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1 Introduction

A possible direction in which to look for new physics beyond the standard model emerges
by enlarging the scalar sector, e.g., by adding one or more scalar doublets. Models with two
Higgs doublets [1] have received a lot of attention (for a recent review, see [2]). Attractive
features of such extensions are additional sources of CP violation [3-14], and a way to
accommodate dark matter [15, 16].

Scalar sectors with three doublets have been considered, sometimes inspired by the
existence of three generations of fermions. The general case involves a large number of
free parameters [17], and these parameters are only constrained by general principles, like
positivity, and a viable spectrum. Several authors, starting in 1977 with Pakvasa and
Sugawara [18], have imposed an S3 permutation symmetry, in part motivated by a desire
to model the fermion generations. As compared to the most general three-Higgs-doublet
model, it is also attractive since it reduces the number of parameters.

Pakvasa and Sugawara exploited the reduction of Ss to its irreducible doublet and
singlet. However, their potential, which has seven quartic terms, was later [19] shown not
to be the most general one, the term here referred to as the A\s-term, was missing. In the
sequel we show that this term plays a very important role. An alternative formulation in
terms of the three Higgs doublets in the reducible representation transforming under the six
three-by-three matrices of permutation (to be referred to in the following as the reducible
triplet) was presented by Derman [20] and further studied in a paper with Tsao [21].

The descriptions of the potential in terms of the reducible-triplet and the irreducible
frameworks are equivalent. But other sectors of the theory, in particular the Yukawa sector,
would differentiate these frameworks and lead to different physics.

The vacua of the Ss-symmetric potential have been classified in terms of their residual
symmetries by Ivanov and Nishi [22]. Here, we shall present another classification, namely
in terms of constraints on the potential. For real vacua, it was known that the condition
A4 = 0 (see below) is relevant for the classification of the different vacua. We find that
this parameter is also important for the complex vacua. Furthermore, there are several
other constraints that are useful in this classification. Such constraints are very important
for model-building purposes. Therefore, we give a complete list of all possible vacua,
starting from a scalar potential with real coefficients, and analyse their properties, giving
the constraints on the parameter space which allow for each solution.

The paper is organised as follows. In section 2 we set up some notation and discuss the
potential. Section 3 is devoted to a general discussion of how the different vacua constrain
the potential, whereas sections 4 and 5 present our results for the real and complex vacua.
In section 6 we discuss connections between complex and real vacua, and in section 7



we briefly comment on the special case of Ay = 0, when the potential has an additional,
continuous symmetry. Section 8 is devoted to a detailed discussion of spontaneous CP
violation, and in section 9 we comment on dark-matter scenarios. Section 10 contains
some concluding remarks. Technical issues are delegated to appendices A (mappings), B
(positivity) and C (stationarity conditions).

2 The Ss3-symmetric potential

2.1 Field notations
We consider S3-symmetric models with three SU(2) x U(1) reducible-triplet fields:

b1, @2, 3. (2.1)

Allowing for complex vacuum expectation values, each field is decomposed as

v .

where p; is in general complex, whereas the fields n; and y; are real.
The reducible-triplet fields can alternatively be replaced by an S3 doublet:

h1 o %(Qi)l - ¢2)
(m) - (;g«zi ga—265) ) 23

(¢1 + ¢2 + ¢3), (2.4)

and an Sj3 singlet

hs =

3

decomposed as

h; = hi i=1,2, hg= g (2.5)
i)V T T (ws s ivs) V2 ) '

where again w; and wg can be complex. Finally, the reducible-triplet fields may be replaced
by a doublet and a pseudosinglet, denoted h 4, in which case the potential will take a slightly
different form.

The potential, which has a quadratic and a quartic part,

V=V%+V, (2.6)

can be expressed either in terms of the reducible-triplet fields ¢;, in terms of hqy, ho, and
hs, or in terms of hq, ho, and h . The first two formulations are equivalent.
It is useful to note that the (complex) vevs are related:

0= (01 = po). (2.70)
wy = \}6(/01 + p2 — 2p3), (2.7b)
ws = \}g(m + p2 + p3), (2.7¢)



with the inversion

1 1 1
= —wg+ —w; + —=w 2.8a
! ! + 1 (2.8b)
= —wg— —w —w )
Y N R
1 V2
= —wg — —wWy. 2.8¢c
p3 7 s 3 (2.8c)

