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Abstract

For holomorphic pairs of symbols (u, ¥), we study various structures of the weighted
composition operator W, v f = u - f(3) defined on the Fock spaces F,. We have
identified operators W(, y) that have power-bounded and uniformly mean ergodic
properties on the spaces. These properties are described in terms of easy to apply con-
ditions relying on the values |u(0)| and |u(%)|, where a and b are coefficients from
linear expansion of the symbol . The spectrum of the operators is also determined
and applied further to prove results about uniform mean ergodicity.

Keywords Fock spaces - Power bounded - Mean ergodic - Compact - Composition -
Weighted composition operators - Spectrum
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1 Introduction

We denote by H(C) the space of analytic functions on the complex plane C. For pairs

of functions (u, ) in H(C), the weighted composition operator W(, ) is defined by
Wwpyf =u- f(f), f € H(C). The operator generalizes both the composition Cy,
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and multiplication M,, operators since it can be factored as W, y) = M, Cy,. Weighted
composition operators have been a subject of intense studies in the last several years
partly because they found applications in the description of isometries on spaces of
analytic functions; see the monographs [10,11] for detailed accounts. For studies on
the various properties of the operators, for example, on the classical Fock spaces F,,
one may consult the works in [15,24,25,27] and the references therein. Recall that F),
are spaces consisting of all entire functions f for which

1

(% Je If(z)lpe*%dA(z))T’ <00, 1=p<oo

k2
sup,cc | f(2)le” T < o0, p=o0,

1A lp =

where d A is the Lebesgue area measure on C. For each function f € H(C), the
subharmonicity of | f|” implies that the local point estimate

p\z|2

w\z
e < [ jrwire aaw (L1
D(z,1)
holds where D(z, 1) is a disc of radius 1 and center z. This implies further

2 Iz

T
f@) < <7> TSN, (1.2)

By definition of the norm, the estimate in (1.2) is valid for p = oo as well.

The space F> is a reproducing kernel Hilbert space with kernel function K, (z) := e%*
and normalized kernel ky, := || Kyll; 'Ku. A straightforward calculation shows that
kv belongs to all the Fock spaces F, with a unit norm ||ky ||, = 1 forall w € C.

The rest of the manuscript is organized as follows. In Sect. 2, we study the power-
bounded property of the operators. As stated in Theorems 2.1 and 2.3, these properties
are described in terms of simple to apply conditions which are merely based on the
values of the numbers |u(0)| or |u(%)|, where the constants a and b are from the
linear expansion of the symbol ¥ (z) = az + b. The proofs of the results are presented
in Sects. 2.1 and 2.2. In Sect. 3, we identify the spectra of the operators on F, for all
1 < p < oo; see Theorem 3.1 whose proof is given in Sect. 3.1. Section 4 contains
several results on the uniform mean ergodic properties of the operators.

We conclude this section with a word on notation. The notion U(z) < V(z) (or
equivalently V (z) 2 U(z)) means that there is a constant C such that U(z) < CV(z)
holds for all z in the set of a question. We write U(z) =~ V(z) if both U(z) < V(2)
and V(2) S U(2).

2 Power-Bounded W, y,

We start this section by recalling certain definitions related to dynamics of an operator.
Let T be a bounded operator on a Banach space X. Then, we set the operator 7" as

@ Springer



Spectrums and Uniform Mean Ergodicity ... 457

the nthiterate of T: T" =T o T o ... o T n-times and T° = I, where I is the identity
map on X. The operator 7 is said to be power bounded on X if sup, .y I7" | < oo.
Obviously, any operator with norm at most 1 is power bounded. The notion of power
boundedness or estimating ||7"| plays an important role in the study of numerical
stability of initial value problems. If

1 n
T, = — T", neN

denotes its the nth Cesaro means, then T is called mean ergodic if there exists a
bounded operator P on X such that for each f in X

lim |7, f — Pf]l =0,
n—oo
and uniformly mean ergodic if the pointwise convergence above is uniform;
lim ||T, — P|| = 0.
n—od
A straightforward simplification gives that for each n € N, the relation

1 1
K
n

Th—1

holds where we set Tp = [ as the identity operator on X'. This immediately implies that
if T is mean ergodic, then }lT"x — Qasn — ooforallx € &A'. Similarly, %H T"| — 0
whenever T is uniformly mean ergodic. A number of authors have studied ergodicity
of operators on various functional spaces; see, for example, [1,3,5,6]. The monographs
[14,28] provide basic information on ergodic theory. Inspired by all these works, the
authors and J. Bonet [26] studied the mean ergodicity of composition operators acting
on generalized Fock spaces and concluded that all bounded composition operators
on Fock spaces F), are power bounded whenever 1 < p < oc. In this section, we
show that this conclusion is no longer true in general for the weighted composition
operators W, y). It is found that W, y) is power bounded only when the weight
function u satisfies an interesting point value condition as precisely stated in the next
two main theorems and proposition.

The study of the dynamics of an operator is related to the study of its iterates. For
f € H(C), asimple argument shows that the image of f under the iterates of W, v,
has the form

n—1

Wi f = L@, un(@) = [ u@’ (2) .1

j=0

for each n € N and ¥° = I the identity map on C. The equations in (2.1) will be
repeatedly used in the sequel.
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458 W. Seyoum, T. Mengestie

We now state the main results on power boundedness. Depending on whether |a| =
1 orla| < 1, we give two main results in Theorems 2.1 and 2.3.

Theorem2.1 Let 1 < p < o0, u,y € H(C) and W, y) be bounded on F,, and
hence, Y (z) = az + b, |a| < 1. If |a| = 1, then the following statements are
equivalent.

(1) W,y is power bounded on Fp;
(i) (llunll p)n is a bounded sequence;

2
>iii) |u(0)] < e_%. In this case for eachn € N

)2 n
AR (O 2.2)

It is interesting that we have an easy to apply equivalent conditions for the power
boundedness of the weighted composition operators. Part (iii) of the condition is also
independent of underlying space or the exponents p. In addition, by setting n = 1, the
theorem provides a simple expression for the norm of the operators, namely that

1o

Wl = lu(0)]e 2.

