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1. Introduction

Let A C R% d = 1,2, 3 be a bounded with smooth boundary. On the Hilbert space H = L*(A), we analyze the strong
numerical approximation of the following time fractional SPDE
—a H
COIX(D) + AX(0) = FIX(0) + ]~ [ GO0 2410 + 0 0] m
X(0)=Xo, tel[0,T]

where €3¢ is the Caputo fractional derivative with o € (%, 1) and Itl_“ is the fractional integral operator which will be
given in the next section, T > 0 is the final time and A is unbounded (not necessarily self-adjoint) operator which is
assumed to generate a semigroup S(t) := e~*. The functions F : %# — H, G: H — H and & : H — 7 are deterministic
mappings that will be specified later, X, is the initial data which is random, W(t) = W(x, t) is a #-valued Q-Wiener
process defined in a filtered probability space (£2, F, P, {F;}t=0) and B(t) = Bf(x, t) in (1) is a H-valued fractional Q;-
Brownian motion with Hurst parameter H € (%, 1) defined in a filtered probability space (£2, 7, P, {F;}t>0), where the
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covariances operators Q : H — # and Q; : H — H are positive and linear self-adjoint operators. The filtered probability
space (£2, F, P, {F}t>0) is assumed to fulfill the usual assumptions (see [1, Definition 2.1.11]). It is well known [2,3] that
the noises can be represented as follows

2131 Q2€ Zfﬁt tlei(x (2)

Zﬂ” 0 el(x) = \/Zﬂ” (el x) 3)

where q;, e;, i € N are respectively the eigenvalues and eigenfunctions of the covariance operator Q, ql, l, i €
N are respectively the eigenvalues and eigenfunctions of the covariance operator Q;, §; are mutually independent
and identically distributed standard normal distributions and ﬂi” are mutually independent and identically distributed
fractional Brownian motion (fBm). The noises W and B are supposed to be independent. Precise assumptions on the
nonlinear mappings G and @ to ensure the existence of the mild solution of (1) will be given in the following section.

Equation of type (1) with @ = 0 might be used to model random effects on transport of particles in medium with
thermal memory [4]. So due to the self-similar and long-range dependence properties of the fBm, when modeling such
phenomena, it is recommended to incorporate the fBm process in order to obtain a more realistic model. During the
last few decades, the theory of fractional partial differential equations has gained considerable interest over time. From
the point of view of computations, several numerical methods have been proposed for solving time fractional partial
differential equations (for details, see [5-10] and the reference therein). Note that the time stepping methods used in all
the works mentioned until now are based on finite difference methods. However these schemes are explicit, but unstable,
unless the time stepsize is very small. To solve that drawback, numerical method based on exponential integrators of
Adams type have been proposed in [11]. The price to pay is the computation of Mittag-Leffler (ML) matrix functions. As
ML matrix function is the generalized form of the exponential of matrix function, works in [12-14] have extended some
exponential computational techniques to ML. Note that up to now all the numerical algorithms presented are for time
fractional deterministic PDEs with self-adjoint linear operators.

Actually, few works have been done for numerical methods for Gaussian noise for time fractional stochastic partial
differential equation (see [4,15-17]). Note that this above works have been done for self-adjoint linear operators, so
numerical study for (1) with @ ## 0 and non self-adjoint operator is still an open problem in the field, to the best of
our knowledge. However, it is important to mention that if H # % the process B is not a semi-martingale and the
standard stochastic calculus techniques are therefore obsolete while studying SPDEs of type (1). Alternative approaches
to the standard It0 calculus are therefore required in order to build a stochastic calculus framework for such fBm. In recent
years, there have been various developments of stochastic calculus and stochastic differential equations with respect to the
fBm especially for H € (%, 1) (see, for example [2,18,19]) and theory of SPDEs driven by fractional Brownian motion has
been also studied. For example, linear and semilinear stochastic equations in a Hilbert space with an infinite dimensional
fractional Brownian motion are considered in [20,21]. However numerical schemes for time fractional SPDEs (1) driven
both by fractional Brownian motion and standard Brownian motion have been lacked in the scientific literature to the
best of our knowledge. Our goal in this work is to build the first numerical method to approximate the time fractional
stochastic partial differential Eq. (1) driven simultaneously by a multiplicative standard Brownian motion and an additive
fractional Brownian motion with Hurst parameter H € (%, 1) using finite element method for spatial approximation and
a fractional version of exponential Euler scheme for time discretization [22,23]. Since the ML function is more challenging
than the exponential function, our main result is based on novel preliminary results of ML functions. The analysis is
complicated and is very different to that of a standard exponential integrator scheme [24]' since the fractional derivative
is not local and therefore a numerical solution at a given time depends to all previous numerical solutions up to that time.
This is in contrast to the standard exponential numerical scheme where the numerical solution at a given time depends
only on that of the previous nearest solution. We provided the strong convergence of our fully discrete scheme for (1).
Our strong convergence results examine how the convergence orders depend on the regularity of the initial data, the
power of the fractional derivative, and the Hurst parameter.

The rest of the paper is structured as follows. In Section 2, Mathematical settings for standard and fractional calculus
are presented, along with the existence, uniqueness, and regularities results of the mild solution of SPDE (1). In Section 3,
numerical schemes for SPDE (1) are presented, we discuss about space and time regularity of the mild solution X(t) of (1)
given by (21). The spatial error analysis is done in Section 4. In Section 5, the strong convergence proof of the our novel
numerical scheme is provided. We end the paper in Section 6 by providing numerical results to illustrate our theoretical
results.

1 Where o = 1.
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2. Mathematical settings, main assumptions and well posedness

In this section, we review briefly some useful results on standard and fractional calculus, introduce notations,
definitions, preliminary results which will be needed throughout this paper and the proof of existence and uniqueness of
the mild solution of (1).

Definition 1 (Fractional Brownian Motion). [19,24] An #-valued Gaussian process {Bf(t), t € [0, T]} on (£2, F, P, {Ft}=0)
is called a fractional Brownian motion with Hurst parameter H € (0, 1) if

o E[BH(t)] =0 forall t € R,
o Cov(BH(t), B"(s)) = 3 (It/*" + Is|* — |t —s|*) for all t,s € R,
e {B(t), t € [0, T]} has continuous sample paths P a.s.,

where Cov(X, Y) denotes the covariance operator for the Gaussian random variables X and Y and E stands for the
mathematical expectation on (§2, 7, P, {F;}t>0).

Notice that if H = % the fractional Brownian motion coincides with the standard Brownian motion. Throughout this
paper the Hurst parameter H is assumed to belong to (%, 1).

Let (K, (., .)k, |I.|l) be a separable Hilbert space. For p > 2 and for a Banach space U, we denote by LP(£2, U) the Banach
space of p-integrable U-valued random variables. We denote by L(U, K) the space of bounded linear mapping from U to
K endowed with the usual operator norm ||. ||y k) and £,(U, K) = HS(U, K) the space of Hilbert-Schmidt operators from
U to K equipped with the following norm

1
00 2
I 0.1y = (anwinz) . e Ly(U.K), (4)
i=0

where (¥;)iey is an orthonormal basis on U. The sum in (4) is independent of the choice of the orthonormal basis of U.
We use the notation L(U, U) =: L(U) and £(U, U) =: £,(U). It is well known that for all | € L(U,K) and I; € £,(U),
I e [:z(U, K) and

M yw.p) < Wl Ml 2o)-

We denote by Lg = HS(Q%(H), ‘H) the space of Hilbert-Schmidt operators from Q%(H) to H with corresponding norm
||.||Lg defined by

1
2
1
= (> Qzen?) . 1€l (5)
Hs ieN

where (e;);, are orthonormal basis of #. The following lemma will be very important throughout this paper.