Whereas the formulation in terms of reducible-triplet fields is symmetric in ¢1, ¢2, ¢3,
the singlet-doublet representation is not. The decomposition into the doublet and singlet
representations singles out a direction in terms of the ¢ fields. Any permutation of ¢; fields
in eq. (2.3) would lead to an equally good definition for the components of the doublet.
This is a trivial fact. However, this is the reason why in the tables of possible vacuum states
that follow, some cases that are equivalent in terms of vacuum states of the reducible-triplet
representation, given by (2.8), have to be split into different cases in terms of those of the
irreducible framework (2.7) corresponding to different consistency conditions in terms of
the minimisation of the potential.

2.2 The potential in terms of reducible-triplet fields

In terms of the reducible-triplet fields, the potential was written by Derman [20] as:

- —AZM, + 573 [oles +he], (2.92)
i<j
AZ 3l i)’ +Z{ C(eln)(8h¢) + Tlolo)(dlen) + D (00,02 +hc}}
1<j
n %E > [wloaelen+ne]+ ¥ {im [eloelen + el
1#] i FRAL <k
+ B3 [(@l60(6]65) +he] + 3B [(665)(6]60) + he } . (2.9b)

There are ten different coefficients in these equations.

2.3 The potential in terms of S3 singlet and doublet fields
In terms of the S5 singlet and doublet fields, the potential can be written as [19, 23, 24]:
Vo = pdhlhs + 3 (hihy + hihy), (2.10a)
Vi = M1 (hlhn + hbha)? + Aa(h{ha — hihn)? + X |(hhr = hiha) + (hlho + hlhr)?]
+ A [(hghl)(h}iw + b)) + (o) (W hy — Bihg) + h.c.] + As(hLhg) (Bl by + hlha)
+ X6 [(Bhh1) (i hs) + (B5ho) ()] + Az [(hha) (ha) + (hlsha) (o) + hc. |
+ As(hlhg)?. (2.10D)



(Teshima [23] uses (A1, A2, A3, A1, A5, A6, A7, Ag) > (C, D, G, E, B, F, F’', A).) In appendix A
we give the translation between the parametrisations of the potential in terms of reducible-
triplet fields and the one in terms of singlet and doublet fields.

Once again there are ten independent parameters. There are only four terms in this
potential that are sensitive to the relative phase of different doublets, those in Ao, A3, \q
and those in A7. In terms of the reducible-triplet fields, in egs. (2.9) the number of such
terms is higher since here we have v, D, F1, Es, E3, and Ej.

In this formulation it is clear that the potential has an extra Zs symmetry of the form
hi1 — —h1. In terms of the equivalent doublet representation:

DRI I

which has also been used in the literature [25, 26], the above symmetry translates into a
symmetry for the interchange of the fields x; and xo.

Another interesting feature is the fact that the choice Ay = 0 leads to a continuous
SO(2) symmetry defined by:

R} cosf —sinf ha
= . 2.12
(hé) (sin@ cos 0 > <h2> (2.12)
This shows that the term with A4 plays a special role in the potential.

2.4 The potential in terms of S3 pseudosinglet and doublet fields

Instead of choosing the three Higgs doublets as being the singlet and the doublet irre-
ducible representations of S3 we may choose them to be a pseudosinglet, and the doubet.
These are also irreducible representations. Under S3 the pseudosinglet, h 4, transforms into
(—ha). In this case there is no direct translation of these fields into the defining reducible
representation.

In terms of the S3 pseudosinglet and doublet fields, the potential can be written as

Vo = p2hliha + 3 (hihy + hihy), (2.13a)
Vi = A (Al hy + hhho)? + Aa(Alha — hiRe)? + As [(h}hl — hbha)? + (hihg + h;hl)ﬂ
Y [(h;m)(h}m +hihy) — (A h) (BT hy — Bihy) + h.c.] + As(hlha) (A hy + hihg)
X6 [ (Blyhn) (W ha) + (Blyha) (hha) | + Az [(Blyha) (W) + (Wlyho) (B o) + e
+ xg(hlyha)?. (2.13b)

Apart from the “trivial” substitution hg <> hga, the two formulations (2.10b)
and (2.13b) differ in the A\j-term, the two doublet fields are interchanged: hy <> hy. Within
the constraint of renormalizability (only quadratic and quartic terms) this scalar potential
is equivalent to the previous one. However, this choice of representations will obviously
have implications for the Yukawa sector. We do not examine these implications in the
present work.