We recall that a bounded linear operator is a contraction when its norm is bounded by
1. In view of this, we may add one more equivalent condition to the above list in the
theorem, namely that W,y is power bounded on F), if and only if it is a contraction.
It should be also notedbthat for the case a # 1 and |a| = 1, the above conditions are

also equivalent to ’u( E)| < 1 since an application of Lemma 2.4 implies

(i fa)’ = 1)K fa)\ = |u(0)|’e*%

_ PR _ s
= |u(0)le =l = [u(0)]e 2,

where 91 denotes the real part of the given complex number. This inspires us to ask
whether a similar condition works for the remaining case, namely that when |a| < 1.In
this case, as will be explained later, the powers of weighted composition operators are
again weighted composition operators. This together with the relations in (2.6) and
(2.7) ensures that the following necessary and sufficient conditions hold whenever
lal < 1.

Proposition2.2 Let 1 < p < oo, u, ¥ € H(C) and W, y) be bounded on F,. Let
Y(z) =az+band|a] < 1.

(i) If W,y is power bounded on F, then

‘u( b )‘51. 2.3)

1—a
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(i1) W,y is power bounded on Fp, p < o0 if

b 2

()| = 1alr. 2.4)
1—a

When p — oo, the right-hand side in (2.4) tends to 1. Thus, the condition in (2.3)

is both necessary and sufficient for W, y) to be power bounded on the space F. In

particular, when W, y is compact, we record our next main result which holds true

on all the spaces F.

Theorem2.3 Let 1 < p < oo, u,y € H(C) and W, y) be bounded on F,, and
Y (z) = az+b, with|a| < 1. Let u be non-vanishing and W, v be compact. Then,
the following statements are equivalent.

(1) W,y is power bounded on Fp;
(i) (llunll p)n is a bounded sequence;

(i) Ju(:Z) < L

As in Theorem 2.1, part (iii) of the condition is simple to apply and independent of
the exponents p. Observe that from the two theorems above, it is easy to see that a
bounded composition operator Cy, is always power bounded, while the multiplication
operator M, is not in general; see Corollary 4.7.

To prove the results, we need to make some preparations. The bounded and compact
weighted composition operators on Fock spaces were characterized first in terms of
Berezin-type integral transforms in [24,25,27]. Later, Le [15] considered the Hilbert
space J setting and obtained a simpler condition, namely that W(, y is bounded on
J> if and only if

Mu, %) = sup |u(z)|e2 (VO oo, 2.5)
zeC

He further proved that (2.5) implies ¥ (z) = az+b with |a| < 1.In[22], T. Mengestie
and M. Worku proved that the Berezin-type integral condition used to describe the
boundedness of generalized Volterra-type integral operators V(, y) on the Fock spaces
JF) is equivalent to a simple condition as in (2.5). Because of the Littlewood—Paley-
type description of the Fock spaces, by simply replacing |g’(z)|/(1 + |z|) by |u(z)| in
the results there, it has been known that (2.5) in fact describes the bounded weighted
composition operators on all the spaces F,, 1 < p < oo, with norm bounds

_2
M, ¥) < [Waupll < lal » M(u, ¥). (2.6)
For p = oo, the corresponding relation holds with equality,

Wyl = M(u, ¥). 2.7)

As indicated in [15], an interesting consequence of (2.5) is that if |a|] = 1, then
a simple argument with Liouville’s theorem gives that the weight function u has the
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form u(z) = u(0) K_z»(z). This representation of u# will play an important role in the
rest of the paper. Thus, we may formulate it as a lemma for the purpose of easy further
referencing.

Lemma24 Let 1 < p < oo, u, ¥ € H(C) and W, y) be bounded on F,, and
hence Y (z) = az+ b, la| < 1. If|a| = 1, then

u(z) = u(0)K _zp(2).

It should be noted that by condition (2.5) it is possible for W, yy = M,Cy to be
bounded even if both the factors Cy, and M,, are unbounded. The functions u(z) = z
and ¥ (z) = z + 1 provide such an example.

Similarly, compactness of W(, ) has been described by the fact that ¥ (z) = az +
b,la] < 1 and |u(z)|e%(“/’(1)‘2*|z|2) — 0 as |z] — oo. The latter condition implies
that |a| < 1 but not conversely. Very recently, Carroll and Gilmore [7] used the idea
of order of analytic function and proved the following analogues result.

Lemma2.5 Letl < p <oo, u, ¥ € H(C)and ¥ (z) = az+b, |la| < 1, and assume
that u is non-vanishing. Then, W, y) is compact on F), if and only if u has the form

u(z) = eao+a1z+a222 (2.8)

a2
for some constants ay, ay, ay such that |as| < %

Next, we consider the following key necessary conditions for power bounded
Wu,y)- The lemma gives a good restriction on the growth of the sequence (||u, |l p)n
and the value |u(zo)|, where zg is a fixed point of .

Lemma26 Let1 < p < ooand u,y € H(C). If W, y) is power bounded on F),
then

(i) |u(zo)| < 1 where zg is a fixed point of \:
(i) (llunll p)n is a bounded sequence.

Proof (i). Since the constant function 1 belongs to the spaces F, with ||1]|, = 1, using
the pointwise estimate in (1.2)

N _lzo? _ P
IWeill = IWa oy Xlp 2 IW, ) 1zo)le™ 27 = |un(zo)le™ 2 = |u(zo)|"e™ 2

from which the inequalities

_lgl?
o0 > sup ”ng,¢)” >e” 2 suplu(zo)l"
neN neN

hold only if |u(zp)] < 1.
To prove (ii), for p = co arguing as above we have

kR _k?
Wiy 1@e™ 2 = |up(2)le” 2.

W | = 1Wg gy oo =
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Taking the supremum with respect to first with z and then with n gives the required
assertion. On the other hand, if p < oo, then

D _pli?
Wy IP = IWG, 1l = Ef(clun(z)l”e 2 dA(2) = llunlly

from which the conclusion follows again. O

The next simple lemma will be crucial in the proof of Theorem 2.3.

Lemma 2.7 Leta € Cand |a| < 1. Then, foralln € N

2.9

Proof Applying triangular inequality,

1 __a2n
||1 —aZ|| =[14a+ @)+ + @" | <14 1a + 1@ + . + @)
1 — a2n
14 laP A+ (aP) o (ayt = L1 i
1 —Jal
from which (2.9) follows. q

We are now ready to give the proofs of the previous two main results.