1
Iy = i?

Lemma 1 (It6 Isometry: [3, (4.30)], [24, (12)]).
(i) Let 6 € L*([0, T1; LY), then the following holds

2 T
} —E [ / 166512, ds]. (6)
0 2

(ii) Let @ : H — H, then the following holds
[ ,T 2 0 T 1 2H
Loy
/ ®dB(s) } <cmy (/ H(PQfe,-” i ds) . 7)
0 0

i=0
Remark 1. Note that in the case H = % the constant C(H) in (7) is 1 and the inequality becomes the equality. In this
case, the result (7) is then identically to (6).

E

(1 ,T
/ 6(s)dW(s)
| /o

E

More details on the definition of stochastic integral with respect to fractional Q-Brownian motion and their property
are given in e.g [18-21].

Definition 2 ([25, (2.1.1), (2.4.17)]). The Caputo-type derivative of order o with respect to t is defined for all t > 0 by

1 t 9X(s) _ds D<a<1
CB?X([') = { g)gl—a) fO ds (t—s)¥°’ (8)

) a=1,
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and the Riemann-Liouville fractional integral operator I{ is defined for all t > 0 by

I;xX(t):{ )?éa))fot_;a X(s)ds, 0<a<1
t), o=

where I'(-) is the gamma function.

Proposition 1 (See [17]). Let us consider the generalized Mittag-Leffler function E, g(t) [26] and the Mainardi’s Wright-type
function M,(0) [27] defined as

00 £k & 1)"en
Ea,ﬁ(r)ZE S and § —, O<a<1, 6>0.
£ [(ak + B) (1 —a(1+6)

Then the following results hold

o r(1+np)
M, (0) > 0, O*My(0)dH) = ——————,  —1 ., 6>0, 10
OF | oo = S o 6 (10)
and
(t)=/ M, (6)et?ds, Ew(t)=/ M, (0)et?ds. (11)
0 0

In the rest of this paper to simplify the presentation, we assume the SPDE (1) to be second order of the following type.

CeX(t,x) + [V - (DVX(t, X)) + q - VX(t, X)]
dwW(t, x) dBH(t, x):|

_ 1-a ’
= flx, X(t, X))+ I; [g(x,x(f,x)) T —

where f,g : A x R — R is globally Lipschitz continuous, ¢ : R — R is bounded. In the abstract framework (12), the
linear operator A takes the form

09 du d Ju
u E ™ ( 1(%) ax,») + ;:1 qi(x) ox

ij=1

(12)

D= (Dij)_ijeq- q= (1zizd>

where D;; € L®(A), q; € L*°(A). We assume that there exists a positive constant ¢; > 0 such that
d
> Dij(xEg = cl€l, EeR!, xe,
ij=1

The functions F : # — #, G : H — L5 and @ € LI are defined by

(F())(x) = f(x, v(x)), (Gvu)x) = g(x, v(x)) - u(x), (Pw)X)=¢(x)-wkx)

forallx € A, v € H, u, w € QY23(1). As in [22,28], we introduce two spaces H, and V such that H C V, the two
spaces depend on the boundary conditions of A and the domain of the operator A. For Dirichlet (or first-type) boundary
conditions, we take

V=H=H)(A)={veH'(A):v=0o0ndA}.

For Robin (third-type) boundary condition and Neumann (second-type) boundary condition, which is a special case of
Robin boundary condition, we take V = H'(£2)

= {v € H*(A) : 0v/0v4 + agv = 0, on 0A}, o € R,

where dv/dv 4 is the normal derivative of v and v 4 is the exterior pointing normal n = (n;) to the boundary of A given
by
d

d
dv/dvy = E n,v(x)D,-,j(x)a—)j, X € o0A.
)

ij=1

Using Garding's inequality (see e.g. [29]), it holds that there eXxist two constants ¢y and Ao > 0 such that the bilinear form
a(.,.) associated to A satisfies

a(v,v) = Aollvl, . — collvl®, v eV (13)
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By adding and subtracting coXdt on both sides of (12), we have a new linear operator still denoted by A, and the
corresponding bilinear form is also still denoted by a. Therefore, the following coercivity property holds

2 vev. (14)

a(U, U) = )"OHUHHI(A)a

Note that we have created a new linear term —coX in the right-hand side of (12). Thus we obtain a new equivalent form
to (12) as

CX(t, x) + [V - (DVX(t, X)) + q - VX(t, x) — coX(t, X)]

H
= f(x, X(t, x)) — coX(t, x) + I}’“ [g(x, X(t, x))dwéz’ %) + d)(x)dB étt’ X)i| . (15)
We rewrite it in its contracted form as follows
H
CEX(t) + AX(t) = F(X(t)) + I [G(X)dv‘\;t(t) +o dBdt(t)} . (16)

Note that the expression of nonlinear term F has changed as we included the term —coX in the new nonlinear term that
we still denote by F. The coercivity property (14) implies that A is the infinitesimal generator of a contraction semigroup
S(t) = e on [*(A) [28]. Note that this is due to the fact that the real part of the eigenvalues of A is positive. Note also
that the coercivity property (14) also implies that A is a positive operator and its fractional powers are well defined and
for any o > 0 we have

o0
— 1 —1,—tA
AT = T@ t“ e dt, (17)
A= @)

where I'(«) is the Gamma function.

Remark 2.1. As we have mentioned, the linear operator A is the infinitesimal generator of a contraction semigroup
S(t) = e~™, and therefore

IS(E)llrey < 1. (18)
Let
Si(t) := Eq 1(—t*A) and Sa(t) i= Ega(—t*A), (19)
be the fractional semigroups from Proposition 1 and (18), we also have
al'(2)
Sq(t <1 and Syt < —. 20
S1()llxzey < 1S2(E) 120y < Fita) (20)

Note that (18)-(20) are also held is S(t) and S;(t) are replaced respectively by their semi discrete form S(t) and Syp(t)
obtained after the finite element method space discretization. In the sequel of this paper, the contraction properties
(18), (20) for Sqx(t) will play a key role in the analysis of our numerical scheme.

Following the same lines as in [4,16, (2.2)-(2.5)] and using the equivalent model (16), we represent the mild solution
of (1) as:

Proposition 2. For any 0 < « < 1, the F;-adapted stochastic process {X(t), t € [0, T1} is called mild solution to (1), if there
holds

X(t) = 51(6)Xo +/ (t — $)*71S,(t — S)F(X(s))ds
0

t t
+ f S(t —s)G(X(s))dW(s)—i—/ S1(t — s)@dBH(s). (21)
0 0

P a.s. Where S(t) and S,(t) are defined by (19).
Proof. We define the Laplace transform of the function X with respect to t as

- +00

X(z) = c{X(t)} = / e~ X(t)dt,

0

then the Laplace transform of the Caputo derivative 3% and the Riemann-Liouville fractional integral operator I* are
given by (see [16, (1.5)])
£{CoX (1)} = 2°X(z) — 2°7'X(0), LX)}y = z7°X(2). (22)

5
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Applying the Laplace transform to both sides of (16) and using (22) we deduce that
2°%(z) — 2%7'X(0) + AX(z)