In the discussion of vacua, all results obtained for the irreducible framework in terms
of the S3 singlet and doublet can be trivially translated into this case. Therefore, our
discussion will only refer to two different frameworks.

2.5 Positivity

Das and Dey have given necessary conditions for positivity [24]. For the general potential,
the sufficient conditions are rather involved. However, in the case of Ay = 0, they can be
expressed quite explicitly, and are given in appendix B.

3 The vacua — generalities

Since we are interested in CP violation, we will in general allow some vacuum expectation
values (vevs) to be complex. However, due to the U(1) invariance of the potential, one vev
can always be chosen real. This holds in both frameworks.

The vacua can be determined from the conditions that derivatives of the potential
with respect to the three independent fields must vanish. These derivatives are linear in
the coefficients of the potential, but cubic in terms of the (complex) vacuum expectation
values. One approach would be to take the potential parameters as input, and solve these
cubic equations for the vevs. In this section we shall follow another approach, which is
to take the vevs as input, and use the derivatives to constrain the potential. The quartic
potential will also be constrained by positivity and an imposed particle spectrum.

We shall start this discussion by first quoting the minimisation conditions in the two
frameworks. Clearly, one and the same vacuum will be phrased differently in the two
frameworks. But one framework may give a simpler description than the other.

After writing out these derivatives in the next subsections, we shall first discuss how
these conditions constrain the potential. Then (in section 4), we review the real case (no
CP violation), followed (in section 5) by a discussion of the complex case, which may
accommodate spontaneous CP violation.

3.1 The reducible-triplet framework

Within the reducible-triplet framework, three complex derivatives must vanish:

ov
S=0, i=1,23, 3.1)
op;
where
v —1 1 1 1 _
— = — 1)\ _ P ZA - 2 2 C 18,
ot 3 p1 +4(p2+p3)7+201p1 +4p1(\p2| + [p3|*)(C + C)
1 * 1 * * * *
+ 50108 + p3)D + §[2|p1!2(p2 + p3) + p1(ps + p5) + pp3 + pip3lEn
1 * *
+ gler(psps + pap) + 2|2 p3 + p2|p3|?] (B2 + E3)
1 * * *
+ 5 (2010205 + P35 + p3p3) B, (3.2)

and 0V/0p5 and 0V/0p} can be obtained by cyclic permutations.



We note that these derivatives do not depend on C and C separately, only on the
sum, C'+ C. Likewise, they only depend on E, and Ej3 via their sum. This means that the
vacuum conditions are independent of the space spanned by the two parameters orthogonal
to these, namely C' — C and Es — E3. However, the spectrum will depend also on these

parameters.

3.2 The irreducible framework: singlet and doublet fields

The three relevant derivatives that must vanish are now

v 1 1 .
dut = 5“}5#3 + 1[2\w1|2w2 + wj(wi — w3)] M\

1 1, 1,
+ Zw5(|w1|2 + ]w2]2)()\5 + )\6) + §ws(w% + w%))w + iwsw%)\g =0, (3.3)

oV 1 1 1 " «
811)? = §w1u% + §w1(\w1\2 + ‘wg‘z))\l + iwz(wlwg — wlwz))\g
1 1
+ wa(w% + w33 + i(w{wgws + wiwsws + wiwawg) Ay
1 2 1 *_ 2
+ Ewl\w3| (A5 + X¢) + §w1w5A7 =0, (3.4)
ov 1 1 1
6w; = §w2,u% + §w2(|w1|2 + |ZU2|2))\1 — iwl(wi‘wg — "UJ1U)§))\2

1, 1 \
+ §w2(wf +wi) Az + 1[2(|wl|2 — |wa|*)ws + (wi — wd)w§ A\

1 1
+ ng\w5|2()\5 + Xg) + iwgw%M =0. (3.5)

We note that these derivatives do not depend on A5 and g separately, only on the
sum, As; + Ag. Likewise, they do not depend on \;, A2 and A3 separately, only on two
combinations orthogonal to Ay + Ao — 2A3 = 0.

