, T].
The mild solution of (44) can be represented as follows
t
Xy = $,(0X"(©0) + / Sh(t — )Py F (X" (5))ds
0
t
+fsur—w&¢um3”cx (45)
0

and we have the following regularity results.

Lemma 4 Assume that Assumptions 1-3 are satisfied, then the unique mild solution
X" (1) given by (45) satisfied

2H+;31
sc 1+ |47 x|
L2(Q2,H) —

andfor0 <t <thp <T;

2H+ﬁ 1

HA Xh(t)‘

o H)) 1€[0,T], (46)

1X" 1) = X"l 2200 = Cl—m) " 1

) Y

Proof Since the operators Ay, and Sy, (¢) satisfy the same properties as A and S(¢) (see
Remark 2), then by using [34, (83)] and the boundedness of P} in the proof of (28)
and (29), we obtain the proof of the expression (46) and (47). The proof of Lemma 4
is thus completed. O]

Now applying the linear implicit Euler method [13, 37] to (44) gives the following
fully discrete scheme

{ﬂ=&m

48
X1 = Sy a XD+ AtSy a PaF (XY A+ Sy s Pag ) ABE. O

Furthermore applying the stochastic exponential integrator ([21], SETD1) and
Rosenbrock scheme ([26], SERS) to (44) yields

Yl = PXo
{ YE | = Su(Ar) (Yh + Pad(tm) ABH) + At (AtAp) PhF(Y)), “49)
and
Zh = PyXo
Zh .\ = AN Ay gl (ccAimar — 1) Ghzh

+e(—Ant m>AfPh¢(;,,,)ABm,

where 1 (AtAy) = (AtAp) 7 (e240 — 1) = L fOAt eA1=94nds  Jh is the Frechet
derivative of Py, F at Zf,g and Sy Ar = (I + AtAh)_l. The term an is the remainder
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at Z" and defines for all w € £2 by

It = (P F) (Y (0) = P F' (Y2 (), (50)
Gh (wy(z!) = PF(Zh) — Jh(w) 2!, (51)

and

ABY = BY = B =" /ai(B i) — B (tm))ei.

ieNd

Note that the exponential integrator scheme (49) is an explicit stable scheme when the
SPDE (5) is driven by its linear part as the linear implicit method, while the stochastic
exponential Rosenbrock scheme (SERS) (50) is very stable when (5) is driven by its
linear or nonlinear part. When dealing with SERS, the strong convergence proof will
make use of the following assumption, also used in [26, 27].

Assumption 4 For the deterministic mapping F : H — H, we also assume that
there exists constant L € (0, 00) such that

IF' vl < Lllvll, u,veH. (52)
3.1 Main result for SPDE driven by fBm

Theorem 2 Let X (t,,,) be the mild solution of (5) at time t,, = mAt, At > 0 rep-
resented by (15). Let ;,Z be the numerical approximations through (48) and (50)
( (,i‘, =X ﬁ, for implicit scheme, ;,Z = ijl for SERS). Under Assumptions 1-3 and (4)
(essentially for SERS), B € (0, 1], then the following holds

1

(BIX @) = YAIP)" < € (WH4F1 4 2757 ), (53)
and
(BIX ) = Ghl17) = € (R4 4 2557, (54)

where € is a positive constant small enough.

4 Proofs of the main result for SPDE with fBm
We introduce the Riesz representation Ry, : V — V), defined by
(ARpv, X) = (Av, X) = a(v, X), veV, VX eV, (55)

under the regularity assumptions on the triangulation and in view of the V-ellipticity,
it is well known ([8, 16]) that the following error bound holds:

[Rhv = vl + hlIRpv — vligi(@) < Ch vllar2), veEVNH(2), (56)
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for r € [1, 2]. Let us consider the following deterministic linear problem:
Find u € V such that

du

o TAu=0. u@=v.  1€@.T] (57)

The corresponding semidiscrete problem in space consists to finding u”* € Vj, such
that

du” h h
ar + Apu” =0, u"(0) = Pyv, te(0,T]. (58)

Let us define the following operator
Gu(t) :=S(t) — Sp(t)Pp = e A1 — e~ A0l Py, (59)

Then we have the following lemma

Lemma S The following estimates hold for the semidiscrete approximation of (44).
There exists a constant C > 0 such that
(i) Forv e D(AY/?)
lu(e) —uP @) = 1Gh@vll < CH" =)ol r €0,2], y < r (60)
foranyt e (0, T].
—1
(i) Forve D(A™T)

1

1 2
(/ IIGh(S)vIIZdS) < ChV|lly -1, 0<y=2 t>0. (61)
0

(iii) Forve D(A™7)

t
”/ Gr(s)vds
0

(iv) Forve D(AT)

<Ch v, 0=<p=<l, >0 (62

¢ 2H
( f ||Gh<s>v||15ds> < CR*CHF=D)y3 1, 0<8<1,1>0. (63)
0

Proof See [34, Lemmas 3.1 and 3.2 (iv) and (v)] for the proofs of (i)—(iii). Let us
prove (iv).

— For H = %, using (61) with y = §, we obtain

t . 2H t
( fo ||Gh<s>v||Hds> _ /0 1Ga(s)vlPds

Ch®|l3_, = CR*@HT=D )2 (64)

IA
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— For H = 1, using (62) with p = 1 — §, we obtain

t . 2H t 2
(/o IIGh(S)Ull”dS> (/0 ||Gh(S)v||dS>

2
C (PP ulls-)

= CH* 2 |_, = CR*CHF=D )2 0 (65)

IA

Hence, the proof of (63) is thus completed by interpolation theory. O

Lemma 6 (Space error) Let Assumptions 1-3 be fulfilled, then the following error
estimate holds for the mild solution (15) and the discrete problem (45) holds

1X (1) = X" D)l 12(0 20y < CRPHPL (66)

Proof Using triangle inequality, we have
e) = |X®) — X"Oll 209

t
1S X0 + /
0

t
S(t—s)F(X(s))ds+/ S(t — $)¢(s)dB (s)
0

t

—Sh(t)PhXo—f Syt — )Py F(X"(s))ds
0

t
- /O Su(t — ) Pad()dB™ )l 120030
1Gr () XollL2(02.2¢)

t t
/ St —s)F(X(s))ds — / Sp(t —s)PrF (X (s))ds
0 0

IA

l

L2(2,H)

t
+ 'f Gu(t — )¢ (s)dBH (s)
0

L2(2,H)
=: eo(t) +e1(t) + ex(t),

with
eo(t) = 1GH ()Xol 2030,

t t
el(t) = H/ S(t — $)F (X (s))ds —/ Su(t — s) Py F (X" (s))ds
0 0

L2(2,H)

t
and e)(1) = H/ Gu(t — ) (s)dBH (s) )
0 LZ(.Q,?-[)
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Note that the deterministic error is already estimated, so we will mostly concentrate
our study on the stochastic error. Indeed, Lemma 5 withr = y =2H 4 8 — 1 yields

2H+B—1

eo(t) = |Gh(1) Xoll 2. vy < CRPTHATT Xoll 20 24 (67)

Using triangle inequality, the boundedness of Sj, (¢ — s) and P, Assumption 2 (more
precisely (18)), we estimate the error e (¢) as follows

t t
el(t) = H/ St —5)F(X(s))ds — / Sp(t —s)PrF(X(s))ds
0 0

L2(2,H)
t
< H/ (S —s) = Sp(t —s)Pp) F(X(s))ds
0 L2@.H)
t
+ Hf Syt — )P, (F(X(s)) — F(Xh(s))) ds
0 L2(9,7‘l)
t
< H / (S(t —5) — Sy(t — ) Py) (F(X(1) — F(X(5))) ds
0 L2(2,H)
t t
+ H/ (S(t — ) — Syt — $)Py) F(X(1))ds +C/ e(s)ds.
0 L2(2,H) 0