}+ L{D T

H
— CIFX()) + 2! [L{G(X(r))dw(” a8 (”}]

thus we obtain

a—1

X(z) = o +AX(0)+ p +A£{F(X(t))}
z%1 dW(t) z%71 dBH(t)
7o AKX =g+ g e (23)

Recall that the Laplace transform of the Mittag-Leffler function (see [16, (2.4)], 8 = 1 and 8 = «) is given by

+

zo¢ 1 1
L{Ey 1(—At*)} = and L{t" 'Ey o(—AtY)} = .
{Eo.1( )} Pl { a,a )} Y
The Eq. (23) now yields

LIX(1)} = L{Ea,1(—At*)}X(0) + L{Eq,o(—At" )} L{F(X(1))}

+ L{Ey 1(—At*)}L (G(X(t))d‘/(\;t(t)> + L{E; 1(—At*)}L (GD dB::t)) . (24)
Applying the inverse Laplace transform to (19) and (24), we obtain
X(t) = Eq1(—At")X(0) + (£ 'Eqy.o(—At®)) % F(X(1))
+ (Ea1(—At)) % (G(X(t))d‘/;/t(t)> + (Eq,1(—At*)) * (qb dB:f”)
= SIOX(0) + (£ 8a(6)) # FX(0) + S1(6) % (G(X(t»dvzi/t(”)
+ i) * <q> dB:t(t)) ,

and so

X(t) = 51(6)Xo +f (t — $)*71S,(t — S)F(X(s))ds
0

+ / S1(t — $)G(X(s))dW(s) + / Si(t — s)@dBH(s).
0 0

The proof of Proposition 2 is thus completed. B

Thanks to (11), the fractional semigroup operators S;(t) and S,(t) can be rewritten as
[e ] [e¢]
S1(t) = Eg 1(—At*) = / My (0)e ™" do = f M, (6)S(0t%)d6, (25)
0 0
and
[o ] o [o¢]
Sy(t) == Ey o(—At*) =/ afOM,(0)e~ %" do =/ aOM,(6)S(6t%)d6. (26)
0 0
We obtain the following properties of the fractional semigroup (Si(t))eo,1), i = 1, 2.

Lemma 2 ([23, Lemma 4]). Lett € (0,T), 0 < t; < t; 5T,T<oo,%<a <1,p>00<n<10<k<w<1,
0<o <v<1land§ >0, there exists a constant C > 0 such that foralli= 1,2 and u € H

lA?Si(E) Iy < CET°, IAT"(S1(t2) — S1(ta)llay < Ct2 — 1), (27)

IA“(S1(t2) — S1(ti)llwy < Cta — &)™ e, (28)

[ [£5 7 sa(t) = &5 Sa(t)] w5,y < ClE2 — 0) IR AT (29)
and

AlSi(t) = Si(t)A° on D(A?). (30)
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Proof. See [23, Lemma 4] for the proof of (27), (30) and [16, Lemma 3.3] for that of (29). The proof of (28) is similar to
that of [23, (29)], we have hence

A (S1(t2) — S1(ti) Iz

H/OOAKMO,(O) (S(ot5) — s(ots)) do
0

L(H)

IA

o0
f Mo(0) |47 S(060) 5 |
0

AT (efAe(rgft‘;) _ 1) H o
()

=C / ) [6(t5 —t)]7 7" (0t7) ™" Mao(6)do
0

A

o0
C(ty — )7 " / 0 M,(60)do
0
rl—«)
r(1—ax)
Cl— )™ e, m

(tz -t )a(wﬂ()tl—aw

IA

Remark 2. Lemma 2 also holds with a uniform constant C (independent of h) when A and Si(t), i = 1, 2 are replaced
respectively by their discrete versions Ay and Sy (t) defined in Section 4.

In order to ensure the existence and the uniqueness of mild solution for SPDE (1) and for the purpose of convergence
analysis, we make the following assumptions.
Assumption 1 (Initial Value). We assume that X, : 2 — H is Fy/B(#)-measurable mapping and X, € L*(£2, D(A e )
with 8 € [0, 1].

Assumption 2 (Non Linearity Term F). We assume the non-linear mapping F : # — %, to be linear growth and Lipschitz
continuous, that is for ¥ € [0, 1], there exists positive constant L > 0 such that

IF(u) = F)I? < Lllu = vll?,  JAF@)® < L(1+ A ul?), wven. (31)

Assumption 3 (Standard Noise Term). We assume that the diffusion coefficient G : # — LI satisfies the global Lipschitz
condition and the linear growth, that is for € [0, 1], there exists a positive constant L > 0 such that

1G(u) — G(v)llfg < Llu—v|?, IIA’G(U)IIfg <L(1+[Aul?), wven, (32)

Assumption 4 (Fractional Noise Term). The deterministic mapping @ : H — H satisfies
p=1
1472 @y < oo, (33)
where g is defined as in Assumption 1.

We are now ready to present the result of existence and uniqueness of mild solution of SPDE (1) in the following
theorem, which is one of our main result.

Theorem 1. Under the Assumptions 1-4, the SPDEs (1) admits a unique mild solution X(t) € L*(£2 x [0, T], 1) asymptotic
stable in mean square, that is

E [ sup ||X(t)||2] < 00, (34)

0<t<T

where [?(£2 x [0, T], %) denotes the space of squared integrable H-valued random variables.

Proof. We define the operator & : [2(£2 x [0, T], #) — L*(£2 x [0, T], %) by,
t t
Ex(t) = S1(t)xo + / (t — s)* 1Sy (t — $)F(x(s))ds + f S1(t — $)G(x(s))dW(s)
0 0

+/ S1(t — s)@dB(s). (35)
0

In order to obtain our result, we use the Banach fixed point to prove that the mapping & has a unique fixed point in
1?(£2 x [0, T], #). The proof will be split into two steps.
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Step 1: First, we show that £(L%(£2 x [0, T], H)) C L*(£2 x [0, T], ).
Let x € [(£2 x [0, T], ), using (35), triangle inequality and the estimate

n 2 n
(Z a,») < nZaiz,
i=1 i=1
we have
E[|1€x(t)]1%]

t 2
4E ||S1(t)xo|* + 4E H / (t — $)*71Sy(t — s)F(x(s))ds
0

IA

2 2

4E

+

+4E ‘ / Si(t — s)®dB(s)
0

/ Si(t — S)GX(s)AW(s)
0

4
: 421i. (36)
i=1

Using the fact that fractional semigroup S;(t) is a contraction (20) yields

I =E|Si(tkoll* < Ellxoll? < o0. (37)

Using Cauchy-Schwarz inequality, the stability property of fractional semigroup S,(t) (20) and Assumption 2

with « = 0 yields
2

t
L= E‘/(f—s)a1$2(f — S)F(x(s))ds
0

L(Z) ’ ' _ o)2a—2 )/t 2
L(F(]-i—o{)) (/0 (t =)™ “ds i E(1 4 [Ix(s)l1*)ds

2 2a—1 2
gt al(2) )

= 200 — 1 (F(l +a) (1 + ”X”LZ(QXLO,TLH)) < 00 (38)
Using also the contraction argument of the semigroup S(t) (20), Ito isometry (6) and Assumption 3 with ¢ = 0,

we have

¢ 2
I3 =E ‘ / S1(t — 5)G(x(s))dW(s)
0

t
= E[ llS:(t — S)G(X(S))Ilfg dS]

