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Abstract

For each analytic map y on the complex plane C, we study the Ritt’s resolvent
growth condition for the composition operator C,, : f — foy on the Fock space F,.
We show that C,, satisfies such a condition if and only if it is either compact or
reduces to the identity operator. As a consequence, it is shown that the Ritt’s resol-
vent condition and the unconditional Ritt’s condition for C,, are equivalent.
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1 Introduction

During the last decades there has been huge interest in the study of composition
operators on Banach spaces of holomorphic functions. Relying on rich theory of
analytic function, it has been possible to develop and characterize several structures
of the operators. The interest to study the operators originates partly from its con-
nection to the famous invariant subspace problem for Hilbert spaces. Namely that,
the invariant subspace problem for separable Hilbert spaces can be reduced to the
study of the invariant subspace structure of certain composition operators [14]. The
theory of composition operators lies at the interface of analytic function theory and
operator theory, and provides relevant connection among other areas of mathemat-
ics; this is another reason making it continue as an active area of research. There
is an extensive literature about the operator C,, on various settings. We list some
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of them on Fock spaces which are related to our work here; on booundedness and
compactness properties [2, 9], on spectrum [10], on power boundedness and mean
ergodicity [16], and on various forms of cyclicity [11].

Though several basic properties of C,, on various settings are well understood, there
are still lots of questions that require further investigations. In this note we take the
study further and answer another basic question, namely that when a composition oper-
ator satisfies the Ritt’s resolvent growth condition on the Fock space F,. We recall that
the space F, consists of all entire functions f for which ||f|| = /(f,f) < oo where the
inner product is defined by

(f.g) =1 / f@g@e  dA)
T Jc

and dA denotes the Lebesgue area measure on the complex plane C. The space is a
reproducing kernel Hilbert space with kernel function K,,(z) = e,

We also note in passing that for any bounded operator 7 on a Banach space X, iden-
tifying the relation between the size of the resolvent operator (7 — Al)~! when A close
to the spectrum of the operator, and the asymptotic properties of 7"x : x € X has been
one of the classical problems in operator related function theory. Here 7" denotes the
notion that the operator 7 is composed to itself n times, and 7° is the identity map 1.

Our result shows that the composition operator C,, satisfies the Ritt’s resolvent
growth condition if and only if when it is compact or reduces to the identity operator
on the space. As a result, it turns out that the operator satisfies in fact the stronger
unconditional Ritt’s condition as well.

2 The Ritt’s resolvent condition for Cg

As noted above the power bounded and mean ergodic properties of C,, on Fock
spaces have been identified recently in [16]. The notion of the resolvent growth con-
ditions is another dynamical structure closely related to power boundedness. We
recall that the resolvent set ¢(7') for a bounded operator 7 on a Banach space X is the
complement of the spectrum ¢(7") and hence open. For each A4 € o(T), the resolvent
function R(A,T) = (Al — T)™!', A € o(T) is operator valued and analytic. Thus, for
each |A| > sup{|w|;w € o(T)}, it has the expansion

(e

R(A,T) = Z r )]

n+l’
n=0 A

If the operator T is power bounded, that is there is a positive constant M for which
|7"|| < M, for all n € N, then (1) immediately implies

T
= , c:=sup||[T"|| < oo 2
A AT sup 1771 @

IRG. T < Y,
n=0

for all | A] > 1. This shows that every power bounded operator satisfies the so called
Kreiss’s resolvent condition. Conversely, by the Kreiss Matrix Theorem, this

% Birkhauser



Resolvent growth condition for composition operators on the Fock space

condition implies power boundedness only when the space & is finite dimensional.
For the infinite dimensional case, the condition only gives that ||T"|| = O(n) as
n — oo; see for example [17].

On the other hand, by differentiating the resolvent function n — 1 times we
observe that power boundedness of 7 implies the following stronger iterated
resolvent condition:

IR '] < ———.
’ (Al =D
This condition does not conversely ensure power boundedness either as it only
implies ||7"]| = O(y/n) as n — oo [6].

In this note, we are interested in a more stronger condition that requires an
extremal decay rate from the asymptotic behaviours of the iterates of the operator,
namely, the Ritt’s resolvent condition. An operator T satisfies such a condition,
which is also called Tadmor—Ritt resolvent condition, if there exists a positive
constant M such that

M
IR(A, D]l < =1 3)

for all A € C with |4| > 1. Conditions of this type, (2) and power boundedness play
important roll in numerical analysis specially in the study of numerical stability
of difference of equations. For more details see [1, 13] and the references therein.
Operators which satisfy (3) are simply discrete-time analogues of the generators
of bounded holomorphic semigroups. In particular, they are known to generate
bounded discrete-time semigroups (7"), and the resolvent condition in this case
plays vital roll in the study of the stability of such semigroups.
We now stat the main result.