(68)

Applying Lemma 5 (i) withr = 2H+8—1and y = 0, Assumption 2 (18), Theorem
1 (more precisely (29)) to the first term and Lemma 5 (iii) with p = 0, Theorem 1
(more precisely (26)) and Lemma 4 to the second term yields

l —
e](t) S Ch2H+ﬁ_1/ (t_s)_ZHéﬂ 1 ||X([) _X(S)HLZ(.Q,H) ds
0
t
+CR | FXO) 202,30 + C /0 e(s)ds
t
< Ch2HAP-1 —i—C/ e(s)ds. (69)

0

For the estimation of e;(¢), triangle inequality, the estimate (a + b)2 < 2a? + 2b2,
(13) and (14), Lemma 5 ((i) withr =2H + 8 — 1,y = — 1, (iv) with § = 8) and
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Assumption 1 yields
2

t
)’ =E H /0 Gu(t —s)p(s)dB (s)

2

t
§2EH[;GMI—SH¢0)—¢@DdBHU)

2
+2E

t
f Gu(t — 5)p(t)d B (s)
0

IA

t
2¢ [ 1G4t ~ ) @(0) = 9Dy ds
0 2

e ([

ieNd

—_— 2H
Gt = )91 ;] ds)
CHRCH+S 1)/0 (t —s)~2H HA 7 (@) = ¢(s))
. 2
‘e ZCh2(2H+ﬁ—1) HA%M,)Q%@ )
ieNd

. _

Ch%y“ﬂ_gé(f_SV&QHdS+C%%Nﬂ$—UHA%A¢U)

CHRQHAP=D25-2H+1 4 cp2QH+p-1)
CH2CH+B-1)

IA

2
ds
0
LZ

IA

IAIA

(70)

Combining the estimates (67), (69), (70) and applying Gronwall inequality ends the

proof.

4.1 Proof of Theorem 2 for implicit scheme

O

It is important to mention that the estimates made in this section are inspired by the
results in [37, (4.7)-(4.14), (4.25)—(4.29)], when the linear operatorA is self-adjoint.
For our case where A is not necessarily self-adjoint, let us present some preparatory

results.

Lemma 7 For any m, h and At the following estimates holds
(i)
|+ AcAp)™| < 1.
(i) Forallue D(A),0<y <1,

2H+y—-1
I (Si pr = Sntm) Paut| < CAt™ 2 1, " Jlully—1.

(iii) Forallu e D(A),0<y <1,

m 2H+y—1 _H
(S e = Sn@) Paue|| < CAt ™2 7 ully—y, 1 € [tj—1, 1)),
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forany j=1,2,--- M.
(iv) Ifu € D(A*?),0 < u <2, then

ISP 4y — Sntm) Patell < C A2 || (74)
(v) For all non smooth data u € H,

(S e — Sn(tm)) Pauell < C Atty |lull. (75)

Proof See [34, Lemma 3.3] for the proof of (i), (iv) and (v). For the proof of (ii),
we use[34, Lemma 3.3 (iii) (88)] as follows

1-y B 2H+y-3
”Kh(m)Ah2 < Cty PP Ar =it P At
L(H)
2H4y=3 2H+y—1
<cipM T Ar=cp a7 (76)

Hence substituting (76) in [34, (84)] completes the proof of (ii). Now for the proof
of (iii), triangle inequality, Lemma 7 (ii), the property of discrete semigroup and
[34, (83)] yields

[ S5 s = @) Pau|

< | (S) 40 = Su@) Paue|| + || (Su () — Sp()) Pyu |
H _2H+y-1 y—1
§StAH AT (St =) =1 ‘AzPu
|sioaf], o[4S —0-n] 4T n
2H+

y—1 _
+CAt™ 2 th||u||y_1

2H+y—1 —1 2H+y—1
< Crta -0 F T AT ]+ caE g,
2H —1
< car 2 fully-1. (77)
The proof of Lemma 7 is thus completed. O

Lemma8 (i) For any p € [0,1] and u € D(A_p/z) there exists a positive
constant C such that

m tj N _
Z/ (S pr — Sn($) Phuds || < CAr = ul_,. (78)
1Yt

(i) Foranyu € [0,1]andu € D(AMT_I) the following estimate holds

2H

n 1j . 1
> / (8] pr — Sh) PaullTds | < CAPHTTI=€ 12, (79)
j=170

Where € is an arbitrary small number.
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Proof See [34, Lemma 3.5] for the proof of (i). For the proof of (ii), we have
i 1
Z / 1(S) 4, — Sn(s)) Puul| 7 ds
tji—1

i 1
= /0 1S, ar — Sn(s)) Phu ds + Z/ I(Sh, s — Sn(s)) Puul| 7 ds
tji—1

= K|+ K>. (80)

Using triangle inequality and the estimate (a + b)* < 251k 4 2k=1pk (with k > 1
and a, b > 0) we obtain

At
_ 1
Ki < 2F 1/0 I(SL yy — Swt) Prael Fds

1 At 1
1ok / 1S (11) — Si(s)) Pyl 7 ds
0
— 27 Ky 27 K. (81)
By Lemma 7 (ii) with y = u we obtain

At 1 2Hip-l X
K1 =<¢C t, At ||u||lk]ds
0

2H+p—1

1
Car—a ul. (82)

IA

By inserting an appropriate power of Ay, [34, (81)] and Remark 2 yields

K12
At % pn=1 %
< / (Sn(tr —s) = 1) Su(s)A, 2 H.Ah2 Pyu| ds
0 L(’H)
At —2H—p+1 n—1 %
< c/ Shti—s)— DA, 2 ”Sh(s)Ah H HAh2 Pou|  ds
0 L(H) L(H)
At pu—1 %
< C/ (=) 3 |Suaft H HAh2 u|  ds
0 L(H)
CA +u|” ” </At S() Hl d)
< u S S
= A R T
< CAZEE </Al Sp(At — s)A H d )
— S S
= u—1 0 h h LH)
- 1
< CAHT ul 7, . (83)
Substituting (82) and (83) in (81) yields
e L
K < CAt = ||u|| (84)
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Concerning the estimate of K>, let € > 0 small enough, Lemma 7 (iii) withy = u
yields

; 1
Ky = Z / 1 1(S), ar = Su(s)) Pyul| 7 ds
J=

Zj 2H+pu—1 H
< CZ A s ) 7 ds
j=2vti-1

N (I S Hp
<C 2H s 2H d§ At To2H ||u||

—1—
<cC s s | AR ||u||

~/I; 1
4+ T aE
<C / ‘o Mds AT ||u||
t/ 1

Hp—

< car IIMII (85)
Adding (84) and (85) yields

Z/ 1L py — S0 Pl Fds = Car™ 7= ju) 7, (86)
ti—1
hence
2H
SYERTS, ‘ 2H+p—1 2
> / (S a4 — Su) PaullFds | < CAPTH=I=C 20 (87)
This completes the proof of Lemma 8. O

With these two lemmas, we are now ready to prove our theorem for the implicit
scheme. In fact, using the standard technique in the error analysis, we split the fully
discrete error in two terms as

I1X () — Xl 2230 < 1X () — X" @)l 200,30 + 1X" () — X011 1200 20)
= errg+erry.