0
t
< L[ 50+ P
0
2
< Lt +L||X”L2(.Q><[O,T],’H) < 00. (39)
Applying (7), inserting an appropriate power of A and Lemma 2 with p = 6§ = % we have
t 2
Iy = E‘/ Si(t — s)@dB(s)
0
t 1 2H
"
< C(H)Z(/ Si(t —s)@Q e " ds)
i=0 0
([, Foee 1k
<y / AT&(t—s)H ”ATCDQ?ei ds
i=0 /O 10
t —o-p) N\ (S 12
< C(H)(/ (t—s) ds) (Z HAquQmH)
0 i=0
1- —2H ~ )
< can 1= =P\ 7 paaop) HA¥¢> < 0. (40)
2H 15

Inserting (37), (38), (39) and (40) in (36) implies that E ||£x(t)||> < oo for all ¢ € [0, T]. Thus we conclude that
£x € [2(2 x [0, T], H).
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Step 2: Next, we show that the mapping & is contractive.
For this, we follows the same lines as [30, P31-33] and for u € R, we introduce the following norm

X1 22 x (0.7 200 = sup e 1x(O 22,20
< <T

on [2(£2 x [0, T], 1) which is equivalent to || - li2c2xio.r1,0)- Let X,y € [?(£2 x [0, T], H), then from (35) we have

IEx)(E) — (EYXNOlli2(2,20)

< / (t — 5)* 'Syt — s)(F(x(s)) — F(y(s)))ds
0 2(2.H)
+ f 81(t — $)GX(s)) — GLy(s))dW(s)
0 12(2.H)
=i+ (41)
The stability property of fractional semigroup S,(t) (20) and Assumption 2 allow to have
L= /(t—S)"‘”Sz(t—S)(F(x(S))—F(y(S)))ds
0 2(2,H)
t
< / ||(t —5)*71Sy(t — s)(F(x(s)) — F(Y(S)))H 12(2.7)ds
0
al'(2) ‘ o
< e / (£ — 51 IFG(S)) — FOS) 20 50
)
< e ia VI / S X(5) — Y5 g0 s
I'(2) a1 gus
< h\ﬁ-</; (t—s)! ds) X = Yll22 %1011, 7). - (42)

Using the contraction argument of the semigroup, Ito isometry (6) and Assumption 3, we have

( )

= <1E [/ 1S1(t = $)XG(x(s)) = G2 dSD
0 2

(/0 |G(x(s)) — G(J’(s))”LZ(Q,Lg) ds)

t 2
N (/ ezusds) X = Ylli2(2 10,17, 2000 - (43)
0

Hence putting (42) and (43) in (41) yields

P

t
/ Si(t = s)(G(x(s)) — G(y(s))dW(s)
0

IA

IA

GEx)(t) — (EyNOl2(2.20)
- \/Z|: al’(2) (t — s)* Te¥ds + (l (eZut _ 1))2:| (44)
A 2u

= r(l1+a)
llx — y”LZ(.Qx[O,T],’H),u .

By Cauchy-Schwarz inequality, we obtain

t t 2 t 2
f (t —s)* letds < (/ (t — s)za—zds) (/ e2“5ds>
0 0 0
1
2

1 20—1 l 2ut 2
5mT (Zu(e 1)). (45)

9
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Inserting (45) in (44) and multiplying the obtained inequality by e™*, hence for all u > 0,
e M I(EXE) = (EYXOiz(0 )

al(2) 1 2a-1( 1 —out : 1 —2ut :
§ﬁ|:F(1+a)\/2a—1T (5(1_6 )) +<7u(1_e )>]

X = Yll2(2xio.r1. 20
al(2) 1 o0 ] 1
<L T7 4+ 1| (2u)"2 Ix — Yl 2(0x .
[r(1 Fo)V2a -1 U2 X = Yll2(2 po.11. 70

Therefore, for u > 0 sufficiently large £ : [>(£2 x [0, T], H) — [*(£2 x [0, T
the norm ||-||;2(¢ 4, @nd there exists a unique fixed point x € LX(2x[0;T
to (1) and x(t) is asymptotic stable in mean square.

, H) is a contraction with respect to
; H) which is a unique mild solution

]
]
The proof is thus completed. ®

In all that follows, C denotes a positive constant that may change from line to line. In the Banach space D(A% )Y ER,
. Y .
we use the notation ||AZ - || = || - ||,,. We are now ready to present some regularity results.

3. Regularity of the mild solution

We discuss the space and time regularities of the mild solution X(t) of (1) given by (21) in this section. The following
Theorem presents the spatial and temporal regularity results.

Theorem 2. Under Assumptions 1-4, the unique mild solution X(t) given by (21) satisfies the following space regularity

|
Furthermore for 0 < t; < t; < T, the following optimal time regularity holds

1X(t2) — X(E) 2.9
2

2H+p—1

)§C<1+”A 77 X,

2H+B-1
2

X(t)

) s t € [0, T]. (46)
L2(2;H)

L2(2;H

2H+—-1

1+ HA 2 Xo

<C(t —t1)

> . (47)
12(2;H)

Moreover (46) and (47) hold when A and X are replaced by their semidiscrete version A, and X" defined in Section 4.
Proof. We begin by proving (46). Premultiplying (21) by ALJrzﬂ_1 , taking the squared-norm and the estimate (Z?:l a,-)2 <
ny L, a? yields

2 2

2H+—1

2H+—1
2

‘A <4 ‘A 7= 8160
12(2;H) 12(2;H)
¢ 1, 2HEp 2
+ 4 (t —=s) A" 2 Sy(t — s)F(X(s))ds
0 12(2:H)
t 2H+B-1 2
+ 4 AT 2 S(t — s)G(X(s))dW(s)
0 [2(2;H)
t 2H+B-1 H 2
+ 4 AT 2 S(t —s)@dB"(s)
0 12(2;H)
4
=4 I (48)
i=1
We bound II;,i = 1, 2, 3 one by one.
Firstly, using the fact that S;(t) is a contraction (20) and (30) with § = 2H+2$ yields
2H+B— 2 B— 2
I = HA TS0 < HALG ' . (49)
12(2;H) 2(2;H)

Secondly, using Cauchy-Schwarz inequality, the stability property of fractional semigroup S,(t) (20), (30) and
Assumption 2 with § = x = 21 yijelds
2i|

2
I =E U

/ (t — s AT sy(t — $)F(X(s))ds
0

10
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L( [ e ||sz(r—s)||fm)ds> | <1+E\ X(S)H2> @
0 0
Ll @) N [ ey
< s (i) (o0 2ol )
0

[2(2,H)
Thirdly, using the It isometry (6), the contraction of Si(t) (20), (30) and Assumption 3 with § = 7 =

have
2j|

IA

2 _
AT X(s)

IA

A1 allow to

B t
/ AT 81t = )G (5))dW (s)
0

:t 5
=IE/’ ds]
LJo L9
r pt
uz/ A
LJO
t
CE[[]-F‘
C+C/’

Fourthly, using (7), Lemma 2 (27) with p = H, (30) with § = 1 — 8 and Assumption 4, we have

| |

1 2H
Si(t — s)qDQz [ ” ds)

113 =K ‘

2H+B—1

AT 2 St — 5)G(X(s))

2
ds}

10

246~ 1 H ]

LZ(Q H)

2H+p—1
2

IA

G(X(s))

IA

IA

(51)

/tAZ”+ﬂ Si(t — s)@dBY(s)

([

cny
=0

< C(H) (/ (r_s—ads) (Z HA Qe
0

tZH(lfa)

2H+ﬁ 1

2H
/ |A"si(t —s) ”L(H HA <1>Qze,H ds)

- )

< C(H)m AT(D P <C. (52)

Inserting (49)-(52) in (48) hence yields

‘ x|’

2 by 2mtp1
<c 1+‘ +cf HA 7 X(s)
[2(2;H) 0

Applying the continuous Gronwall’s lemma proves (46).
Now for the proof of (47), we rewrite the mild solution (21) at times t = t; and t = t; and we subtract X(t;) by X(t{)
as

2H+p—1
2

A

L2(2;H)

2H+4—1 2

A ds.