3.3 Constraining the potential by the vevs

We are interested in the possibility of having spontaneous CP violation, therefore we impose
that all the parameters of the potential should be real. Let us now consider the vevs as
given a priori and solve the above minimisation conditions in terms of parameters of the
potential. Our basic discussion will be in the reducible triplet framework. In this case the
three vevs can be denoted as:

pi = v;e'T, (3.6)

and we can write six minimisation conditions by computing the derivatives of V with
respect to each of the v;’s and of the 7;’s. It is clear from egs. (2.9) that, concerning
phases, the potential is only sensitive to phase differences. In particular, we could choose
without loss of generality a phase convention where one of these phases is rotated away,
however, in this case we would loose symmetry among these equations. The explicit forms
of these equations are given in appendix C.

As mentioned above, the pair of coefficients C' and C as well as the pair Fy and E3 occur
in each equation with a common factor, and therefore we are left with eight independent



combinations of coefficients and five independent real equations which should be chosen
as the three equations obtained from 0V/dv; = 0 and any pair of those from 0V/dr; = 0.
We could in principle solve these equations for any set of five of the eight independent
parameters of the potential. These equations take the form:

a11P1 + a12Ps + a13P5 + a14 Py + a15P5 = by,
a1 Py + agnPs + a Ps + agu Py + azs Ps = ba,
az1P1 + aze P + a33P3 + agq Py + ass Ps = bs, (3.7)
ag1 Py + agoPo + a43P3 + agq Py + a45Ps = by,
as1P1 + asaPo + as3 Ps + asa Py + as5P5 = b,

where the P; denote different parameters of the potential. However not all of the possible
(g) = 56 combinations will lead to five independent equations.

These five equations define five hyperplanes in the parameter space. In the case of the
reducible-representation framework, since C' and C appear together, as do Ey and E3, we
have effectively an 8-dimensional parameter space. Where the 5 hyperplanes intersect, we
then have an 8 — 5 = 3-dimensional parameter space, over which the vacuum is the same.

The requirement for the five equations to be independent is that the determinant of
the matrix A defined by:

ail ai2 a1z 14 ais
a21 @22 423 G24 A25
A= a3 az asz a4 ass |, (3-8)
G41 @42 Q43 Q44 Q45
as1 as52 a53 As4 A55

should be different from zero. It can readily be verified that the coefficients of the three
parameters \, A and (C' + C) are not independent and therefore these equations cannot be
solved simultaneously for these three parameters. The terms with these coefficients are not
sensitive to the relative phases and therefore they do not appear in the equations obtained
from differentiating with respect to the phases. As a result, in order to check this point it
suffices to compute the 3 x 3 determinant involving the coefficients obtained from the first
three minimisation conditions. This determinant is zero.

In the case of no spontaneous CP violation, the relative phases of the p; are zero and the
corresponding minimisation condition, obtained from eq. (C.3) and cyclic permutations,
reduce to 0 = 0 since each term in these equations is proportional to the sine of relative
phases. We are then left with only three independent equations and we can solve at most
for three parameters of the potential.

Returning to the complex case, we are now ready to classify the vacua, according to how
many independent equations we have. In order for the five equations to be independent, it
is sufficient that one of these 56 determinants be non-zero. Conversely, in order for at most
four of the equations to be independent, all 56 possible such 5 x 5 determinants must vanish.

For arbitrary vevs,

vy, wvge'™, w3e'®, (3.9)



we find that 16 out of the 56 possible 5 x 5 determinants vanish identically, whereas the
remaining 40 are non-zero. The five equations (3.7) can for any of these choices be solved in
terms of the five parameters P, ..., P5, with the exception of 5-parameter sets containing
(C,0), (Eq, E3), (\,A,C) or ()\,v, E1, E3). The complements of these account for 14 out
of the 16 vanishing ones. The remaining two are (v, A, C, E1, Es) and (v, C, D, Es, E4). In
these sets, C could be replaced by C, and Ey by Ej3.

The remaining 40 determinants factorise, and vanish when either

pi=0, 1=1,2,3 or (3.10)
pi = pj, JFi (3.11)

In these cases we can have at most 4 independent equations among the set (3.7), and must
investigate the corresponding 4 x 4 sub-determinants.