Theorem 1 Let the composition operator C,, be bounded on F,. Then C,, satisfies
the Ritt’s resolvent condition on F, if and only if it is either compact or reduces to
the identity operator.

Except in the trivial case where y(z) = z, the main result asserts that the Ritt’s
resolvent condition for C,, is in fact equivalent to its compactness. It is inter-
esting now to put into context our result by comparing and contrasting it with
some other recently obtained results on the dynamical properties of the opera-
tors on Fock spaces. By [16, Theorem 2], all bounded composition operators are
power bounded but fail to satisfy Ritt’s resolvent growth condition. The symbol
w(z) = iz induces a counter example here. From the same result, it also follows
that every composition operator satisfying the Ritt’s resolvent condition is uni-
formly mean ergodic, that is the sequence of the operators

n
1 m
G

neN
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converges in the operator norm. But the converse fails to hold again with y(z) = iz
still being a counter example.

2.1 Proof of Theorem 1

We now give the proof of the main result. It is known that the operator C,, is
bounded on F, if and only if w(z) = az+ b, |a| < 1 and b = 0 whenever |a| = 1.
Compactness is described by the strict inequality |a| < 1; see [2, 9] for more
details. Now, if |a| = 1, then the sufficiency of the condition follows easily as the
identity map satisfies the Ritt’s resolvent condition. Thus, let us verify the neces-
sity of the condition in this case. By [10, Theorem 2.6], the spectrum of the oper-
ator C,, is given by

G(CW)= {a*,n=0,1,2,3,...}. 4)

Furthermore, from [7] and [13, Theorem 4.5.4] if C, satisfies the Ritt’s condition,
then its spectrum is contained in a stolz type domain f, where f, is the interior of
convex hull of the set {1} and the disc {z € D : |z| < sin#} and § = arccos L where
M is the best possible constant in (3) and 8 € [0, %). In particular, we have that
o(C,)NT C {1} where T denotes the unit circle.

Thus, if a] = 1, and a # 1, then it is easy to see from (4) that the set 6(C,,)) N T
contains more than one element, and hence we must have a = 1.

Assume now that |a| < 1. Nagy and Zemanek [12] proved that a bounded oper-
ator T in a complex Banach space satisfies the Ritt’s resolvent condition if and
only if it is power bounded and the difference of the consecutive powers satisfy
the decaying behaviour

n+1 n
iglN)nHT T < o0. (5)
Note that condition (5) alone does not imply power boundedness of the operator
T in general [4]. But by [16, Theorem 1.2], all bounded composition operators on
Fock spaces are power bounded. Thus, our task will be to show that condition (5) is
equivalent to the Ritt’s resolvent condition for Cu/' First observe that for each n € N,
the operator Cz itself is a composition operator induced by the symbol y” and hence
Ci = C,. It might be of interest to point that for w(z) = az, |a| < 1, the conclu-
sion follows easily since for each integer n > 0, the operator is C,,u.i — C,,. is diago-

%
nal with respect to the standard basis of monomials {e,(z) = z*/ \/l; : k> 0}. The

eigenvalue corresponding to e, is a*""*1) — g Consequently
|Gyt = €| = sup|a+) — a| < 21al".
k>0

It follows that

< sup2nlal” < oo
n>0

supn“Cu,m —Cyn

74
n>0
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which is the required condition (5).
Since b can be nonzero, we give the following general argument. Let §, be a

n+1
positive number such that "'z + M € D(a + b(l 45 ) where by D(z,r)

we denote a disc of radius r and center 7. An exphclt expressmn for 6, will be
given latter. Then for any f € F,, by the Mean Value Theorem

2
2 b(1 — ™! b(1 - a"
Cprif @ = Cpf )| < |12+ G N (Gl ) sup PP
1—a 1—a b(1—al)
weD (a”z+ b )
= |d"z(a — 1) + ba"|? sup I’ (w)|?
weD(a”z+ 7[7“]::”) B, )
(6)

for some g, < 6,.
Using the reproducing property,

fw) ={.K,)== / e e dA(z)

and hence
1 ;
ronl < 2 / @1 A )
c
< ;(sup [f(@)e” T) / |2leR0D 5 dA(z)
<L, / 21509 L aac)
T c
1 ﬁ _|Z*“"|2
<=e2 |Ifll, [ (L+zDe” 2
T c
By triangle inequality
1 1 -
+ |z| < +|w—2z|+ |w]| <14 w—zl
1+ [w| 1+ |w|
and hence
1 w2 ewl?
— /(1 + |zDe” 2 —zle” 2 dA(z
T Jc

-1+ |w|)22F<1 4 ) V27(1 + [w])
where I refers to the gamma function. Therefore,

o0l < V2r( + whe' S IIf].