Xo
[2(2:H)

X(t2) — X(t1)

= (Si(z) = Si(t1) Xo +/ 1 [(t2 = $)*7'S(ty — 5) — (£ — )" Sa(ty — 5)] F(X(s))ds
0

+ / 181t — 5) = Si(t — )] GX(s)dW (s) + / 81t — 5) = Si(ty — )] @ dB(s)
0 0

[5)

+ / (b — Y Sulty — SF(X(s)) ds + / Si(ts — S)GIX(S)) AW(s)

t t

+ f ’ S](tz — S)(p dBH(S). (53)

3]
11



AJ. Noupelah, A. Tambue and J.L. Woukeng Communications in Nonlinear Science and Numerical Simulation 125 (2023) 107371

Taking the L?>-norm on both sides and using triangle inequality yields

7
IX(t2) = X(00)lli2gi20) < Y M. (54)
i=1
Inserting an appropriate power of A, using Lemma 2 more precisely (27) and (30) with n = § = % Assumption 1
implies
Iy == |[(S1(t2) — S1(t1)) Xoll 2. )

2H+p—1 2H+p—1

< H/r 2 (Si(t) = Si(ti)A™ 2 Xp

L2($2;H)
a2H+B-1) 2H+p-1
< Ct—t) 2 2 (55)

0
[2(2;H)

For the estimate of IIl,, by triangle inequality, inserting an appropriate power of A, using (30), (29) with v = g and o =0,
Assumption 2 and (34), we get

m, = ‘

f (s — 5971506 — 5) — (61 — sFSaty — )] FCX(s))ds
0

[2(2;H)

< / ||Ag [(t2 — $)*7'Sa(ty — 5) — (£ — )7 'Sy(t1 — 5)] A_gF(X(S))“LZ(Q;’H)dS
0

IA

f
B B
C/ (t2 — )" DA TF(X(8)) | 2270
0

1

5] 2
< C(tz—h)]’“’g)“/ (1+JE[ sup IIX(S)||2]> ds
0

0<s<T

< C(ta — f1)17(17§)af1 < C(ty — t1)2_(22_ﬁ)a. (56)
The estimate of Iil5 is already obtained in [23, (45)] and we have
Ils < C(t; — t1)*. (57)
Using the It6 isometry property (6), (27), (30), Assumption 3 withn =8 =17 = % and (46), we obtain

2
m: =

f 1816 — ) — Si(t — )] GX($)dAW (s)
0

i

tq _
c/ (& —t1)a(2H+ﬁ_l)]E|:HA2H+zﬁ FG(X(s))
0

[2(2;H)

_ 2H+B-1 2H+—1

A 16 — 5) = Si(t — )] AT G(X(s))szs]

2
:|ds
1
5] 2H+B-1
c / (& = )@Y (14 B[ AT X)) ds
0
2
LZ(-Q;H))

2
) ) (58)
L2(82;H)

Let us estimate now IIIf. Using (7), inserting an appropriate power of A, (28) with ¥k = % and @ = H, Assumption 4
yields

IA

IA

2H+B-1

Clty — )" PH+- g (1 + HAiz Xo

IA

2H+p—1

A2 Xy

IA

Clty — )P0 <1 + ‘

t 2
m; = ‘/ [Si(t; — s) — Sq(ty — s)] @ dBH(s)
0 [2(2;H)
t 2
_E f [S1(ts —5) — Si(ts — )] & dBY(s)
’ o] t 1_p 51 . 1 2H
<y (/ AT [Si(6 —5) = Silt — 14T 0 e ds)
i—0 0

i
12
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IA

00 1

CZ </-r1 [(Q 3 tlﬂﬁ—#)(tl _S)QH]” HA%QSQ%&H% ds)
i=0 \Y0
00 1

cy </t1 [(rz oy, - s)aH]H HA%‘DQ%&H% ds)
i=0 \*0

2

IA

—1

t1 2H 5
C(fz _ t])a(ZI‘H—ﬁ—l) (/ (I’] _ S)_ad5> HAT¢
0

C(tz _ t] )d(ZH%—ﬂ—l)t]ZH(]*a)

C(tz -4 )0((2H+f5—l).

IA

0
LZ

IA

IA

2H

2H

(59)

Now for the sixth term, we use It isometry property (6), the contraction of S;(t), Assumption 3 with T = 0 and Theorem 1

to obtain
2

)
/ Si(tz — SJGIX(s)) dW(s)

t

g = ‘

[2(2;H)

)
— [ | st = sicuxesniy ds]

IA

5}
/ 1182 = 5)1F B NG ds

t

<f2d5> (1 +E [ sup ||X<s>||2])
t1 0<s<T

Clt — t1).

IA

IA

Finally, using (7), inserting an appropriate power of A, Lemma 2 with p =§ = % and Assumption 4 yields

ty 2
3 = ‘ / Si(t; — )@ dB(s)
i [2(2:H)
ty 2
= ]E‘/ Si(ty — s)® dB(s)
3]
00 t . 1 2H
<y (/ Si(ts —S)Q>Q?ej“H ds)
i=0 i
o] ty 1-p % 51 ; % 2H
< C(H)Z(/ ATsl(tz—s)H HAchQiei ds)
i=0 Wt )
2 Caep N\ 2
< cat( [ (=) T ds ‘A -
tq L2
< Cty — PP < (6 — £ PHHPD,

Substituting (55)-(61) in (54) yields

1X(£2) = X (¢l 222

min(@(2H+8-1).2—(2—B)a) ( 2H+-1
)

l—i—HA 2 Xp

< C(ty —t1)

L2<9;m) '

The proof of Theorem 2 is thus completed. ®

4. Space approximation and error estimates

(60)

(61)

We consider the discretization of the spatial domain by a finite element triangulation with maximal length h satisfying
the usual regularity assumptions. Let V;, C #H denote the space of continuous functions that are piecewise linear over

triangulation J,. To discretize in space, we introduce P, from L%(£2) to V}, define for u e [*(£2) by

(Ppu, &) = (u, §), VE € V.
The discrete operator Aj, : Vi, — V4 is defined by
(Anp, &) = —a(p, &), Vp,§& € Vp,

13

(62)

(63)
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where a is the corresponding bilinear form of A. Like the operator A, the discrete operator Ay, is also the generator of a
contraction semigroup Sy(t) := e~“. The semidiscrete space version of problem (16) is to find X"(t) = X"(-, t) such that
fort € (0, T]

(64)
X"0) = PXo.