In the irreducible-representation framework, since A5 and Ag only appear as a sum
in the minimisation conditions, we have effectively 9 parameters. Thus, we could have
(g) = 126 different 5 x 5 determinants. However, only 19 of these are non-vanishing. In
this sense, this framework is more “compact”. Here, the following parameter sets can
not appear among the 5: (N%,)‘éi)’ (N%a >‘1)7 ()‘57 /\6)7 (:U’ghu%v >‘5)7 (:U’(%v)‘lv >‘5)’ (M%v /\2’)‘3)’
(u%, )\5, )\8)7 ()\1, )\2, )\3), ()\1, )\57 )\8)7 (,U,%, )\2, )\3, )\5)7 ()\2, )\3, )\5, )\8)7 and ()\3, )\4, )\5, )\8)7 as
well as sets where in the above list A5 is replaced by A¢. Among these, the sets (A5, Ag), and
(A1, A2, A3) correspond to (C,C) and (F2, E3) in the reducible-representation framework.

We shall distinguish the real and complex cases.

4 Real vacua

For a real vacuum, the five equations (3.7) discussed above reduce to a set of three. Again,
they are not necessarily all independent. If we, for example, try to solve for A, v and A,
the 3 x 3 determinant corresponding to (3.8) is particularly simple:

det A3x3 = —(p1 + p2 + p3)(p2 — p1)(p3 — p2)(p1 — p3)- (4.1)

Thus, when this quantity is non-zero, we can solve for A\, v and A. Conversely, when
det A3x3 = 0 (meaning the sum of the vevs is zero, or two are equal), then we have at most
two independent equations, and can for example only solve for A and ~.

In the irreducible-representation framework, the three vacuum conditions (3.3)—(3.5)
can be solved to give u3 and p? in terms of the quartic coefficients:*

1

Iu% = % [)\4(11]% — Sw%)wg — ()\5 + Xg + 2/\7)(w% + w%)ws — 2/\8wg~] , (4.23)
1

it = =5 [200 + Xa) (w] + wh) + 6Aawaws + (A5 + As + 27)ws] (4.2b)
1 w

i = =5 200 4 Aa) (w] + w3) —3ha(wd - w%)w—i + s+ A+ 20wk . (4.20)

!There are misprints in the corresponding expressions given in ref. [24], their eq. (9): (i) a factor of 1/2
is missing on the right-hand side of all three expressions, and (ii) in p3 (13 in their notation) the coefficient
of A4 should be (ve/2v3)(v3 — 3v}). These misprints were corrected in the Erratum provided by the authors
and included in ref. [24].



The two equations (4.2b) and (4.2¢) are not valid when w; = 0 and we = 0, since they were
derived from (3.4) and (3.5) dividing by w; = 0 and wy = 0, respectively. Furthermore,
they are not automatically consistent. Consistency requires

wy =0, or else (4.3a)

M(Bw? — w?)wg =0

For w; = 0 the derivative of the potential with respect to w; is identically zero and
therefore there is no clash in the determination of u? from the derivative with respect to
wsy. From equation (4.3b) we see that these two derivatives are consistent if either Ay = 0
or wy = +v3ws or else wg = 0. The case wg = 0 is special since if we now take into
account the derivative of the potential with respect to wg, which is given by eq. (3.3), we
are left in the real case with

Mws (3w? — wd) =0, (4.4)

which is the only term in eq. (3.3) where wg does not appear as a factor. As a result,
solutions with wg = 0 require in addition that Ay = 0 or wy = ++/3wy, or else wy = 0.
See cases R-I-2 in table 1. These do not require A4 = 0, while case R-II-3 has wg = 0 and
requires Ay = 0.

The different solutions can be summarised as given in table 1, where the descriptions
in terms of both the reducible- and irreducible-representation frameworks are given. For
the purpose of making this table as well as the corresponding one for complex vacua more
compact, we introduce the abbreviations

Ao = A5 + Ag + 2)7, (4.5a)
Ao = A5 + Ag — 2A7. (4.5b)

One should note that

e Vacuum R-I-1 is a special case of Vacuum R-II-1. In this case, the vacuum value x
is determined by

A—y=2*[A+C+C+D+2E + Ey+ FE3 + Ey]. (4.6)

e For Vacuum R-I-1, in the irreducible framework, we have
g = —wiAs, (4.7)
which corresponds to eq. (4.6), with w% = 3z2.
e In the Vacua R-I-2a, R-I-2b, R-I-2¢, the vacuum value z is determined by:
A+ =12?24+C+C+ D - 2E). (4.8)

In the irreducible framework, ,ug is not constrained by eq. (4.2a), whereas p? =
- — %7 is determined by the minimisation condition given above.