2.1 Proof of Theorem 2.1

The statement (i) implies (ii), which is proved in Lemma 2.6. On the other hand, if (ii)
holds, then using (1.2)

12

lz|
00 > sup [lunllp Z sup lun(2)le” > (2.10)
nEN() nEN()

foreachz € C.If a = 1, then I/Ij(z) =z + jb and using Lemma 2.4,

n—1

un(2) = uO)" [ [ K-pz + jb) = u(0)"e
j=0
where
n—1 bP

I(z) == —B]X:(:)(z + jb) = —bnz — lTn(n —1).
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It follows that

Uy (z) = u<0)"e—%<"—”lf_nb(z) (2.11)

for all z € C. Considering (2.11) and applying the estimate in (2.10) at z = —nb

_ b2
sup llupllp Z sup |un(—nb)le™ 2
neNg neNp
w2 |" 20 w2 "
= sup |u(0)e 2 | e P K_,,(—nb) = sup |u(0)e 2
neNy neNp

and hence the statement in (iii) follows. On the other hand, if @ # 1 and |a| = 1, then
set zo be the fixed point of ¥ and eventually applying Lemma 2.4

b
u(0)K _zp (m)
2

o[ albl? .,
=[u(0)|" e ("“> = )"

n n

lun (z0)] = = |ue (%)

and the conclusion follows after taking this in (2.10) again.

It remains to prove (iii) implies (i). First, observe that for each n € N, the operator
W(r; ) itself is a weighted composition operator and W(”M’ vy = Mu, Cyn = W, ym).
Then, W(, ) is power bounded if and only if

2
b(1—a"
a"z+ (172 L

3 2F)
sup sup |uy, (z)]e? < 0.

neN zeC

Thus, for |a| = 1, we apply (2.6) and obtain the norm

Lyn 21012
WGyl = sup i ()2 V" P, 2.12)
zeC

Our next task is to simplify (2.12). If @ = 1, then the representation in (2.11) implies

1 2 2 Ib2
IWE, I = sup e TPl ) e 2 "Dk (2))
’ zeC

2\n g _ 2\n
= (@) supe" ™K ()| = (lu©le ¥ )" 213)
zeC

from which the statement follows.
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Next, assume a # 1 and |a| = 1. Then, Y/ (z) = a/z + b 11__”j . By using Lemma 2.4

a
again u,(z) = u(0)"e @ where

n—l j 2 2 n
— ; 1—al — 1—=d" alb|*n alb|*(1 —a")
h = - b (j b ):— —_
n(2) a jz_oaz+ — abz—— - 1_a?

Thus, we have

_albl?n | alb*(1—a™)
up(z) =u(0)'e O a-? K B @
—a

from which and (2.12)

| =" 21,2 _Fod=a _alb®n | albl2(1—a")
IWE, gl = sup e [0 [ =41y e o = T
u,
zeC
where
. l—a®2 S[1—a")? R
a"z+b — 122 = b| +2m(a b _)
1—a 1—a 1—a
and
7 1=a" _albPn | abl>(1-a") 7 1=a" _alb?n | abl>(1-a")
' —abz l—aa _al—an-"—a (1_a)2a — em(_abZ l—aa _a]_a"_,’_fl (1_a)2a )
On the other hand,
_ _—l’l _ _ n _ 1 a
a"h—L by =zb(a"—1)< _— ):o
1—a —a 1—a 1—a

and combining all the above

Ib%
IWE, ol =lu(O)"e 2

| 2

| 1—a"
1—a

2 2 n 2
falbl=(1—=a") alb|“n
+ §)‘( (17a)2 1—a )

2 2 n 2
A alb|“(1—=da") alb|“n
5)‘( (1-a)2 ) m( I-a )

2 2 n
alb2(1-a") -
o)’ ’efn\bl (%)

=

| 2
I—a

N

<[u(0)["e

<=
8]

: +

| 2
I—a

2 o2

Fine? (ol (%))’

2 P

M= (|u(0)|e#)". (2.14)

4

<[u(0)["e

M} 2
2 I—a

<e

%\ 2
2 I—a

=e

1o

Thus, power boundedness follows whenever |u(0)| < e™ 2.
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2.2 Proof of Theorem 2.3

The statement (i) implies (ii), which follows from Lemma 2.6 again. Assuming (ii),
we proceed to show that (iii) holds. Using (1.2), we estimate

g
00 > sup |lupllp 2 sup lun(zo)le™ 2, (2.15)
nEN() nEN()

where zo = b/(1 — a) is the fixed point of 1. Moreover, observe that

n—1

un(zo)l = [ Ju(¥/ (z0)) = luzo)!"

j=0

which together with Lemma 2.4 and (2.15) gives statement (iii).
Next, we prove (iii) implies (i). If p = oo, applying the relation in (2.7) for the
weighted composition operator W, yn) we get

1 netzob(1—a” 2_ ,2
W ymll = WG, | = Suglun(z)IeZ('“ saob(1=a")P-IzF).
ze

Thus, W, yn) is power bounded on F; if and only if

n nyi2
sup sup Iun(z)le%(‘a cHzob(1-a") P ~[2P) < 00. (2.16)

neN zeC

Therefore, by using the assumption ‘u (%) ‘ < 1, we plan to show that (2.16) holds.
First, we consider Lemma 2.5 and compute

n—1
un (@) = [[u/(2)) = 5@
j=0
where
n—1 i i
, (1—a’)b - (1 —a’)b\2
_ j Al J Al
Sn(z)—zo<ao+a1(a 4+ — )—i—az(a 4+ - )
j=
n atbn  a1b(1 —ad"  a (1 —a") ar(1 — a?) 5
=na —
0TI Zd T T(—ay 1—a T2
ab? 2(1 —a™) n 1 —a* 2apzb (1 —a" 1 —a*"
n— _
(1 —a)? l—a 1—a? l—a\l—-a 1—a?
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abn  a1b(1 —a") a2b2< 2(1 —a™) 1—a2”>
=nag + — —

l—a (1 —a)? (1 —a)? l—a 1—a?