Note that A, P,G and Py ® satisfy the same assumptions as A, G and & respectively. The mild solution of (64) can be
represented as follows

[ CoEXI(e) + ATXP(E) = PUFX(0)) + 17 [ PGIX () 2 + Py B0

XW%:%M%+/H—W”&W—WMW%MS
0

+ /tsm (t — s)P,G(X"(s))dW(s) + /[Sm(t — )Py @dBF(s). (65)
0 0

Where Sy, and S;p, are the semidiscrete version of S; and S, respectively defined by (25) and (26).
Let us define the error operators

Tin(t) := S1(t) — Sin(t)Pp, Ton(t) := Sa(t) — San(t)Py.
Then we have the following lemma.
Lemma 3 ([/23, Lemma 3]). There exists a positive constant C such that:
(i) Forr €[0,2], p <r,t €(0,T], v € D(A?)
I Tin(E)ll < CH e~ =22 1w, I T2n(t)0ll < CH e~ =22 |y, (66)

(ii) ForO <y <1,

t
‘ [ s (s)vds
0

The following lemma provides an estimate in the mean square sense for the error between the solution of SPDE (16)
and the spatially semidiscrete approximation (65).

<7 l_,. veDA), t>D0. (67)

Lemma 4 (Space Error). Let X and X" be the mild solution of (16) and (64), respectively. Let Assumptions 1-4 be fulfilled then
there exists a constant C independent of h, such that

[x(c) —x" t)||L2(Q;H) < cp2ti+p-1, 0<t<T. (68)

Proof. Defme e(t) = X(t) — X"(t). By (21) and (65), taking the norm, using triangle inequality and the estimate
(X", @)’ <n Y, a? we deduce that

”e(t)”LZ(Q;rH)

< 4[IS1(t)Xo — Sun(t )PhXO”,_z 1)

2

t
+ 4 / [(£ = )" TSy(t — $)X(s) — (¢ — 5)* "Son(t — $)PaF(X"(s))] ds
0 [2(2:H)
t 2
+ 4 / [S1(t — $)G(X(5)) — St(t — )PLG(X"(s))] dW(s)
0 12(2:H)
t 2
+ 4 / [S1(t — 5) — Sin(t — s)Py] @ dB(s)
0 [2(2;H)
4
=4 IV (69)
i=1

We will analyze the above terms IV;,i = 1, 2, 3, 4 one by one.
For the first term [V, using Lemma 3 with r = y = 2H +  — 1 and Assumption 1 yields

V1 = [S1(£)Xo0 — Sin(t )PhXo||Lz(Q )
= [I[81(t) — Su(t )Ph]XOHLzQH
= ”ﬂh( )XOHLZ(Q H)
14
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2H46-1 2
2

IA

C p2CH+B-1) ‘A .

[2(2;H)
< CpRCHHBD), (70)

For the second term IV,, by adding and subtracting a term, applying triangle inequality and the estimate (a + b)* <
2a? + 2b?, we split it in two terms as follows
2

v, = / [(£ = )7 TSa(t — S)F(X(s)) — (¢ — 5)* "Son(t — $)PuF(X"(s))] ds
0 12(2:H)
t 2
< 2‘/(t—s)‘“ [Sa(t — 5) — San(t — s)Pn] F(X(s)) ds
0 [2(2;H)
t 2
+ 2‘/(t—s)““szh(t—s)Ph(F(X(s))—F(X“(s)))ds
0 [2(2:H)
=: 2IVy1 4 21Vy,. (71)

Firstly, adding and subtracting a term, applying Cauchy-Schwartz inequality, Lemma 3(i) withr = 2H + 8 — 1, p = 0,
Lemma 2 more precisely (47) for the first term and Lemma 3(ii) with y = 0, Theorem 1 and Assumption 2 with x = 0
yields

2

1V21 =

/ (t =) [Sy(t — 5) — San(t — S)Pu] F(X(s)) ds
0

2

12(2;H)

IA
N

/ (£ =S¥ Tant — S)F(X(s)) — FOX(E)) ds
0

2

L2(2;H)

+ 2 /(t—s)”‘lTZh(t—s)F(X(t))ds
0

12(2:H)

( / (£ — 52 ds) ( f Enmu—s)(F(X(s))—F(X(t)))nZ) ds
0 0

2

=

N

t
+ 2 / s (s)F(X(t)) ds (72)
0 [2(2;H)
Furthermore, we have
t
V31 < CH2CHHA=D f (¢ = )G IFX(5)) = FX(O)F5 5,5 S
0 ;
+ CHIFX(E) 2 g0
t
< CHEPD [ (g e () = XSl g
4
+ Ch* (14 IXOs g.5))
< Ch2(2H+ﬂ—1)/ ( )min(O;l—a(2H+ﬂ—1)) ds + Ch4IE [ sup “X(t)”2i|
h 0 0<t<T
< C et (73)
Secondly, applying the Cauchy-Schwartz inequality, boundedness of Py, Syu(t) and Assumption 2, it holds that
¢ 2
Vy = / (t = $)*7'San(t — )Py (F(X(s)) — F(X"(s))) ds
0 [2(2;H)
t t 5
< ( / (t —sy? ds) ( / E || San(t — s)Py (F(X(s)) — F(X"(s))) | ds)
0
< / lle(s IILz(Q ) (74)
Putting (72) and (74) in (71), we obtain
22H+6-1)
IV, <Ch +C/ le(s)l1 2,50y - (75)

15
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For the third term IV3, by adding and subtracting a term, using the triangle inequality and the estimate (a+b)? < 2a®>+2b?,
we have
2

Vs = ‘ f [S1(t — SJGIX(S)) — St — IPGIX"(5))] AW(s)
0 [2(2;H)
t 2
<2 / [S1(t — 5) — St — $)Py] GX(s)) AW(S)
0 [2(2;H)
t 2
42 f Su(t — PAGIX(S) — GX($)) AW (s)
0 L2(2;H)

Applying It6 isometry (6), Lemma 3(i) with r = y = 2H + B — 1 for the first term, Assumption 3 witht =2H + 8 — 1,
Theorem 2, contraction argument of Sy 5(t) (20) and boundedness of Py, it holds that

t t
s =2 [ BITWCXEIE ds + [ B sutt ~ 9PGx(s) — Gx' ]y o
0 0
t _ 2
< CR2@H+-D / E‘Az’“z’g TGX(s)| , ds
0 L

. / E | 6(X() - GUxt(s)| o ds
0 2

t t
< Ch2(2H+ﬂ—1)/ (1 + X( ) ds + C/ ||X(s) _xh(s)“fz(g_m ds
0 21 ’
22H+p-1) Hp1
<Ch (1 i ‘A %l o) € ||e )Py G5
< crpana- ”+c/ ()12 (76)

For the estimation of IVy, (7), Lemma 3 with r =2H 4+ 8 — 1 and y = 8 — 1, Assumption 4 yields
2

t
Vs = / [$1(t — 5) — Sult — s)Py] @ dB(s)
[2(2;H)
1 2H
<C H)Z( )PQ 2e; ds)
1 2H
<C H)Z(/ )¢ A 7 <DQ2e,H ds)

t 2H o] P ; 5
< C h22H+A-1) (/ (t—s)™ ds) (Z HAT(DQ?&’ )
0 i=0

< ( h2@H+B=1)p2H(1-a) A*“z;lq) 2
< 10
< C et (77)

Putting (70), (75), (76), (77) in (69) and applying Gronwall's inequality ends the proof. ®
5. Generalized exponential time differencing method (GETD) and its error estimate

In this section, we consider a fully discrete approximation of SPDE (16).
5.1. Generalized exponential time differencing method

Let At be the time step size and M € N such that T = M At, hence forallm € {0, 1, ..., M}, X,’;1 denotes the numerical
approximation of X"(t,) with t,, = mAt. Applying the generalized exponential time differencing method? (see [23]) to

2 or the fractional exponential integrator scheme

16
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(64) gives the following fully discrete scheme.