Vacuum |  p1, p2, p3 w1, W, We Comment
R-0 0,0,0 0,0,0 Not interesting
R-1-1 T,%,T 0,0, wg pd = —Asw?
R-1-2a z,—,0 w,0,0 3 =— (A1 + A3) w?
R-I-2b z,0, —x w, V3w, 0 p2 = —% (A1 + A3) wi
R-I-2¢ 0,z,—x w, —v/3w, 0 p2 = —% (A1 + A3) w3
R-II-1a T, T,y 0, w,wg ,ug = %/\4% — f)\ w2 Agw?g,
3 =— (M1 + A3) w3 + )\4w2w5 )\aw%
R-II-1b T,Y,T w, —w/v3, wg pg = —4aXy ﬁ — 2\ w3 — Agw%,
3= —4 (A + )\3) w2 — 3Mqwowg — )\aw%
R-II-1c Y, T, T w, w/\3, wg p3 = —4)\ — 2\ w3 — )\gwé,
3= —4 (A + )\3) w3 — 3\qwowg — )\aw%
R-11-2 x, T, —2x 0, w,0 P ==+ A3) w3, Ay =0
R-1I-3 | z,y,—x —y w1, w2, 0 p3=— (A1 4+ A3) (w? +wd), Ay =0
R-III P1, 02, P3 w1, Wa, Ws u3 = —%/\a(fwl +wd) — )ngws,
pi == M+ As) (wf +wd) — gAaws,
M =0

Table 1. Possible real vacua (partly after Derman and Tsao [21]). The classification of vacua
uses the notation R-X-y, where R means that the vacuum is real. The roman numeral X is the
number of constraints on the parameters of the potential that arise from solving the stationary-
point equations. The letter y is used for distinguishing different vev’s that have the same X, and
Ao is defined in eq. (4.5).

Vacua R-I-2a, R-I-2b and R-I-2c, which correspond to wg = 0, require special dis-
cussion. It is clear from eq. (4.2a) that p3 remains undetermined. According to
egs. (4.2b) and (4.2c), in these vacua the following relation must hold:

i = —(wi +w3)(A + As). (4.9)

(Special cases are given in table 1.) Using the translation given in appendix A, and
taking 222 = w? + w3, this constraint is seen to be equivalent to (4.8).

e There are also solutions with (p1, p2, p3) = (x,z, —2x), (z,—2z,x), and (—2z,z,x).
These are reminiscent of vacua R-1-2a, R-I-2b and R-I-2c, with the interchange of w;

and ws.

e In the Vacua R-II-1 and R-III, the two coefficients of the bilinear potential, ( ug and
p3) or (A and ), can be determined from chosen vacuum values, together with the

quartic potential.
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e Vacua R-II are characterised by two independent vevs, referred to as « and y in the
reducible-triplet framework, and as w and wg in the irreducible framework. In the
framework of the reducible-triplet representation the three permutations presented
as subcases a), b) and c¢) are trivial, however, it should be pointed out that in the
irreducible framework different consistency conditions apply in each case, either w; =
0or wy = —\/gwg or wi = v3w,.

e Vacuum R-III requires Ay = 0 or (in the reducible-triplet framework):
4A—2(C+C+ D) —E 1+ Es+ E3 + E4 = 0. (4.10)

In this sense, only two of the three minimisation equations are independent. As
a special case of this solution, we can also have wg = 0. This is R-II-3, with u%
unconstrained.

Table 1 clearly illustrates the point we have made before about the translation from
the reducible-representation framework (RRF) to the irreducible one (IRF). The splitting
of the R-I case into three cases (a, b, ¢) would be meaningless due to the S3 symmetry, if
we were only considering p1, p2 and p3. However, in terms of wy, wy and wg they appear
as different cases. The consistency of the derivatives with respect to w; and wy in this
framework is verified since they all have wg = 0. However now, taking into account the
derivative with respect to wg these solutions must obey eq. (4.4) and each case fulfils this
requirement in a different way. We have wy = 0, wo = V3w and we = —v/3wy in the three
cases. Another similar example is case R-II-1. Here the difference is that consistency of
the derivatives with respect to Wy and w9 in the IRF is verified for wy = 0, wy = —V/3wy
and w; = /3wy, respectively. Since in this case we do not impose wg = 0 the constraint
of eq. (4.4) does not apply.