Note that the space error errg is estimated by Lemma 6. It remains to estimate the
time error errj.
We recall that the exact solution at ¢, of the semidiscrete problem (44) is given by

tm
X" (1) = Sp(tm) X1 + / Si(im — $)PaF (X" (5))ds
0

Im
+f Sh(tm — ) Pup(s)d B (s). (88)
0

@ Springer



Numerical Algorithms

We also recall that the numerical solution at f,,, given by (48) can be rewritten as
" gmis1"
Xo = SitaXo+ / Shai PuF(X{ym)ds
0
T m
+ / Sial Pad(IsDdB (s). (89)
0

where the notation [¢], [#]" are defined by

t mo_ |t
[f] .= [E} At and [t]" = I:Ati| . (90)

It follows from (88) and (89) that

erri = [[(Sn(tm) = Sy 20 PaXo || 1200 20,

t’" m
+ ”/ Sn(tm — s)PhF(Xh(s)) _ Szzgs] PhF(Xf‘S]m)ds
0

L2(2,H)
tm n

+H / Sh(tm — $)Pu(s) — S 41" Pagp(Is))d B (s)
0 L2(22,H)

= I+ 11 + b ©n

As we said at the beginning of this section, following closely the work done in [37,
(4.7)—(4.14)] and replacing its preparatory results with Lemma 7 (i), (iv) with u =
2H 4+ B — 1, (v), Lemma 8 (i) with p = 0, Remark 2 (20) with 6 = y = 1,
Assumptions 2-3, boundedness of S; (¢, — s) and Pj, the stability properties of a
discrete semigroup Sy, (¢), (18) and (47), we have

m—1
2H+B—1

I+ 11 <CAt™ 2 +CA'" +CAt Y X" (t) — X! 230 (92)
i=0

Note that in this work, we do not need to impose an assumption on F” to increase the
convergence rate as it is done in [37]. Indeed, thanks to (47) the following estimate
is largely sufficient to reach a higher rate.

mol g b n
I < Z/ 1Sh (tm — ) Pn(F (X" () — F(X"U)Dl 2(2.20)ds
=O t;
m-l g L A
<cy / 1X"(5) — X" @) 22 2005
i=0 Vi
2H+B—1
< CAt 2 . 93)
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Let us focus now on the estimate I, using triangle inequality and the estimate
(a +b)? <24a% + 2b% we split it in three terms

t )
;= H/ Sp(tm — ) Prp(s) — S}TAES] P ([s)dB™ (5)
L2(2,H)
=< ”/ Sp(tm — $) P (P (s) — p([s])) dBH(s)
L2(2,H)
tm . 2
2 H/ (Sh(t’" =) =85 ) Py ([sdB" (s)
L2(2.H)
= H/ Sn(tm — $)Pp (9 (s) — ¢([S]))dBH(s)
L2(2,H)
tm . 5
+4 / (Sh(tm —5) — SZZES] ) Py (¢ ([s]) — ¢ (tm_1)) dBT (5)
X L2(2.H)
tm s
+4/‘<&Wf‘) S’} Pu(tn-)d B (s)
’ L2(2,H)
=: 203, + 413 + 4135, o0

Firstly using (14), inserting an appropriate power of Ay, [34, (81)], Assumption 1
(more precisely (17)) and Remark 2 ((22) with p = 1 — ) we obtain

2
121

H / Shltm — ) Ph (6(5) — B(Is) dB )|

L2(2,H)

IA

tm
C [ 1St = )P 0(5) — Sy ds
0 2

tm 1-8 |12
C/ Sh(lm—S)Ah2

0
tm
J!
0

tm
C | s—I[sh*
0

CAﬂi/%
0 L(H)

CA?l < car?ftP-1, (95)

2
ds

2

B-1

A7 Py (9(s) — ¢(sD)

IA

L(7—[) H

IA

Sn(tm — $)A,, 2

IR
L(H)

1-8 |12

Sh(tm _S)A 2 ds

L(H)

IA

1-8 ||2

Sh(tm _S)AhT ds

IA

IA
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Secondly (14), the change of variable j = m — k and ¢ = ¢, — s, Lemma 7 (iii)
with y = B and Assumption 1 (more precisely (17)) yields

Im " 2
I3 = H fo (Shttm = ) = S2ET") P @(UsD) = 6 1)) dBH (s)

L2(2,H)

tm

g

0
L
ey [
k=0 "
m lj
ey [
j=17%

tji—1

IA

(810 =) = $72087) P @(IsD — @ (tn-1))

2d
s
0
LZ

IA

2
(Shttn =)= Sy38) Pr @@ = @t ds
L2

IA

. 2
(54(6) = 1. ar) P (6 tn) = $tu-)| |,
2

m lj _
CZ/ ApPHFB=1 —2H HA% (¢ (tm—j) — P (tm—1))
j=1711

IA

2
dg
Ly

IA

el
CA2H+A-] Z/ ¢ *Mi? ds
j=171-1

IA

CALHAB Z/ 22
=17

tji—1

Im
< CAPRHAB- (/ §28—2Hdg)
0

< CAt2H+/3—lt316—2H+l < CAPRHB-1, (96)

Thirdly using (13), the change of variable j = m — k and ¢ = 1, — s, Lemma 8 (ii)
with u = B and Assumption 1 (more precisely (16)) we obtain

tm " 2
By = | [ (51t =9 = S12T") Pub 008" )
0 LX(2,H)
Im R N
_[m 1 H
= Cu Z (/ (Sh(tm —5) = SZTAEX] ) Ppop(tm-1)02¢; dS)
iend 0
m—1 .p. | % 2H
=Cuy. (Z (Shttn =) = S}'28) Putm-1)Q7e; ds)
ieNd \k=0 "'
m 2H
tj . 1 L
s (X [ 1566 = 5ha) Protn e ds
iend \j=1""1
1
< cu Y (AP gt QTeill}, )
ieNd
< CAPHHI= AT 1, )2y < CAPHHFI=C, )
2
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Hence, inserting (95)—(97) in (94) and taking the square-root give

2H4p-1
L <CAt 2

. (98)
Adding (92) and (98) we obtain

erry = ||Xh(tm) — X" ||L2(Q )

ol 1h-1
<ca T poaltty ottt
m—1
+CAt Z X" (1) — thlle(.(z,H)-
i=0

Applying the discrete version of the Gronwall inequality yields

2H+B—1

erri <CAt~ 2 €. (99)

Adding (66) and (99) completes the proof.

In what follows, we will present a corollary of Theorem 2 for the implicit Euler
scheme where the linear operator A is assumed to be self-adjoint. The optimal strong
convergence rate in time O(Ar) is reached.

Corollary 1 Let X (t,,) be the mild solution of (5) (A self-adjoint) at time t,, = m At,
At > 0 represented by (15). Let X fln be the numerical approximation through (48).
Under Assumptions 1-3, B € (0, 1], then the following holds

1

(Euxam)—xfnnz)7 < C(h””ﬂ LA '). (100)

For the proof of this corollary, we need to update our preparatory results, more
precisely Lemma 8 in the self-adjoint case. The result is presented in the following
lemma:

Lemma9 (i) Foranyp € [0, 1]andu € D(A=P/2) there exists a positive constant
C such that

Z/ (S} pr — Sh(s)) Phuds | < C A ull—,. (101)
tji—1

(i) Forany u €[0,1]and x € D(A%) the following estimate holds

tivl Ll
/ / (Sh(u, ;) Pux, Sp(v, t;) Ppx) k (u, v)dudv
i,j=0 /j

< CAPH+AR=1 )12 (102)

u—1
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and

Li+1 [lit
/ / (TG Pox. Tr () Pax) i, v)dud
[

i,j=0

< CAPHHE= X2 (103)

u—1

where

Sn(u, 1) == Sp(tm —u) — Sp(tm —1:),  Tn(@) := Sp(tm — 1;) — S;TZi,
and «(u,v) := HQH — D|u — v/*172. (104)

Proof See [15, Proof of Lemma 4.4 (i)] for the proof of (i) and [38, Lemmas 4.8 and
4.9], [34, (83)] for the proof of (ii). O]

With this new lemma, we are now in position to prove our Corollary 1.