m—1
Xﬁl = S]h(tm)PhXO + At Z(tm - tj)OtilSZh(tm - tj)PhF(th)
j=0
m—1
+ Zsm — GPAGIX) AW + Y Sin(tm — £;)Py® AB]' (78)
j=0
m—1
= Ea1(—t5APhXo + ALY (b — ) Eaa(—(tm — )" An)PhF(X)
j=0
m—1 m—1
+ ) Eaa(—(tn — GY*APAGX) AW + Y~ Eq 1(—(tm — 6)“An)Pr® B}, (79)
j=0 j=0
where
(o]
AW, = W(tier) — W) = D V@i (Biltisn) — Bilt) e
i=0
and
AB! = BY(6;11) — Zf Bl (t1) — B(1) e
i=0

Our key result is given in the following theorem

Theorem 3. Let X(t,;) be the mild solution of (16) at time t,, = mAt given by (21). Let Xr’; be the numerical approximation
given at (78). Under Assumptions 1-4, the following holds

(h2H+/3 1 i At m1n(a(2H+ﬂ—21),2—(2—ﬂ)a)) 7 (80)

where B € [0,1], H € (3, 1) and « € (3, 1).

Before giving the proof, let us present a preparatory result

“X(tm) - X ||L2(rz ”H)

Lemma 5 ([31, (89)] And [32, (70)]). Let o be such that —1 < o < 1, hence the following estimate holds
A7 < ClIA%ul, (81)

where C is a positive constant independent of h.

5.2. Proof of main result in Theorem 3

We are now ready to prove our main theorem. In fact using the standard technique in the error analysis, we split the
fully discrete error in two terms as

[X(tn) = Xl 2z = [1XCm) = X" 2230 + IX" ) = X | 12500
=: errg + erry. (82)

IA

Note that the space error err is estimated by Lemma 4. It remains to estimate the time error err;. We recall that the
mild solution at time t,;, = mAt of the semidiscrete problem (64) is given by

tm
X"(tn) = Sn(tm )X + / (tm — 5)* ' Son(tm — S)PHF(X"(s))ds
0

tm tm
+ / Stn(tm — )PAG(X"(s))dW (s) +/ Sin(tm — )P @dB"(s). (83)
0 0
Iterating (83) yields
[j+‘]
X'(ty) = St} +Z / St — SIPUFCXM(5))ds

fi+1 Gi+1

+ Z/ Sin(tm — )PaG(X"(s))dW( s)—i—Z/ Sin(tm — S)Py®dB(s). (84)
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Thanks to (78), we rewrite the numerical solution X,’; in the integral form as

m—1
XD = Sunltm)PrXo + At Y (tm — 6 Son(tm — G)PAF(X)
j=0
m—1
+§:&h — §)PAGIX) AW + Y Sin(tm — ))Pu> AB!
j=0
[J+1 ) .
= Sin(tm)X, + Z/ — t] V¥ Son(tm — tj)PhF(Xj )ds
G+ tm o
" Z / Sultn ~ LGN + [ Sn(tn = 5. PL2AB (), (85)
0

where the notation .s_ is defined as in [24, (89)] by
S
LSy = I:f] At. (86)
At

Subtracting (84) and (85), applying the triangle inequality, taking the square and using the estimate (a + b + ¢)? <
3(a? + b? + ¢?), it follows that

[J-H

Z / = Sonltm — SIPRF(X(5))—

(tm — ) Sn(tm — )PRF(XI) ds

err? < 3

[2(2;H)
mo1 et ’
3% [ (S0t — PGS = St — HIPCOX) W)
j=0 4 12(2:H)
tm 2
+ ‘ / (S1n(tm — $) — Sia(tm — 52)) Py®dB"(s)
0 [2(2;H)
= 3(V{ 4+ V5 +V3). (87)
By adding and subtracting a term, we recast Vy as follows
m—1 [
D / [(tm — )" Son(tm — $) = (tm — )" San(tm — ;)] PAF(X"(5))dls
j=0 vk
m—1 k1
4 / (b — )7 Son(tm — )P4 [FCXP(s)) — FOX"(60))] ds
j=0 Ik
m-1 afey
+ / (tn — )7 Sonltm — 6)P4 [FOXP(0)) — FOX)] s
j=0 7tk
= V]] + V]z + V13. (88)

Using triangle inequality, the discrete version of (29), Assumption 2 with the boundedness of P, and the discrete version
of (34) leads to

m—1

G+ 8
Vi 3 [ A [Gon = 5 St = 9= (= 57 st = 03]
j=0 Y4
8 N
HAwmxm) s
[2($2;H)
m—1 Git1 %
< Z/ (s — tj)l_““)"‘ds (1 +E [ sup ||X“(s)||2}>
=0 tj 0<s<T

18
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< cAr0-5 Z/

< CAt 0Dl < car™
Following closely [23, (80)-(82)], we have

tj+1

2—fla

. m
Vig + Vi = CAC™ R L a3 xig) - x|

[2(2:H) "
Adding (89) and (90) we have
m—1
min(e(2H+8-1).2—(2—B)a)
Viscat 2 CA Yy ||x’1(tj)—xj“||L2(Q;H).
j=0
Hence
m—1
V12 < CAfMIn@RH+F—1)2-2=p)) 4  pp20-1 Z ”Xh(t] Xh ”Lz(g -
j=0

Adding and subtracting a term, using triangle inequality, we recast V, as follows

G+
V= Z / (St — SIPHGIXP(S)) — Sin(tm — )PRGOX)) AW(S)
12(2:H)
t}+‘l
< Z / [Stnltm — 5) — St — §)] PUGX(5))dW(s)
[2($2;H)
n Z / " Sutn — ()P [GX(5)) — GX(6))] dW(s)
[2(2;H)
mel et
s / Stnltn — )P A [GX(5)) — GXM] dW(s)
=0 2(2:3)

3
= Z Vz,'.
i—
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(89)

(90)

(91)

(92)

(93)

Using the martingale property of the stochastic integral, the It6 isometry (6), inserting an appropriate power of Ay, (81),
the semidiscrete version of (27) and (30) witho = = 8§ = #*#~! and t; = ty — s, & = ty — t;, Assumption 3 with

T = % and the semidiscrete version of Theorem 2(more precisely (46)) yields

2

ds:|
0
2

L

2
m—1 tis1
V=Y / [Sin(tm — $) = Sin(tm — )] PiG(X"(5))dW (s)
j=0 " 12(2:H)
m—1 tit1 _ 2H4B-1  2H+B—1 N
=Y E / [Sin(tm — $) = Swnltm — )] A, 2 A, 2 PhGX"(s)
j=0 G
m—1 Gi1 || 2H+B-1 2 2H+p—1
EZE[/ Ay 7 [Siltn =)= Sultn = §)]| A7 PaGX"(s)
j=0 ] L(H)
m-—1 i1 ﬂ 2
< cSE / (s — )@ [ A" o)) | as
Jj=0 b Lg

IA

2H 1 ml et 2H+ﬁ 1 2
CApeCH+A~ >Z/ 14+E HA (s)” ds
=0 6

L

2
ds:|
0
2
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tm 2
CAt‘x(z”*ﬂ’”/ 1+ sup ds
0 0<s<T LZ(Q;H)

CAteCHHA=1), (94)

2H+ﬂ 1

2 h(s)

IA

IA

To estimate the last two terms V2 and V223, using the martingale property of the stochastic integral, applying It6 isometry,
boundedness of P, and Sy, Assumptlon 3 and the semidiscrete version of Theorem 2 (more precisely (47)) holds