ai(l1—a"y  2ab (1 —a* 1—a*" a(l—a®) ,
+< l—a +1—a<l—a 1 —a? et 1—a2 °©
(2.17)

Now taking this into account and the fact that W(’L v = W, ym), the corresponding
notation in (2.5) becomes

b(1—a™)
1—a

2
2
—1z%)

R(ta2)+NR(pnz®)—qnlz|?

a"z+

M, ") = sup Jun (2)|e?
zeC

= supe
zeC

< ¢ sup M +H(Pal=an) Iz (2.18)
zeC

where ¢, is the real part of the expression

atbn  a1b(1 —a™)? arb? 2(l—a") 1—a®* b(1 —a") 2
nagp + — n— )

1—a 1—a (1 —a)? 1—a 1 —a? 1—a

ai(l—a")y  2ab (1—a® 1—a* T—amb

= — a’,

" l—a l—a\l—a 1—a2 l—-a

ar(1 — a®) 1—a*
e e =T

Now to estimate the supremum in (2.18), we claim that

1— a2n 1 — |a|2n
1Pal = o = laal |7 ——| = —— < 0.
Observe that the inequality holds if and only if
(1 —la® |1 —d?
laz| < T 2] | 5 | (2.19)
This follows immediately from Lemma 2.7 as |a;| < #

It follows from this and (2.18) that
Muy,, ¥™) < e

On the other hand, since |a| < 1

< tifag AP @ )
C n: a —_—
"= T T T 1 —a)2
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for some positive constant C and hence

n

2
) 9 arb arb b
ecn S en i(a()+l “+(I—a)2) ~ ‘u(l )
—da

from which and the assumption that

u(&)‘ < 1, the condition in (2.16) follows.
Next, we consider the case when p < oo and consider first the case a = 0. Then,
Y"(2) = b, un(z) = u(z)(u(b))"~" and applying (1.2),

p _pp2
Wi 705 =2 [ 1@ e $ aac
=3 / | £ B 1@ 1P luB)| @ DPe= 5 g Az)
2 C
- — 2
=f O 1O DP ully < 1@ P ulpe 1 7115,
from which we arrive at the claim. Here, note that since W,y is bounded, the mul-

tiplier u belongs to F), for all p.
If a # 0, then applying the local point estimate in (1.1),

p_ P b(1 —a")\|”
||W(r;,1/,)f||p _Eé‘f<anz+—l s

_ay |2
<£ e%(anz"_b(]l—z)
27 Jo

,£|w|2
X/D(awu ) )'f )|Pe” 2" dAw)dA()

s )

Xp (an o = 1)(w>|f<w)|f’e—f'"f' dAW)dA(2). (2.20)

i (2)|Pe T d A(2)

) 1

b(l —a"

a”z+

) oo 7

Observe that if w € D(a"z + b(l a ) , 1), then

oy, b=a] b(1—a")
S a"(1 —a)
T I )
= lal (a" a*(1 — a))

which holds true if and only if

1 >'Z_<w b(l—a"))‘.

la™ —
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Thus, w belongs to the disc

b(l —a"
D((JHZ'FM,I)
l1—a

w  b(l—-d") 1
D|—— ——, — ).
a 1l—a la|™

Making use of this and Fubini’s theorem in (2.20)

if and only if z belongs to

P _Ljup
- P <7/ P =S lwl
Wy Pl =5 [ 1F e

X(Le%(

Using Lemma 2.5 and simplifying like the case for p = oo, we get

5(

b(1—d™)
I—a

2
~1zP)

a"z+

Iun(z)l”xD(%ﬁran) 4)(z)dA(z))dA(w)v

—a_ Tal”

b= | _ | 12 1—Ja[2 |
a”z+—‘ 121) plinlizl—p( =422 | 20= 1) 2

1—a?

e |un(2)]” < ePre

2
for all z € C. Since W(, ) is compact and |az| < 1=lal , it follows that

1—1al® jax(l —a*)
4= pal = —— = |F

1—a
and

2
b(l a )
—a

atz+E =

at I—a ’lal®

/ A ~1zP)

1—lal2n
</epc,lep|rn||z|—p( 1™ _
C

where we used the fact that sup,, .y #, < oo and inf, {g, — |p»|} > 0. Hence,

lun(2)|P Kp( s biat 1 )(z)dA(z)

ap (1 azn)

1—

)\ZI dA(Z) < oben

IWE, g Fllp S el f 1L

and the conclusion follows as in the last part of p = 0o and completes the proof of
the theorem.

3 The Spectrum of W, y,

In this section, we study the spectral of weighted compositions operators on all the
Fock spaces F),,1 < p < oo. Let T be a bounded linear operator on a Banach space
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468 W. Seyoum, T. Mengestie

X. Then, the spectrum o (T) of T is the set {A € C : T — AI is not invertible}, where
[ is the identity operator on X. The spectrum o (T') is always a non-empty compact
and closed subset of the disc centered at the origin and of radius ||T'||. It has been well
known that the spectrum of an operator plays a vital role in the study of its dynamical
properties; see [12]. Our next result will be used to prove mean ergodic results in the
next section apart from being interest of its own.

Theorem3.1 Let 1 < p < oo, u, ¥ € H(C) and W, y) be bounded on F, and
hence ¥ (z) = az + b with |a| < 1. Then, if

(i) W,y is compact and hence |a| < 1, then

b
1—a

(W) = {0, u< )a’", me NO}. G.1)

>ii) |a| =1, then

alb|?
u(Q)ea-Ta™ :m e NO}, a#1
2
oWa) =317 171 = |u(0)|ehz}, a=1,b#0
{u@©}, a=1, b=0.

We now remark a few points. First, observe that the number b/(1 — a) in (3.1) is
the fixed point of the symbol 1. We also note that when a # 1 and |a| = 1, the
expression in the spectrum can be expressed in terms of this fixed point. That is from

2
Lemma 2.4, it follows that u(O)e%am =u(b/(1 —a))a™. In this case, the spectrum
contains finite number of points only when a is a root of unity. Next, for a # 1, the
necessity of the condition that |u(b/(1 — a))| < 1 in Theorem 2.1 and Theorem 2.3
can be easily deduced using Theorem 3.1 since the spectrum of a power-bounded
operator is always a subset of the closed unit disc. Here, for |a] = 1 and @ # 1, note

alb?
that |u(0)e =T | = |u(7Z)|. Another application of Theorem 3.1 will be given in
Sect. 4. It is known that the spectrum plays an essential role in the study of theory of
semigroups of linear operators [9] as well.