Proof of Corollary 1 Recall that the time error erry is defined as

erry

IA

| (Sn(tm) = S} a0 PuXo ||L2(.<2,H)

t"l "
+ H/ Shtm — )Py F (X" (5)) — SZEAJ PyF (XD ) ds
0

L2(2,H)

tm
+ ” / Shltm — ) Putp(s) — Sy A" Py (s B (s)
0 LZ(.Q,H)
= Ip+ 11 + . (105)

Following closely the work done in [37, (4.7)—(4.14)] and replacing its preparatory
results with Lemma 7 (i), (iv) with u = 2H 4+ 8 — 1, (v) with 0 = 0, Lemma 9
(i) with p = 0, Remark 2 (20) with § = y = 1, Assumptions 2-3, boundedness of
Sp(tym — s) and Py, the stability properties of a discrete semigroup Sy (¢), (18) and
(47), we have

m—1
Io+ 1 < CAt = 4 CAt+ CAr SOIX") = X230 (106)
i=0
Concerning the estimate />, we also split it in three terms as in (94). The estimates

1221 and 1222 are still the same but we need to re-estimate 1223. In this fact, since the
sequence of random variables

1 . .
(Jo (Sntam =) = Sy ") Pug () QP eidpl (s), i € NT) is  mutwally

independent Gaussian random variable, using the estimate (a + b)2 < 2a? + 2b2,
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notation (104), Assumption 1 (more precisely (16)), Lemma 9 (ii) with u = B, we
obtain

Im m 2
= ” [ (516 =5 = 57307 Prg 08" )
0 L2(2,H)
2
Im m 1
| [ (50w =5 = ST b 0@t el o)
ieNd 0 L2(2,H)
tm m 2
-y f (1m =) = S231") Prb i) QL sl )
ieNd 0 L@2.3)
tm 2
<23 | [ Sultn = 9) = Sutn = [s1) Pt (tu) Qi B (5)
jena 170 L@2.3
Im m 1 2
23 / (Sh<tm7[s]>fSZTZE” )Ph¢(tm—1)Q7€idﬁiH(S)
iena 170 L@
Im 2
—2% | [ S D Pio G0 Bl )
SillJo L2(2,H)
tm 2
+2)° / Ti(s1") Pap 1) Q2 erd B (5)
iena 170 L@,
I flm 1 !
= 22/0 /( (Sh(u,[M])PhdJ(tm—l)Qfe‘i,Sh(v, [v])Ph¢(tm—l)Q7€i>'<('4»U)d“dv
ieNd )
tm tm
+2Z/O /0 (T i (tn-1) @ €1, T (01" ) Py 1) @ 2, v}l
ieNd
m—1 tjt1 tit] 1 1
— 2% Z/ / (81 1) Prdtn-1) 0 et Sy(w, 1)) Pr (1 1) Q1) (. v)udv
ieNd \i,j=0"" i
m=l et i |
12y (Z/ [ (m)Ph«p(zm1>Q2ei,Th(j>Ph¢(tm1>Q5ei>x<u,v>dudv)
iend \i,j=07""%
= CY (AP gt elE ) )
ieNd
< CAPHFA (1 )I2 = CAPHH, (107)
2

hence inserting (95), (96) and (107) in (94) and taking the square-root give

2H+B—1

Ihpb<CAtr 2 . (108)
Adding (106) and (108) we obtain

erry = | X" (tw) —Xf'nIILz(:z,H)

m—1
2H4B—1
< CAtT T 4 CAt+CAr Y NIX" (@) — X 20 10)-
i=0
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Applying the discrete version of the Gronwall inequality yields
2H4p—1
erri <CAt— 2 . (109)
O

Adding (66) and (109) completes the proof.

4.2 Proof of Theorem 2 for SETD1
As usual, splitting the fully discrete error in two terms yields

I1X (tn) — X" ta) | 200,70 + IX" (tw) = YNl 1202900

| X (1) — Y,ﬁHLZ(.Q,H) <
=: errg +errj.

Since the space error errg has been estimated by Lemma 6, we only need to estimate
the time error err,. Remember that the exact solution at #,, is given by

X" (tw) = Su(tw) X + /0 " Skt — ) P (X" (5))ds
4 / " St — ) Pug(5)dBY (5)
and we recall that the numerical solution at #,, given by (49) can be rewritten as
Yl = S(ta) X1 + fo " S — ) PuF (XL )ds
+ f " St — 15D Puo (DB s),

where the notations [#] and [¢]" are given by (90). By (110) and (111), we have

Im
‘ / Sh(tm — $)Pa(F (X" (s)) = F(Y[',0))ds
0 L2(2,H)

(110)

(111)

err, <
Im
- ” f Sh(tm — ) Pacp (s) — Sh(tm — [sD Phop([s)dB™ (s)
0 L2(2,H)
= I+ 1. (112)
Applying the triangle inequality yields
tm
I < ’ / Sn(tm — ) Pa(F (X" (s)) = F(X"([s])))ds
0 L2(2,H)
Im
+ H f Sh(tm — ) Pa(F (X" ([s])) — F(Y[',0)ds
0 L2(Q,'H)
(113)

=: I]/l + 11/2
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Using the boundedness of P, and Sy (¢,, — s), Lemma 3 and (47), we easily have

2H+4-1
I <Car—2, (114)
and
m—1
I, =CAt Z I1X" (1) — Yih||L2(_Qy’H)- (115)
i=0
Adding (114) and (115), we obtain
2H+p-1 m—1
L <CA™ 7 +CAt Y X" ) = YPIr2o - (116)
i=0

We estimate at now /). Using triangle inequality and the estimate (a + b)? < 2a” +
2b2, we split it in three terms

tm 2
12/2 — H/ Si(tm — $)Prp(s) — Sp(tm — [s]) Pagp([s])d BT (5)
O L2(2,H)
t"’l 2
=2 H/ Sh(tm — $) Py ($(s) — ¢ ([s]) d B (5)
’ L2(2,H)
tm )
+2 H/ (Sh(tm — ) — Sp(tm — [sD) Pagp([sDdB™ (5)
0 LYX(2,H)
tm ,
= 2”./ Sh(tm — )P ($(s) — ¢ ([s])) dB" ()
’ L2(2.H)

1171 2
+4 H/ (Sh(tm — 8) = Sh(tm — [sD) Ph (¢ ([s]) — ¢ (t—1)) dB™ (s)
0 L2(2.H)
tm 2
+4 H/ (Sh(tm — ) = Sn(tm = [s1)) Pap (tm—1)d B (s)
0 L2(R2,H)
= 205 + 4155 + 415, (117)
Thanks to (95) we have
I3 < cAPHTAL (118)
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Thereafter, (14), the change of variable j = m — k and ¢ = 1, — s, inserting
an appropriate power of Ay, [34, (81)] and Remark 2 (more precisely (20) with