2

vy = Z / " Sin(tm — )Py [GX"(5)) — GX"(£))] dW(s)

[2(2;H)

m—1

j=

m—1 G
sczmamwwmmm/ B | (G000 - G0 ) [ s
j=0 f
m—1 k1 0 0 2
= O [ X0 = X0 g
j=0 7k
-1
< CmX: /‘Hl(s 3 tj)min(oz(ZHwtﬂflLZ*(Z*ﬁ)d)ds < C Apmin(e(2H+p-1).2-(2—B)ar) (95)
j=0 "%
We also have
2
ti+1
V3 = / Stn(tm — ) [PaGX" (1)) — PaG(X]")] dW(s)
[2(2:H)
m—1 ) . .
= ZE " Sutn — 6Py (GEXME) — GEXP) [1yds
j=0

IA
=

-1
E[/ it~ @000 - 0 |
j ]

m—1 ti1 ;
> [ e -5 s
j=0 "G

Il
o

IA

< caty X)X ||L2(Q e (96)
Putting (94), (95) and (96) in (93) leads to
m—1
in(a - —(2—B8) 2
V7 < CArmmECHETN2C00 1 ALY XM (0) = X | 2050y - (97)
k=0

For the approximation of V2, using (7), inserting an appropriate power of A, the semidiscrete version of (28) and (30)
witht; =ty =S, =th —tk =8 = % and w = H, Lemma 5 with o = ‘3 ! and Assumption 4 yields

tm 2
Vi = ‘/ (Sin(tm — ) — Sin(tm — 15)) Py®dB(s)
0 [2(2;H)
1 2H
128 g |
< C(H)Z(f —5) = Sinltm — s A2 A2 PdQ7e ds)
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Git1 1-B %
< H)Z Zf A (Sinltm — $) = Snltm — 1))
i=0 L(H)
1 2H
p-1 H
‘Ahz Ph<DQ2e, ds) . (98)
Furthermore, we also have
2H
5 bi+1 +ﬂ 1) -1 1 %
V2 < CZ Zf (s—1)° (tm — )7 AT®Q?ei‘ ds
i=0 =
- 2H s 2
< CAteCH+A-1) (/ (tm—s)*"ds> HAT@ .
0 Ly
< CAteCH+A=T), (99)

Substituting (92), (97) and (98) in (87) yields

X" Em) = X2 0
m—1
< C AMIn@CH+-1)2-(2-pla) | c pp20—1 Z “Xh(tk) —X,i‘ “i(m ) (100)
k=0

Applying the discrete Gronwall’s inequality to (100) and taking the squared-root leads
min(a(2H+B—1),2—(2—B)a)

|X"(tm) <catt e, (101)

h
= Xin ||L(7-L)
Adding (68) and (101) completes the proof. O

6. Numerical simulations

As we have mentioned in the introduction, the price to pay to simulate our scheme is the computation of Mittag-Leffler
(ML) matrix functions, which is more challenging than the standard exponential matrix functions [22,29]. We have used
the Matlab function built in [33,34] to compute the ML matrix functions. For our simulations, we consider the stochastic
advection diffusion reaction SPDE (1)-(12) with constant diagonal diffusion tensor D = 1072, = (Dj;) in (12), and
mixed Neumann-Dirichlet boundary conditions on A = [0, L;] x [0, L,]. The Dirichlet boundary condition is X = 1 at
I' = {(x,y) : x =0} and we use the homogeneous Neumann boundary conditions elsewhere. The random solution X in
(12) can represent the transport of the pollutants in porous media.

We take Q = Q; in (2)-(3) such that the eigenfunctions {e;;} = {egl) ® e}z)},-_jzo of the covariance operators Q = Q
are the same as for Laplace operator —A with homogeneous boundary condition given by

1 [2 i
() () .
e(x)=./—, e:’(x) = .| — cos x),ieN
0 ( ) L1 ! ( ) L[ ( Ll )

where [ € {1, 2}, x € A. Here we take L; = L, = 1. In the noises representations (2)-(3), we have used

. 2\ —(B+35)
q;=aij= (" +7°) . B >0, (102)

for some small § > 0. We have used g(x,X) = X in (12) and ¢(x) = 1 and B8 = 1. The grid has been chosen such that
the size of the matrix A, is 100. The final time is T = 0.1 and the reference samples solution or "exact samples solution”
are numerical samples solution with the smaller time step At = 0.003. In our simulations, we have used § = 0.001,
we have taken the function f used in (12) to be f(x, X) = 1fo‘3 for all (x, X) € A x R and the initial solution X, = 0.1.
Assumptions 1-4 are obviously satisfied for Nemytskii operators F and G defined by 1, the covariance operator Q; and the
initial solution Xy, = 0.1 (see for example [22,24,29]). The velocity field q = (g;) in (12) is obtained exactly as in [22,24].
The streamline of the velocity field q is given in Fig. 1(a) and the corresponding norm of the velocity field is given in
Fig. 1(b). The mean of 50 samples of the solution is given in Fig. 2(a), as you can observe this figure is in agreement
with Fig. 1(b) as area with high norms of the velocity field has low concentrations X, since the concentrations has been
transported by the high speed velocity.

In Fig. 2(b), the errors graph for our fractional exponential scheme with three parameters (8, «, H) is shown. The
orders of convergence is 0.5187 for (8, «,H) = (1,0.51,0.99), 0.5102 for (8, ®,H) = (1,0.51,0.7) and 0.5130 for

3tis easy to prove that f is global Lipschitz respect to X, indeed |f'(X)| < 1
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Fig. 1. The streamline of the velocity field q in (a) along with the corresponding norm of the velocity field in (b).
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Fig. 2. Convergence in the root mean square [?> norm at T = 0.1 as a function of At for our fractional exponential scheme in (b). We have used
here 50 realizations and the mean of those 50 samples solution is given in (a).
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Table 1

[?> mean error for (8,a,H) = (1,0.51,0.99). The final time is T = 0.1 and the
corresponding strong convergence order after fitting data in log scale is 0.5187 as we
can observe in Fig. 2(b).

Parameters (8, «, H) (B,a,H)=1(1,0.51,0.99)

Time step size (At) 0.0061 0.0121 0.0242 0.0485
L? mean error 0.1945 0.3534 0.4822 0.5814
Table 2

I mean error for (8,a,H) = (1,0.51,0.7). The final time is T = 0.1 and the
corresponding strong convergence order after fitting data in log scale is 0.5102 as we
can observe in Fig. 2(b).

Parameters (8, «, H) (B,a,H)=1(1,0.51,0.7)

Time step size (At) 0.0061 0.0121 0.0242 0.0485
L? mean error 0.2010 0.3618 0.4906 0.5904
Table 3

[?> mean error for (8,a,H) = (1,0.9,0.99). The final time is T = 0.1 and the
corresponding strong convergence order after fitting data in log scale is 0.5130 as we
can observe in Fig. 2(b).

Parameters (8, «, H) (B,a,H)=1(1,0.9,0.99)
Time step size (At) 0.0061 0.0121 0.0242 0.0485
I? mean error 0.2442 0.4476 0.6071 0.7216

(B,a,H) = (1,0.9,0.99). As you can observe the error is lower with optimal order of convergence when « is near 0.5,
this is in perfect agreement with our error estimate in Theorem 3 where the optimal order of convergence is predicted
to be % — €, € can be small enough (see Tables 1-3).
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