3.1 Proof of Theorem 3.1

(1). Let W,y be compact and hence |a| < 1. Here, our proof is based on an argument
that goes back to [13]. We set zo = b/(1 — a) and plan to show that the range of
W,y — a"u(zo)1 fails to contain the complex polynomial z". Setting n = 1 and
arguing in the direction of contradiction, assume that there exists an f € F, such that

u(z) f (¥ (2)) —au(zo) f(2) = z. (3.2

If u(zg) = 0 or a= 0, then au(zp) = 0 and belongs to the spectrum. Thus, we may
assume that zq is not in the zero set of u and a # 0. First, assume that zo = 0. Then,
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taking z = 0in (3.2), we obtain that f(0) = 0. On the other hand, differentiating both
sides of Eq. (3.2) and setting again z = 0, we obtain

u'(0) £ (¥ (0)) + u(0)y'(0) ' (¥ (0)) — au(0) f'(0) = 1

which results in the contradiction 0 = 1.
Similarly for n > 1, differentiating both sides of the equation

u(@) f (¥ (@) —a"u(zo) f(2) = "

repeatedly and eventually setting z = 0, we obtain £ (0) = 0 for all m < n, while
for m = n we get again the contradiction 0 = n!.
If zo # 0, then we may set V1 (z) = az,

ui(z) = u(z+ 20) o202 +70(az+azo+b)
2
1K—2l13

and observe that ¥1(0) = 0 and u1(0) = u(zp). A straightforward calculation shows
that

Wiaas, ) Weert) Wis gy = Wean )
and W(;Zl’wz) = Wus,ys) Where u2(z) = k—;,(2), ¥2(z) = z + 20, u3 = kg, and
Y¥3(z) = z — zo. It follows that the weighted composition operators W, y,) and
W(u,y) are similar and have the same spectrum, and our conclusion follows from the
first case discussed above. Therefore, the set in the right-hand side of (3.1) in this case
is contained in the spectrum.

Conversely, if |a| < 1, then W, y) is compact and its spectrum contains only zero
and eigenvalues. Thus, we consider a nonzero eigenvalue A € o (W, y and show that
it is of the form u(zgp)a™ for some positive integer n. If f is a corresponding nonzero
eigenvector, then

W) f(2) = uz) flaz+b) = A f(z) (3.3)

for all z in C. If f has no zero at zg, then (3.3) implies u(z9) = A and hence A =
aou(z()). On the other hand, if f has zero at zo of order m, we may write

f@)=(@—20"g@)

where g(zp) # 0. Then, substituting f by this in (3.3) and differentiating both sides
of the equation m times and eventually setting z = z(, we only get

a™u(zo)m!g(zo) = Am!g(zo) (3.4)

as all the other terms have factor z — zp and vanish. Now, g(zp) is nonzero and (3.4)
holds only if A = a™u(zg) as asserted.
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The argument in the proof of part (ii) is divided into three cases depending on the
values of @ and b.
Case 1. Let |a| = 1 and a # 1. For simplicity, we first set ¥;,(z) = z — zo and claim
that the weighted composition operator induced by (k;,, ¥,,) is an isometric bijective
map on F), with inverse W(k—z_ov v To this claim, for every f € F),

p _P,2
||W(kz0,¢zo)f”£ =5 L lkzo ()P f(z —z0)|Pe Bzl dA(z)
=L / |f(z—ZO>|pe—’£lz—zo2(|kzo(z>|f’eé"z—zo2—%"2'2>dA(z>
C
p —5lz—z0f?
- E/(CIf(z—zo)l”e 2ol q Ay = I1£11)

forall 1 < p < oo which also holds true for p = oo. This shows that the operator is a
. . . C e ... —1

linear isometry and hence satisfies the injectivity condition W(kzgs‘//zo) Wikyovp) = 1-
On the other hand, for each f € F),

W(kzo"/flo)W(k—zoylﬂ;()l)f(z) = kzo (Z)k—zo (z — ZO)f(Z) = f(Z)

which also shows that W(k,ml%) W(;l V) = 1, and hence the claim.
20z 20+ V20
Next, using zo = b/(1 — a) and Lemma 2.4 for every f € F, we compute

Wy ouih W Wik pe) £ ()
= k2o @upZ @)z (W (W @) f Wz (W (W, (D))

2
= k7 (Du(0)K_a,(z + 20)kzy(az + b + azo) f (az) = M(O)e%C% f @

where Cy, is the composition operator induced by the symbol Wy(z) = az. This

shows that W,y is similar to the composition operator, up to a multiple, Cy, . Thus,
112

o (Wu,yy) = u(0)e=a 0 (Cy,). Using the spectrum of Cy, from Theorem 2.6 of [23]
and observing that (1 — @)~ =a/(1 —a) when |a| = 1 and a # 1, we arrive at the
desired conclusion.

Case 2. Leta = 1 and b # 0. Applying Lemma 2.4,

lo/? 16>
Wyy =u-Cy =u(0)K_,Cy =u(0)e 2 k_pCy =u(0)e 2 Wi_, y)- 3.5)
The weighted composition operator W_, ) is unitary. Recall that the spectrum of a

unitary operator lies on the unit circle T. We claim that the spectrum of W;_, 4 is T.
To prove the claim, for any nonzero w € C and f € F, we have
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Wi o vty W) Wik ) [ (2)
=k_y(Qk_p(z+ Wy +b+w)f(z+b)
— k-b(Z)€2iS(wb)f(Z +b) = eZiS(Wb) W(k,b,l//)f(Z)

which shows that W _, ) is similar to e ~@2) W, ) forany w € C. Since b # 0,
and €23 is unimodular, and the spectrum of a unitary operator lies on the unit
circle T, it follows that the whole unit circle constitutes the spectrum.