‘}/:

2 _
122 -

IA

IA

IA

IA

IA

IA

IA

=<

=<

2H+B—1
—2

, (21) and Assumption 1 (more precisely (17)) yields
2

n
H/o (Sh(tm — ) = Su(tm — [s1)) P ($([s1) — ¢ (tm—1)) dB" (s)

L2(2,H)

t)?l
C/O I (Sh(tm — 8) = Sh(tm — [s1) P (([s]) — Cb(tm—l))”i(z) ds

m=l o agy
3 [ ISt =) = St = 100) Py B0 — 1)y ds
k=0 ¥k

1-8 |12

(Sn(s) = Sntp) A7

n f.f'

L(H)

2

-1
X Ah2 Py (¢(lm—j) _¢(lm—l)) dg

0
L2
m

1
C
>/

j=1

_2H+p-1

TR CYUSE )

2

2
A1)
L) H RSN L g,

B=1 2
x |4 (@) = tn-0)]| |, ds
2

n Ij g1 2
cy [ AT A (9~ gn-0)] s
2 ).,

m [j
CARHYB Z/ M g
i—171i-1

m tj
CA2H B Z/ 22
. ti_

Im
C A2H+B-1 </(; gzazydg>

CAt2H+ﬁ—1t316—2H+1 < CAPH+B-1, (119)

Finally, using (13), inserting an appropriate power of Ay, [34, (81)] and Remark
2 (more precisely (20) with y = 2H+2$, (21) and (24)), Assumption 1 (more
precisely (16)) we obtain
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Iy < H/ Sn(tm —5) = Sn(tm — [s]) Pnep (tm— 1)dBH(S)

(0

i g\
Ch ( / ) = Saltm — [sIDA, ds)
0 L(H)

303

ieNd

Cu ( [

> AT tn-note

ieNd

tm

eu ([
0

Cpy A2H+A-1 </

CAR2H+B-1 HA%

—$) = Sp(tm — [s])) Pacp(tm_1) Q2 e

IA

IA

p=1 R
Ahz Prop(tm-1)Q2e;

2H+p—1

Ay 7 (Swls = [sD = 1)

:

IA

HAh S (tm
L(H)

A

L(#H)

2H .
N
‘ h h(m S) L(H) > ¢

A

IA

< CAPRHAB-T,

hence inserting (118)—(120) in (117) and taking the square-root give

I, <car™d
Adding (116) and (121) we obtain
2H+B-1 m—]
erry <CAt™ 2 +CAt Y IX"(6) = Y] ll 12 0)-
i=0

Using the discrete version of the Gronwall inequality yields

2H+B—1
2

erry < CAt

Combining (66) and (123) completes the proof.

L2(2,H)

1
" ds)

H St —s)” (s — [s) 5 lds) - s

2H

2H

ds
L(H) )

(120)

(121)

(122)

(123)
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4.3 Proof of Theorem 2 for SERS scheme

Before moving to the proof, we first present some preparatory results. Thanks to
Assumption 4 and the works done in [26] we obtain

Lemma 10 [26, Lemma 5] Forall M € N and all w € 2, there is a positive constant
C| independent of h, m, At and the sample w such that

<C,0<r<T.

” AR @)t
L(H) —

Lemma 11 [26, Lemma 6] The function G,’; (w) defined by (51) satisfies the global
Lipschitz condition with a uniform constant C' > 0, independent of h, m and w such
that

H G (w) (") — G,’;,(a))(vh)H < 'l =", Vult, ot € V.

Lemma 12 [26, Lemma 9] For all @ € $2, the stochastic perturbed semigroup
Sf;l (w)(2) := ANt W) satisfies the following properties

(i) Foryi,y» < 1lsuchthatO <y +y <1,

<Ct"*”2 1 e(0,T).

EAECAGIOE XA

(ii) Fory > 0 we have
S tAIH <Ct™"M1te(0,T]
H m(a))() h H) ( ]

(iii) Fory; = 0and 0 < y» < lsuch that y» — y1 > 0, we have
1A, Sy (@ DA Ly < CHV 7721 € (0, T,
(iv) For y1,y2 > 0 such that 0 < y| — y» < 1, then the following estimate holds
14,7 (S (@) (@) = DA ||y < C1 77,1 € (0, T,
Lemma 13 [26, Lemma 10] The stochastic perturbed semigroup Sﬁ, (w) satisfies the
following property

He(—Ah+J,f‘l(w))At L oA @) AL g

<Ct " ., 0<v<l,
L(H) — m+1—k -

where C is a positive constant independent of m, k, h, At and the sample w.

We can now prove our theorem. As in the proof of the previous schemes, we split
the fully discrete error in two terms as

1X(tm) — Zp 203y < 11X ) — X @)l 2290 + 1X @) — Zin 122900
=: errg + errs. (124)

By Lemma 6 we have the estimate of the space error

errg < Cch*H+p-1,
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Consider now the estimate of the time error err;. We recall that the semidiscrete
problem (44) can be rewritten as

dX"(t) = [ AR X" (t) + T X" (1) + GM (X" (1)))dr + Prp()dBT (1) (125)

forall t,, <t < t;,4+1 where J,f; and Gf‘n is given by (50) and (51). Hence, the exact
solution at time #,, of the semidiscrete problem (125) is given by

Im

h h
Xh(tm) — e(—Ah-"-Jm_l)Atxh(tm_l) +/ e(_Ah+Jm_l)(tm_S)G271(Xh(s))ds

Im—1

t"l h
+/ o CARHIE_ )t —s) Py (s)d B (s) (126)
tm

-1
and the numerical solution (50) can be rewritten as

Im

h h
zh = e(—Ah+Jm_])AtZ’l:171+/ CCARHI D= Gh(Zh g

In—1

Im
+/ A DA D s dBH (s). (127)
Im

If m = 1 then from (126) and (127) we obtain

IX" ) — ZH 2020

At
< / A=) (Gh (X (5)) — Gl (Z]))ds
0 LZ(Q,H)
At
+ f AN P (5) — MDA P 0)d BT (5)
0 L2(2,H)
= I"+1I". (128)

By [26, (93)] we have the estimate
I" < CAt. (129)

Using triangle inequality and the estimate (a + b)* < 2a® 4 2b? we split it into three
terms

Im 2
11" — ‘/ e(—Ah+J(§‘)(Az—s)Ph¢(S)_e(—Ah+Jg)AzPh¢(0)dBH(s)
0 L2(2,H)
tm N 2
< 2| [T by () - pO) dBT o)
0 L2(2,H)

tm 2
4 / (e(—Ah‘i‘JgL)(At—S) N e(—Ah+J{;)At) Py )d B (5)
0 L(@2.H)
= 201]* + 211} (130)

@ Springer



Numerical Algorithms

For the estimate 11 1”2, using (14), inserting an appropriate power of Ay, [34, (81)],

Assumption 1 (more precisely (17)) and Lemma 12 (ii) with y; = # we obtain
At i 2
2 = f e TAHIATI Py (@ (s) — $(0) d BT (s)
0 L2(2,H)
At " 2
<c [ ecmrbeap, o - pon|, as
0 2
At " 1-8 2 B-1 2
< C/ At AImS 4 2 ‘ Ay Pu(p(s) —¢(0)| ds
0 L(H) L3
At
<C (At — s)ﬂ_lszads
0
At
< CcAPHAL (/ (At — s)ﬂ—lds>
0
< CcAPHFAL (131)