On the other hand, since w € D<a”z + %, ﬁn> we have
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1—a" 1=a"
|W|S‘W—a"z+—b( ) " +—b( )
l1—a 1-a
b(l —a"* 2|b
<p+ o+ 22D < g a2 oy 0
l1-a [1—al

Now taking all these estimates in (6)

1 2

= / |Cu,n+1f(z)— Cwnf(z)| e dA(z)

T Jc

< 2lal™|lf1? / (@ = Dz + b1 + 1,12 @ dA) < 320al™ |If11°S,
C
where
S, = / (121 + 12172@) + 1b1* + 161%72(2)) e @7 F dA(2). %)
C

Next, we show that the integral above is uniformly bounded by a positive number
independent of neN. To this end, observe that since

atlz + b(l —a") ¢ D(a I+ == b(l g ) ,0 )and hence

b(1 — a™) . b(l—a")
+——ad'7—-——
1-a 1-

an+ 1

= |d"z(a — 1) + ba"|

< lal"la—1llz| + lal"|b],

6, can be taken to be |a|"|a — 1]||z| + |a|"|b|. Thus, g, can also be chosen in such
away that g, = a,|z| + |a|"|b| for some 0 < @, < |a|"|a — 1| whenever z # 0. Then

2|b
73(Z)< (Ial (la=1] + DJz| + |a|" |b|+| | |a|>

2|b
=lal*(la = 1| + D?|z]* + 2|al" |z|(|a—l|+1)<| "|b| + 141 > ®)

1T —al
2
2|b
+ ( lalb] + LY
|1 —al

Given the estimate in (8) and the exponential integrating weight in (7), we claim that

la(la=1|+1)*=1<0 )

for all n. Setting a = |a|e’ we write

2
lal*(a—1]+17% 1= |a|2"(|a|\/(cos¢9 12+ sin6)? + 1) ~1

Thus, it is enough to show that |a|?(2|a| + 1)> — 1 < 0. But this obviously holds
since r = |a| < 1 and the values of the function g(r) = r*(2r + 1)*> — 1 lies in the

% Birkhauser



Resolvent growth condition for composition operators on the Fock space

interval [—1, 0]. Now, integrating with polar coordinates shows that the integral in
(7) is uniformly bounded by positive number C independent of n. Therefore,

|t = €, " < Claf (10)

%

from which and since |a| < 1, the relation in (5) holds, and completes the proof.

2.2 The unconditional Ritt’s condition

Once we have completely identified the composition operators which satisfy the
Ritt’s resolvent condition, we may proceed to identify further those operators which
satisfy the unconditional Ritt’s condition. We recall that an operator 7 on a Banach
space X satisfies the unconditional Ritt’s condition if there exists a nonnegative con-
stant K such that

Z ak(Tk _ Tk—l)

k=1

< ngp{lakl} (11)

for any finite sequence (a;) of complex numbers. We note that the notion of the
unconditional Ritt’s condition is the discrete analogue of the H* calculus for secto-
rial operators [8]. The condition plays a roll in identifying operators which have ¢,
-maximal regularity property: see [3] for more details.

Kalton and Portal [3] proved that the unconditional Ritt’s condition implies the
Ritt’s resolvent condition in general, but not conversely. However, for the composi-
tion operator on the Fock space, it turns out that these two conditions are evidently
equivalent.

Corollary 1 Let the composition operator C,, be bounded on F,. Then C,, satisfies
the Ritt’s resolvent condition on F, if and only if it satisfies the unconditional Ritt’s
condition.

Proof We only need to prove one side of the implication. The other side has
already been disclosed above. As in the proof above, set y(z) = az + b and assume
that C,, satisfy condition (3). We need to show that (11) holds too. Then by Theo-
rem 1, either a = 1 or |a| < 1. For the first where Cu, reduces to the identity map, the
required conclusion follows trivially. Thus, assume that y(z) = az + b with |a| < 1.
In this case by (10), for any finite sequence (a,) of complex numbers

Ya(cv - < VE T ladal* < VEsuplia) Y, lalt
k=1 k=1

k=1
1

1 —laf

= VCsup{la,} <o
k

We finish this note with the following observation on functional calculus of the
composition operators. Once the operators which satisfy the Ritt’s condition are
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identified, the next natural question is to study their polynomial calculus. In [5], Le
Merdy proved that any operator T satisfying the Ritt’s condition on a Hilbert space
is polynomially bounded, that is

sup{|lp(T)|| : p polynomial, ||p|l, <1} < oo,

if and only if it is similar to a contraction. We note in passing that there exists
operator on Hilbert spaces which satisfy the Ritt’s condition but not polynomially
bounded; see [5] for counter examples. O
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