Therefore, combining this with (3.5)

12 162 b2
o (W) =u0e 2 0 (Wa_y.y) =u0)e 2 T={z:|z] = [u@)e 2 t.

and completes the proof.

Case 3. Leta = 1 and b = 0. In this case, the operator W(, y) reduces to the multi-
plication operator M,, where its spectrum has been already identified in Lemma 2.3
of [21].

4 Uniformly Mean Ergodic W, y,

Having identified conditions under which W, v is power bounded, we next turn our
attention to the mean and uniformly mean ergodic properties of W, vy on F,. We
may first state the following result about compact weighted composition operators on
the spaces.

Proposition4.1 Let 1 < p < oo and Wy be a compact power bounded operator
on Fp, and hence Y (z) = az + b such that |a| < 1. Let u be non-vanishing on C .
Then, Wy is uniformly mean ergodic.

Proof A result of Yosida and Kakutani ( [29] Theorem 4 and Corollary on page 204—
205 and Theorem 2.8 in [14]) implies that every compact power-bounded operator on
a Banach space is uniformly mean ergodic. Thus, W,y is uniformly mean ergodic.

O

Theorem4.2 Let 1 < p < oo and W, y) be a compact power bounded operator on
Fp, and hence, ¥ (z) = az + b such that |a| < 1. Let u be non-vanishing on C such
that u(zg) = 1 where zo = b/(1 — a). Then,

lim
n—oo

=0, uno@ =[Ju@/@). @D

j=0

1 n

—§ wk - — W,

0 (u, %) (00,20)
k=1

Proof To prove (4.1), we argue as follows. First, observe that us is a well-defined
product as W, v is power bounded; Lemma 2.6 and (1.2) imply

. . L2 L2
luoo(@)] = lim |un ()] < lim_ 2 uy |, < €25,
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For each f € F),, we claim that
nlggo ||W(r,;,¢)f - W(um,zo)f”p =0. 4.2)

Observe that (4.2) implies (4.1). Thus, we proceed to prove the claim by considering
two different cases. Let p < oo. Since W,y is power bounded, by Lemma 2.6, u,
belongs to F, for all n € N. On the other hand, using the representation of u,, in (2.17)
and applying Theorem 2.3 and Lemma 2.7

ap(1—a")

1—\a|2"
1—a?

[thz|+
! 1—lal?

< l2?
lun(@I < e

2
z] thz|+|az
Se\nl |az]

where

" l—a 1—a?

)

_a(l—a") 2a2b<1—a” 1—a2”>+(1—a")ban

1—a 1—a 1—a

and letting n — oo

2oyl 4 bl (2 2 )) jaal_ 2
—at e gt ) ) e = el
[I=al " [1—=a| \ [I—a] ) )
luso(2)] S € el e
— 2 . . .
The compactness condition |az| < ! %al implies |1|z2a|2| < %, which shows that

Uso € F)p.
Moreover, by continuity,

nli)Héo ‘W&,lp)f(z) - W(uoo,ZO)f(Z)) =0,

and since W, y) is power bounded, there is a constant & > 0 such that for every
neN

p p
/ Wi @ et aac) < / o | f@)Pe FPdA).
c o
Consequently, we have

" P51

. ‘W(u,wf(z) - W(um,sz(z)‘ e dA )

= f 2k (ap I f (@I + |W(uoo,zo)f(Z)|p)e‘glzlsz(z) < o0.
C

Applying Lebesgue dominated convergent theorem on the sequence

— | Po=bip
80 () = Wiy S D) = Woanea @) e85
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we get that

: 7 p .. p .
S W g0 = W 1 = 2= Jim [ en@da@ = £ [ 1im g 0da0) =0

27T n—o0o
as claimed. O

Theorem 4.3 Let W, y) be a compact power bounded operator on Fuo, and hence,
Y (z) = az + b such that |a| < 1. Let u be non-vanishing on C such that u(zg) = 1,
where zo = b/(1 — a). Then,

lim
n—oo

1< 00 '
n ; Wy = Wiz | =0, ttoo(2) = l_!)u(llf](z))- 4.3)
= 2

Proof For this, we consider the subspace Fy of Foo defined by
Fo={f € Foo: lim |f(2)]e 2" =0}.
|z]—00

This subspace is closed in F+,, and it contains polynomials. Moreover, the polynomials
are dense in Fy, and F is canonically isomorphic to the bidual of F; see for details
in [4]. We proceed to show first that (4.2) holds for each f € Fy. It is easy to see that
asn — 00

V' (@) =a"z+z0(1 —a") — 20
uniformly on compact subsets of C.

Next, we show that u, — us uniformly on compact subset of C also. Since
Uso € Fi,

[ lun(2) — oo ()| e 2 dA(2) < f 2 (@ + s (@) e 2P dA(z) < o0.
C C
“4.4)

Applying Lebesgue dominated convergence theorem, for z € K, where K is compact
subset of C,

. . L2 1,2 .
lim |u,(z) — uso(z)] < lim ezl lun — ool < (maxe2|ZI ) lim |lu, — ol
n—>0oo n—>0oo ZGK n—oo

= <max e;dz) lim / lun (W) — uoo(W)|€_%|w‘2dA(w) =0.
C

zeK n— 00

From this, we have

un(2) fW"(2) = uso(2) f(20)
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uniformly on the compact subsets of C. That is, for each compact set K in C,
sup i (2) f (¥ (2)) = too(2) f (z0)| = 0 5)
zeK

asn — oo.
Next, with f € Fqy and each n,

2 11,12
e—7|Z|

1
im (W, ) f@le” T = Tim ju, ()
’ z|—>o00

|z|—>o00

f(a"z+ 2001 —a")

1 n 21512
< sup <|un(z)|e2(|a ztzo(1—=a")[*—|z] ))
zeC

2
e—%la”z+zo(l—a”)|2
lz|—>o00

x lim ‘f(a"z+ v)

2
S llm ‘f(anz + ZO(l _ an)) e—%la"Z"rU‘Z _ 0

|z]—>o00

Note that the last inequality above holds since W, y) is power bounded and the
supremum above is uniformly bounded. That is,

1 n n
sup sup (lun(z)lej(\a z+z0(1-a )|2—|Z\2)) < Juzo)" < 1.

n zeC

Furthermore, uo € Fo since it belongs to F, for all p < oco.
Now given ¢ > 0, f € Fp and since u € Fp, we can find rg > 0 such that

|W3,,¢)f(Z)|€7%‘Z|2 < ¢/2 and Iuoo(z)llf(Zo)le*%|Z|2 < &/2 whenever |z| > rp.
Then, for each |z| > rg and n € N, we have

We ) F@) = o) )| e T < [ W, F@)]e 2

+|uso(z) f(z0) ef%‘zl2 < e.