We denote by € a positive constant small enough, using (13), inserting an appropriate
power of Aj, Assumption 1, [34, (83)], Lemma 12 (ii) with y; = H — %, (iv) with
m=H-Sandy, =Lif0<p <1(or () withyy = H—§and y» = 0 if
B = 1) we have

2

At
1y* = E / (el — (=Mt IDAT) g 0)d BT (s)
0

2H

At N
< Cul, (/ [t D@9 _ At ipan pg ) 0der | ds)
ieNd 0
At oL
<Cuy. ( / AN+ (A1=s) <e<—Ah+Jg>s _ ,) Ah‘Tﬁ "
jend \0 L(H)
| % 2H
5 1
‘Ahz Pi(0)Q2¢; ds)
At \ i o , e 2H
= Cn / e 477 ’Aﬁ (et 1) 4,2 ds
’ L0 L(H)
-1 12
(Z |47 p 00 )
ieNd
A € _ | 2H+4f—l-c 2 g1 2
= Cu / (At — )2~ s~ 20 ds HAT¢(0) .
0 L
At 2H
< capHAp1-c (/ (Ar — s)ﬁflds>
0
< CcArPPHPImeppe
= Carti (132)
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Hence, putting (132) and (132) in (130) and taking the square-root give

1" <carT (133)
Adding (129) and (133) yields
B+2H—-1
IX" (1) = Z 27 < CAL 2 (134)

For m > 2, we recall that the solution at #,, of the semidiscrete problem (125) is
given by

X" (tm) (135)
AT DAL ..e(—Ah+Jrf‘171)AtXh(0)

T h .
+/ e(_A/’+J’"—1)(Z’”_3)G’hn71(Xh(s))ds
tn—1

t’ﬂ
+/ e Ap It S)Ph¢(5')dBH(S)
1,

m—1
+/zm,1 oA+, h DAt o~ Ah+JNmH)At (—An+Jlt ) (514 Ar— ‘)Gh m(X (s))ds
0
+/t'" LAl DA ..e(*Ah+J[/;]m+1)4te(*Ah+/[I;]m)([S]+Atfs)Ph¢(s)dBH(s).
0
We recall also that the numerical solution at f,, given by (127) can be rewritten as
Zf% _ e(—Ah+J£71)At.. (—Ap+Jt_ ])AtXh(O)

n N
+/ (AL DO Gh(7h g

Im—1

Im _ h
+ [ AL Py b 1 1)d B (s)
Im—1

Im—1 h _ h _ h
+/ AL DA A DA A A Gh (7 g
0

tm—1 h _
+/ QAL DAL A )8 A8 b (D aBH (O (136)
0

Using (135), (136) and the triangle inequality, we have

X" (tw) = Zh N 20y < LT+ IV + V" + VI (137)
where
Im _ " _
1" = / eTANT L D= (Gh (X (s)) — G! (2 )lds ,
tm—1 L2(2,H)
tm
"= f A=) Py (5) — A DA Py 1, )d B (s) ,
m—1 L2(2,H)
V- /""”“ R YRR VR Y T VI o VR I B )
0

(Gl (X" 5) = Gl (ZLp )] ds|

L2(2.H)
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and

VI// —

Im—1 n h h
/ SCAHII AL A )8 A (ST A p g
0

h _ h _ h
— AN DAL At g DA A”“M’")A’Phqb([S])dBH(s)‘

L22.H)
By Lemma 10, triangle inequality and Lemma 4 (47), we easily have
” 2H+B-1 h h
HI" < CAt™ 2 + CAt| X (tm—1) — Zyy_ 1l 2(2,74)- (138)

In a similar way, using Lemma 13 with v = 0, Lemma 10, Lemma 11, triangle inequality and
Lemma 4 (47), we obtain

m—2

+CADY IX" W) = 2020020 (139)
k=0

2H4p—1

V" < CAt

For the estimate I V", using triangle inequality and the estimate (a + b)? < 2a2 + 2b? we split it
in two terms

2
I V//Z —

'm h h
/ AT Py (5) — €TI0 Py (1, 1)d B (5)
Im—1

L2(2,H)

2
h

Im
<2 f SSAHIL D) By (6(5) — (1)) dBY (5)
tm—l

L2(2,H)
2
+2

T h h
[ I:e(—A/,+Jmil)(tm—s) . e(—Ah+jm71)Ar] Puh (ty—1)d B (s5)
Im—1

L2(2,H)
= 21V]* 4+ 21V)2. (140)

Firstly, using (14), inserting an appropriate power of Ay, [34, (81)], Assumption 1 (more precisely
(17)) and Lemma 12 (ii) with y| = % we obtain

! 2
m _ n _
IVI//Z — / e( Apt+dy_ )t S)Ph (¢(S) _ ¢(tm—l)) dBH(S)
" L22.%)
tm ~ i B s
< Cf He< Artdl n=s) p, (¢(S)_¢(tm_l))‘L0 ds
Im—1 9
" 15|12 p-1 2
= C/ He(_Ah‘FJrZ—I)([m—S)AhZ ‘AhZ Py (¢(s) — p(tm—1)) ds
In—1 L(H) Lg
n | ,
< C/ (tm — 5) HA 7 ("’“)“”“"’*‘”H Jds
In—1 LZ
t’n
= C/ (tm - S)ﬂil(s — lm_1)25ds
Im—1
At
< captti (/ (tm — S)ﬂ_lds>
0
= cariith (141)

Secondly by (13), inserting an appropriate power of Aj;, Assumption 1, [34, (81)], Lemma 12 (ii)

withy; = H — §, (iv) withy; = H — S and y» = #, we obtain
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tm \ 2
V2 = E / <e(—A/,+J,’y,71)(tm—s) _ e(—Ah+JjH)Ar) Pu (tm_1)d B (s5)
[/

m—1

2H

IA
a
o=
(]
o

tm h h ST
/ H [e(—AhHm,l)(zm—s) _ e(—AhHm,l)Ar] Prd(tn_)0%er || ds)
Im—1

tm
/ ds
tm—1 L(H)

> AT ptn-note

ieNd

2H

|-

1-p
2
h

IA
9
S|

AR )t —s) <e<—Ah+J,’;,1><s—r,,,71> _ 1) A

2

tm i
< Cy f He(—A11+J,271)(tm_S)A}Il-lfg &
e L(H)
1 2H
HA;H+% (e(*Ah+‘/,f'17])(s—tn17]) _ 1) AhT T s
L(H)
=] L2
>[4 s nete
ieNd
t 2H ,
'm —14 5 SHAp 1 .
< Cy (tm = )" T2 (s —ty—1)” 27 ds AT ¢tn-D]
tm—1 :
fm . 2H
< CApTTe (/ (tm — s)*l+ﬁds)
1
=< CA2H+B—1-¢€ py€
. (142)

Hence, substituting (141) and (142) in (140) and taking the square-root give

2H+p—-1

IV <CAt™ 2 . (143)

For estimate V I”, using triangle inequality and the estimate (a + b + ¢)?> < 3a® + 3b* + 3¢* we
split it in two terms as

VI//Z < 3

d

tn—1 h
/’” S ARHIL DAL AT DA (At ) ([s1+ Ar—s)
0

Po@(s) — ¢ (1s1)dB (5)|

2
L2(2.H)
ti—
+3”/ le(*Ah+J£71)At_“e(fAhﬁ»J[};]mH)A[
0
—Ant Tl ([5T+A1 = At I A
(T AT CATRA) By 915D~ Gt 1) 4B g 3
ti—
+3”/ le(*Ah+J,'yLl)At“.e(fAh+J[’Z_Jm+])At
0

<e(—Ah+J{'.]m)([x]+Ar—s) _ e(—AhH{f.Jm)At)

X Py (tn-1)d B ()72 2,
= 3VI* 43V + 3V (144)
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Let € be a sufficient small number. At first, using (14), inserting an appropriate power of Aj,
[34, (81)], Assumption 1 (more precisely (17)), Lemma 13 (ii) withv = H — %, Lemma 12 (iii)

withy; = y» = %, the variable change j = m — k — 1 and [26, (169)] we have

Im—1 h N .
ViR = [ QAR DAL (AR DA (ARt T (s 1+ Ar—s)
0
P aB" )|’
S) — S S
@)~ o@sdB” )|,
- C/’m*' He(’A"“rﬁfl)A’ AR AT (At (51 A=)
0
Pr(@(s) = (s))ll7g ds
3 Cftlpx—l SAHI A e(—Ah+Jl’7\_JmH)AzA;'Tﬂ
0 L(H)
g1 ! 18 |2 ot 2
x HAhz e(*AthJmm )([S]+Al*~Y)Ahz HAhz Py (¢ (s) — ¢([s]) ds
L(H) L
tm—1 _ 2
—1 B-1
<o [Tt A o - sasm as
0 2
tm—1 _1+/3 28
S Cf tm—[s]”’—l(s - [S]) dS
0
m=2 gy
<C Z/ i APds
k=0
m—1
2H+B-1 —1+8
< CAt oA
j=1
< cAP+A-T, (145)

Using (14), inserting an appropriate power of Ay, Lemma 13 with v = H, Lemma 12 (iii) with
y1 =y» = H, (iv) withy; = H and y» = %if0< B < 1(or (i) withy; = H and y» = 0 if
B = 1), [34, (81)], Assumption 1 (more precisely (17)) the variable change j = m — k — 1 and
[26, (169)] yields
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ViR = /tm’] SN DAL (AT At
0
<e(—A,,+J[{;J,,,)(m+m—s) AN J,,,)Az>
P tm_1))dB" ‘
n (@ ([s]) — @ tm—1)) () @)
M Capdt A (— A+t 4t ||
< CHZ / ”g h -1 R A AR N LS| Ah H
; 0 L(H)
ieNd
H A;HeeAhH[ﬁ]m><[s1+m—s) All H
L(H)
—H ((— AT )= TsD) 22
A (e R —1) A,
L(H)
ot Nk
HA;,Z Py (@ ([s]) — ¢(tm—1)) Q2ei| ds
tn—1 -1
< Cu ( / 2 = DA (@ 1) - 6 ds)
0
tm—1
< CA[2H+/3_1 (/ I,;Eﬁ]m_l(tmfl - [s])zsds)
0
Ap2HHB1 3 ik —2H 2H+B-1
S Z/ tm,kfl(tm—l - tk) ds
=0 V'
m—2
Ap2H+B-1 —148
S - ( lm —k— lAt>
m—1
< CAR2H+B-1 ‘ 1+’3At
= J
j=1
S 2H+ﬁ 1 (146)

Afterwards, (13), inserting an appropriate power of Ah, Lemma 13 with v=H — 5, Lemma 12

(iii) with yl =ymw=H-% (zv) withy, = H — § and Yy = =8 if0 < B < l (or (i) with
y1=H — and yr = 0if ,B = 1), [34, (81)], Assumptlon 1 (more precisely (16)) the variable
change j = m —k — 1 and [26, (169)] yields
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’IPI
‘/I”2 = / 1 ( Ah+‘]m I)At ..-e(_Ah+J[,:‘Jm+])A’
0
—Ap+d ) (s1+ At —s Al A
(el o WHFA) AR Py (1) d BT ()12 3,
1
<cnY / H —AntIh par = Ah+J[5m+1)AtAZI_7 H
enyd \0 L(H)
ieN
HAZ H (= Antfm) (s1+Ar— S)AZF% H
L(H)
1 I
5—H -A +',hm S —LS R
HA; <£’( h ) )s—LsD _I) AhZ Ah Phd)(tm 1)Q2€z ds
L(H)
tm—1
—1+ Hip1-
< CHZ (/ m [AJ/" l(S—[S] 20 HA ¢(tm I)Q2el dS)
ieNd
PY:LEVERE =l P 2 1 Lo
<c (/0 - 1ars) > [a% pwn-note
ieNd
2H
m=2
Ap2HAB—1- *'+
S prize (Z[ m k”lld) HA 2
k=0
m—2 g 2H
2H+ 1—e +am
<C - ( fot 1At>
k=

2H
m—1 B
<C 2H+/3 1- e( l‘ T

< CAt2H+/3 1- —€

Hence, inserting (145), (146) and (147) in (144) and taking the square-root give

2H+p—1—¢
2

V1" < CAt

Adding (134), (138), (139), (143), (148) and applying Gronwall’s lemma yields

2H+p—1—¢
”Xh(tm) - Z,I,z ”LZ(Q,H) < CAt 2 .

Finally, adding (66) and (149) completes the proof.

5 Extension to SPDE driven simultaneously by fBm and Poisson
random measure

5.1 Numerical schemes

2H

(147

(148)

(149)

Here the goal is to show how the previous results can be extended to the following SPDE driven
simultaneously by fBm and Poisson random measure. The corresponding model equation is given
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by
dX(t,x) = [V-DVX(t,x)) —q-VX(t,x)+ f(x, X(t,x))]dt + b(x, t))dBH(t, X)

+/ wN(dz,dt), xeA, X©0) =X, z0€x tel0Tl (150)
X

In the Hilbert space H = L2(A), (150) is equivalent to (1) where the linear operator A and the
nonlinear function F are defined as in (34) and (36). The well posedness result for H = 1/2
presented in [1] can easily be extended to (1) for H € [1/2, 1] by combining with [38]. The
corresponding exponential Euler (SETD1) scheme in integral form is therefore given

Im41
v, = S;,(At)Y,Z—»—/t Sp(tms1 — 8) Py F(Y)ds
tm+1 ! Im
+ f SH(AD Py (A B (5) +
1,

'm Im

+1 -
/ Sn(At) PhzoN(dz, ds),
x

(151)
with Yé’ = Py Xo. In the same way, the semi-implicit scheme is given by
h h b1 i tm+1 H
X = Suatht [ Sari s+ [ S, aPptdB o)
tm tm
41 ~
+/ / Sn,at PhzoN (dz, ds), (152)
tm X
while the stochastic exponential Rosenbrock scheme (SERS) is given by
Im+1
zZh . = Sspanzh + / ST (g1 — 8)PuF(Z0)ds (153)
,m
1 Im+1 ~
+/ i (At) Pug (tn)d B (5) + / Si (A1) PpzoN (dz, ds),
tm tm X
with Zé’ = P, X0, where
SP (1) 1= A0, (154)

To obtain the optimal order in time, as in [28], we need the following assumption in Poisson
measure noise.

Assumption 5 The covariance operator Q : H — H and the jump coefficient satisfy the
following estimate

1" 2]l < oo (155)
where n =2H + B — 1 with g € (0, 1] as in Assumptions 3 and 1.

Remark 3 All the regularity results in space and time, both for continuous (1) (or semidiscrete
equation) important to achieve optimal convergence orders can easily be extended from our results
on fBm in Theorem 1 and Lemma 4 by just following [28, Proposition 3.1].