We apply (4.5) to the compact set Ko = {z € C : |z] < ro} to find ng such that if
z € Ko and n > ng, we have

€
[un (@) f " (@) = oo f 0] < .
with S := max;ck, e—%\zlz, If n > ng and z € C, we have
Y
‘W(';,,¢)f(2) - uoo(Z)f(Z())‘ e 2l <,
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Thus,
nlggo ”W(’}“p)f —Uoo f(20) o = 0.

Next, we show (4.3) for p = oo. Since F is canonically isomorphic to the bidual
of Fy, and the bitranspose operator W(/; ") of W ,y) 1 Fo — Fo coincides with
weighted composition operator W,y : Foo — Foo, the conclusion follows from the
well-known fact that ||T|| = || T = ||T” || for any bounded operator 7" on a Banach
space. O

The preceding results assure that W, y) with ¥ (z) = az + b, |a| < 1 is always
uniformly mean ergodic whenever it is compact and power bounded. Now, we consider
the case when 1/ (z) = az + b and |a| = 1. Note that power boundedness in this case

2 2
implies that either |u(0)| = e’% or lu(0)| < e’%. In 1939, Lorch [19] proved that
every power-bounded operator on a reflexive Banach space is mean ergodic. The same
result was later obtained in reflexive Frechet spaces [1]. Accordingly, as the spaces
F are reflexive for all 1 < p < oo, every power-bounded W, y) is mean ergodic.
Thus, for such spaces we will consider conditions under which the ergodicity becomes
uniform.
2
Theorem 4.4 (i) Let1 < p < 00, Y/(2) = az+b with |a| = 1 and [u(0)| < e=5.
Then, W, y) is uniformly mean ergodic on F, and

lim
n—oo

1 n
=2 W ” =0.
n k=0

(i) Let 1 < p < oo, and ¥ (z) = az with |a| = 1. If both u(0) and a are roots of
unity, then W, y is uniformly mean ergodic on F.

By aresultin [26], the composition operator Cy; is not uniformly mean ergodic on F
whenever |a| = 1. Now the weight function # makes it possible to enrich uniformity
by taking the value |u(0)| smaller.

Proof (i) Applying the assumption along with (2.13)

N N R g w2\
Jim 1= Wi y| = Jim ~ > ‘W(w) 5,}3&;2('“(0)'6 ’ )
k=0 k=0 k=0
. 2n~!
= ll>m Io? =0
T u)le T
as claimed.

(i) By assumption, there exist numbers m, N € N such that a¥ = 1 = u(0)".
Consider the smallest positive integer Ng < mN such that a™0 = 1 (0)" = 1.In
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this case, the sequence W/ , is periodic with period No. Any n € N can be written
in the form of n = Nyl —i—] forsome/ € Nand j =0, 1,2, ..., No — 1. Thus,

lim
n—0o0

(u, ) (u, )
= No i

. No
1 J
= lim ——— wk LNk
I=00 (Nol + j) ,; ) Ny = T

J )
J k
= im Wi | + 35 L[ W]
l»oo(Nol—i—j) Z (UR'D) NO]; (u.9)

k=1

and completes the proof.
(]

Next, we consider the cases when the uniform ergodicity fails. We may first recall
that a Banach space X is a Grothendieck space if every sequence (x,) in X’ which
is convergent to 0 for the weak topology o (X', X) is also convergent to O for the
weak topology o (X ", X"). The space X has the Dunford—Pettis property if for any
sequence (x,) in X which is convergent to O for the weak topology o (X, X ') and any
sequence (x;L) in X" which is convergent to 0 for the weak topology o (X ", X") one
gets lim,_, x;, (xn) = 0. The spaces £*° or H*°(D) are examples of Grothendieck
spaces with Dunford—Pettis property [17].

Theorem4.5 Let 1 < p < o0 and Wu,y) is power bounded on .7-'[, with ¥ (z) = az,
la| = 1. Then, W, y is

(i) mean ergodic on F), forall 1 < p < 00 if 1 # u(0)a™ for all m € Ny, and for
each f € F)

lim
n—>od

=0,
p

(ii) mean ergodic on F for all 1 < p < oo ifu(0) = 1 and a is not root of unity,
and for each [ € F),

lim
n—0o0

=0,
p

(iii) not uniformly mean ergodic on F), for all 1 < p < oo, and not mean ergodic
on Foo whenever 1 # u(0)a™ for allm € Ny.

Proof (i) and (ii). We first check when f belongs to the set of monomials. If f =1,
then the result holds trivially. Thus, for z”, m > 1. Assume that 1 # u(0)a™ for all
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m € N.

] n
k m
=2 W3
k=1

1
- ZamkMkZm
n

k=1

Since a*u(0) # 1 for each k € N and uy (z) = u(0)*, or u(0) = 1 and a is not root of
unity

H M am(l _ u(o)namn)
n 1 —a™u(0)

1
- Zamkukzm
n

k=1

n
:H l Z M(O)kamkzm —
p I p
2,
“n|l —a™u(0)]

,

as n — oo. Since the set of polynomials is dense in ), and W, ) is power bounded
on F, by Theorem 2.1, we have the result (see, €.g., Lemma 2.1 in [3]).

(iii) Assume now on the contrary that W, y is uniformly mean ergodic. Then, by
the classical result of Lin [16]), Im(/ — W, y)) is closed, where Im(/ — W, y))
denotes the range of I — W, y). Moreover, by a result of Yosida [28] it follows that
KerTy = Im(I — W.y)) , where Ty = lim, T,, and T, = L 3} _, we, »- Hence,

Im(I — W) =Im(I — W g)) = KerTy = {f € Fp: lim Z Wy [ = 0}

n

{fe]—‘p' lim 1214(0) Fh = } (4.6)

k=1

where the last equality follows after an application of Lemma 2.4. Furthermore,

Fp =Im(I — Wy @D Ker( — W) 4.7

We claim that Ker(/ — W, y)) contains only the constant functions. Indeed, if f
belongs to it, then since u(0) f (az) = f(z) foreachz € C, we have u(0)a" f™ (az) =
£™(z), and hence u(0)a”" £ ™ (0) = £ (0). This yields £ (0) = Oforeveryn € N
since u(0)a™ # 1. If we define g(z) = f(z) — f(0), it follows that g(")(O) = 0 for
everyn = 0, 1,2, .... Hence g(z) = 0 for every z € C. Therefore, f(z) = f(0) for
every z € C.

Next, we show that the constant functions belong to the set in (4. 6) and con-
tradicts (4.7). Thus, if 4~ = « is a nonzero constant function, then W, (u w))h(z) =

u(0)* (¥ (2)) = u(0)*« for every z € C. Thus,

”l " el ’iu(o)k _ lltllp | u(©0) = w@)"*!
n— P 1 —u(0)
2
_ﬂ — 0 as n — 00.
n|l —u(0)]
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The case when 1 = u(0) and a is not a root of unity follows as a special case from
Corollary 4.6.

It remains to show that W, y) is not mean ergodic on Fu,. Theorem 1.1 in [20]
implies that Fo, is isomorphic to £°° or H*°(ID). Hence, F, is Grothendieck spaces
with Dunford—Pettis property. On the other hand, by a result of Lotz [18] every power-
bounded mean ergodic operator on a Grothendieck Banach space with the Dunford—
Pettis property is uniformly mean ergodic. Therefore, W,y is not mean ergodic on
Foo - o

We remark that when |a| = 1, the operators are isometric bijective with W, 11#) =

Wiy, y—1y where v(z) := u(0)Kp(z). This can be seen as for every f € F)

P2
IWea,) £l :%W(O)'pfc|K—Eb(Z)|P|f(aZ+b)|pé’_5m dA(2)
=L )" / |f<az+b>|"e*%‘“””‘2(IK_abu)v’e%'”””‘z’%‘z‘z)d%)

T |2|u(0)|”e ”f”p =If1I

for all 1 < p < oo which also holds true for p = oco. This shows that the operator is
a linear isometry and hence satisfies the injectivity condition W(;}w)W(u,I/,) =17.0n
the other hand, for each f € F),

Wa,yy W y-1y f(2) = u@uO)Kp (W (). f W~ (W (2)))
= u(@u(0)Kp(az +b) f(z) = [u(0)*K_a»(2)Kp(az +b) f(2) = f(2)

which also shows that W(u,w)W(;}w) = I. As shown below and Theorem 3.1, the
spectrum of some of these class of operators is contained in the unit circle.

The uniformly mean ergodic results in part (ii) of Theorems 4.4 and 4.5 deal with
when ¥ (z) = az + b form with |a| = 1 and b = 0. The case for b # 0 is our next
point of interest.

Corollary 4.6 Let 1 < p < 00, ¥(2) = az + b, |a| = 1 and a is not a root of unity,

2
u (m) = 1 and hence |u(0)| = e_lel. Then, W, y) cannot be uniformly mean

ergodic on F),.
Proof First, observe that in this case Theorem 3.1 and since for |a| = 1 and a # 1,

| »2

alb?  a a(@—1)
@7 am| = 11" @) = )M @ FT) = oyl = 1.

the spectrum o (W, y)) is contained in the unit circle T. Furthermore, as a is not a

root of unity , it follows that 1 is an accumulation point of the spectrum of W, y.
alb?|
Moreover, 1 is in the spectrum of W(,_y) since u(0)e 1 a® = u (%) a® = 1. Then,

an application of Theorem 3.16 of [8] gives the conclusion. O
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4.1 The Multiplication Operator

We now conclude the section by specializing the main results made in the above section
to the multiplication operator M,, acting on Fock spaces. Note that from Lemma 2.3
in [21], it is known that the operator M,, is bounded on ), if and only if u is a constant
function. The same conclusion can be also easily drawn by applying the condition in
(2.5) along with Liouville’s theorem.

Corollary 4.7 Let 1 < p < oo and u € H(C) such that M, is bounded on F,. Then,
the following statements are equivalent.

(i) M, is power bounded on F,;
i) u0)] = 1;
(iii) M, is mean ergodic on F,;
(iv) M, is uniformly mean ergodic on F),.

Proof The equivalency of (i) and (ii) is an immediate deduction from Theorem 2.1.
Thus, we shall show (ii) = (iii), (iii)= (iv), and (iv) = (i). For the first, simplifying
the proof of Theorem 4.4 part (i) for the case b = 0 and a = 1, we get W(ku v = M,’;
and

1
k
k=1

RS
-4

15 o
|

1 n
=71, |5 Lo wor|
P "=
(4.8)

Consider first the case when u(0) # 1 and |#(0)| < 1. Then,

|f||

- |f||p|u<0)||1—u(0>"| 2|71,
- 1w~ all—u(0)]

as n — o0. Thus, 1 22—1 M,’j converges pointwise to zero. If u(0) = 1, then M,
n 2ik=
reduces to the identity map and the assertion follows trivially.

Next, we show that (iii) implies (iv). That is, the above convergence is uniform on the

operator norm. Now the assumption 1mp11es that X/

In particular for f = 1, the statement it h- = @ — 0 holds only if |u(0)] < 1.
Now, for u(0) = 1, the operator reduces again to the identity map. Thus, we consider
the case when u(0) # 1 and argue

— Oasn — ooforall f € F),.

1 & 1
5ot = s [E3omis] = s |23 wors],
k=1 =1 p k=1

Irlp=1 I1p=

T O — ()] 2
< L O = = S i —w &
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Now assume that (iv) holds. Then, ||M]}||/n — 0 as n — oo. On the other hand,
from (2.13) we get |M]|| = |u(0)|", which implies that |M]||/n — 0 only when
|u(0)| < 1. Therefore, by Theorem 2.1, the operator is power bounded. O
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