5.2 Convergence results for SPDE with fBm and Poisson measure noise
The convergence result is exactly as for fBm when Assumption 5 is used

Theorem 3 Let X (t,,) be the mild solution of (1) at time t,, = mAt, At > 0. Let {f,’l be the
numerical approximations through (152) and (127) ({,ﬁ = XZ for implicit scheme, g‘,ﬁ = Z,’L for
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SERS) and Y,Z the numerical approximation through the SETDI given in (151). If Assumptions
1—4 and Assumption 5 hold with B € (0, 1], then

1

(JEIIX(tm) — Y, ||2)7 <cC (h”’*ﬂ*‘ - Ath’H), (156)
and

(BIX () - ||2)% < C (I AT, (157)
where € is a positive constant small enough.

Corollary 2 Let X (t,,) be the mild solution of (1) (A self-adjoint) at time t,, = mAt, At > 0. Let
X ],}1 be the numerical approximations through (152). If Assumptions 1-3 and Assumption 5 hold
with B € (0, 1], then

1

bl _ 2H+B—1
(EIIX(tm) - X’,;,Hz)2 <C (h””ﬁ AT ) (158)

5.3 Proof of convergence results for SPDE with fBm and Poisson measure noise

As in [28], the proofs are based on Burkholder-Davis-Gundy Inequality where the fBm version is
given in [32, Theorem 1.2 ]. Under Assumptions 1-3 and 5, The regulatity result in time is

minH+A—1,1)

IX"(62) = X" )l 23y < Cla—t1) 2 ,0<t<n <T. (159)

Where C = C(B, L, T, H) is a positive constant and S is the regularity parameter of Assumption
1. In all our schemes, the error can be splitted in space error errg and the time error erry. The
space error errg can be estimated as in Lemma 6 using results from the proof of [28, Theorem
4.1]. More precisely in the estimation of the poisson term in their case, we replace 8 € [0, 2] by
n = 2H + B — 1 defined in Assumption 5. The time error err; will be here splitted in three terms.
More precisely the deterministic /; related to the nonlinear function F, the fBm term /5 and the
Poisson term /3. The estimation of /; is done with the aid of Assumption 4 and (159) similarly
as the work done in [28, (77)—(88)] for implicit and exponential schemes. As in the proof of
[26, Theorem 10], we use the Taylor expansion in Banach space (see [28, (77)]) to estimate /; for
SERS. The fBm term /5 is done exactly as in the previous section for the scheme without Poisson.
By replacing B € [0, 2] by n = 2H 4 — 1 defined in Assumption 5, the estimation of the Poisson
term /3 is done as in [28, Theorem 5.2] for implicit and SETD1 schemes using Burkholder-
Davis-Gundy Inequality, the work in [26, Theorem 10] and preparatory results Lemmas 10-13 for
SERS.

6 Numerical simulations

In opposite to the standard Brownian motion where the simulation is obvious, the simulation of
fBm is not obvious and is an important research field in numerical analysis. Keys methods for
simulations of fBm are Cholesky method [13] and the circulant method [32], which will be used
in this work to generate the fBm. Here we consider the stochastic advection diffusion reaction
SPDE (5)—(33) with constant diagonal diffusion tensor D = 10721, = (D;, ;) in (34), and mixed
Neumann-Dirichlet boundary conditions on A = [0, L1] x [0, L2]. The Dirichlet boundary con-
ditionis X = 1 at I' = {(x,y) : x = 0} and we use the homogeneous Neumann boundary
conditions elsewhere. This example can be seen as an engineering application where our SPDE
(5)—(33) models the uncertainties in chemical reaction rates for stochastic transport of pollutants
in porous media due by diffusion-advection-reaction with long-range dependence. If we include
the Poisson noise term, our (1)-(150) should model the uncertainties in chemical reaction rates
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for stochastic transport with long long-range dependence and some rare high chemical reaction
rate, which can occur in the fracture networks. If we include the dispersion tensor as in [9], our
(5)—(33) models also the sub-grid fluctuations in transport velocities and uncertainties in the reac-
tion rates with long long-range dependence. In all these cases, the unknown function X is the
concentration of the pollutants.

The eigenfunctions {e; ;} = {el.(l) ® e}z)}i, j=0 of the covariance operator Q are taken to be the
same as for Laplace operator —A with homogeneous boundary condition, so we have

[1 [2 im .
e(()l)(x) = 7 el-(l)(x) = L cos (L_lx) ,ieN

where / € {1, 2}, x € A. In the noise representation (4), we have used

~(p+9)
rg= (2472 =0, (160)

for some small 6 > 0. We have used b(x,t) = 2 in (33), so ¢ in Assumption 1 is obviously
satisfied for 8 = (0, 1]. In our simulations, we have used § = 0.001. The function f used in (36)

tobe f(x,2) = 1L+z for all (x,z) € A x R. Therefore the corresponding Nemytskii operator F'

107 ’ -
-

= v = ”
s s
5 / 5 4
c c
: 7 2,7
5 v « Y
= =3
8 8

102 102

10° 102 10°
log(A t) log(A t)
=y H=051 /7
~e-H-085|
/7

s 7/
&
g - -~
g - >
4 -V
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\

00'05 0‘01 DOIiS 0172 0!;25 0273 . K
log(A t) x

Fig. 1 Convergence in the root mean square L norm at T = 1 as a function of Az for implicit scheme
(a), exponential scheme (b) and exponential Rosenbrock scheme (c). We have used here 50 realizations.
The streamline of the velocity field q is given in (d)
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defined by (36) obviously satisfies Assumption 2. We obtain the Darcy velocity field q = (g;) by
solving the following system

V-q=0, q=-kVp, (161)

with Dirichlet boundary conditions on I'} = {0, L1} x [0, L»] and Neumann boundary conditions
on FI\II = (0, L1) x {0, Ly} such that

1 in {0} x [0, La]
P =10 in (L) x[0,L;]

and -k Vp(x,7) -n=0in 1‘15,. Note that k is the permeability tensor and p the presure. We use
a random permeability field as in [36, Figure 6]. The streamline of the velocity field q are given
in Fig. 1d. To deal with high Péclet number, we discretise in space using finite volume method,
viewed as a finite element method (see [33]). We take L = 3 and L, = 2 and our reference
solutions samples are numerical solutions using at time step of Ar = 1/4096. The errors are
computed at the final time 7 = 1. The initial solution is X¢o = 0, so we can therefore expect
high-order convergence, which depends only on the noise term and H.

Figure la is the errors graph for the implicit scheme with different values of H. We have
observed that the order of convergence is 0.48 in time for H = 0.51 and 8 = 1, 0.6476 for
H=065and g = 1.

Figure 1b is the errors graph for the exponential scheme with two values of H. We have
observed the order of convergence is 0.5012 in time for H = 0.51 and 8 = 1, 0.6653 for H =
0.65and g = 1.

Figure 1c is the errors graph for the exponential Rosenbrock scheme with two values of H.
We have observed the order of convergence is 0.5562 in time for H = 0.51 and 8 = 1, 0.6197
for H=0.65and 8 = 1.

As we can observe, our numerical orders in time are close to our theoretical results in
Theorem 2 even if we have only used 50 samples in our Monte Carlo simulations.

Figure 2 shows two samples of the solution for H = 0.65 and H = 0.51. Here we have fixed
B = 1 and same Gaussian random numbers have been to generate our fBm samples. As we can
observe, the parameter H has significant influence on the sample of the numerical solution. This
is independent of our timestepping methods.

Fig.2 Numerical samples solution using exponential scheme with H = 0.65 in (a) and H = 0.51 in (b)
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