The high-scale validity of models based on two of these vacua, namely R-I-1 and R-II-
1c, has recently been studied in ref. [27].

Special limits. Some of the vacua listed in table 1 can be seen as special limits? of
another, more general case. These include

e R-I-1 is contained in R-II-1a, 1b, 1c for we = 0 (or x = y).

e R-II-2 is contained in R-II-3 with w; =0 (or z = y).

R-II-1a is contained in R-III with w; =0 (or p; = p2).

R-II-1a, 1b, 1c, with Ay = 0, are special cases of R-III.

R-I-2a, 2b, 2¢ are contained in R-II-3 in the special limits of wy = 0, wy = V3w,

and wy = —v/3wy, respectively.

2The terminology “special limits” is not perfect. While a vacuum specification R-X-y is obtained as a
special limit of the specification R-X’-y’, the constraints defining R-X’-y’ may be a subset of those defining
R-X-y. This is analogous to the discussion of real “origins” of complex vacua in section 6.
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5 Complex vacua

5.1 The Irreducible-Representation Framework (IRF)

As a prelude to studying the three complex minimisation equations, we may start with a
simpler, linear combination of the last two. If we in the irreducible-representation frame-
work adopt a convention where wg is real, and take

w1 = ’Lf)lewl, wo = @26102, (51)
with the w; real and non-negative, then we find the consistency condition (for w; # 0 and

wy # 0)

oV B ov
widw]  wadw;

= 2(Ag + A3y [w%(ei(m—kaz) _ ei(30’1—0'2)) + wg(ei(—ol—i{%o‘g) . ei(o'1+g'2)):|

+ )\411)512)1 [—1@%(631‘01 + 2eei‘71) + w%(?)ei(a1+202) +4ei01 + 2€i(_01+202))}
+ 2\ g (e'TO1F02) _ ilo1—o2)y — ¢, (5.2)

This condition, which is simpler than any of the individual derivatives (3.3)-(3.5), is a
necessary, but not sufficient condition for the vacuum.

If w; = 0, then equation (3.4) is identically zero, and as a result (3.4) and (3.5) are
automatically consistent. The same does not apply to the case wy = 0 since this case
requires Ay = 0 for eq. (3.5) to be satisfied.

The generalisation of equation (4.3b) to the complex case is that the right-hand side
of equation (5.2) be zero. This condition defines a hypersurface in a multidimensional
parameter space. Whereas wg = 0 and A4 = 0 are possible solutions in the real case, they
are not in the complex case, unless supplemented by additional conditions. For example,
if wg = 0, we must also have

(A2 + A3)tb g2 (1 — e¥(@1792)) 4 p2(e=2(1=02) _1)] = 0. (5.3)

Splitting this equation into real and imaginary parts, we find

()\2 + )\3)(@1 — ’lf)Q){l — COS[2(01 — 02)]} =0, and (5.4&)
()\2 + )\3) sin[2(01 — 0'2)] = 0. (54b)
The solutions are
A+ A3=0, or (5.5a)
09 = 01 £ nmw, n integer. (5.5b)

Likewise, the condition Ay = 0 must be supplemented by

()\2 + )\3)€i(01+02)[w%(1 o 62i(0’1—0’2)) + w%(e—%(al—az) _ 1)]
+ Arw(e7Ho1mo2)  giloimoa)y — (5.6)
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Splitting this equation into real and imaginary parts, we find:

(A2 4+ A3) sin(oy — 02)(sin 201@? + sin 209103) = 0, and (5.7a)
(A2 + A3)(cos 20110% + cos 209103) + A2 sin(oy — o9) = 0. 5.7b)
Furthermore, eq. (5.6) is obviously satisfied for
A2+ A3 =0, and \; =0. (5.8)
On the other hand, for
o9 = o1 £ nw, n integer, (5.9)

A2, Az and A7 are not constrained by equation (5.6).

Finally, the real-case consistency condition @} = 3%3 would in the complex case have
to be supplemented with the above phase constraint (5.9).

We find the solutions given in table 2. The table is organised as follows. From left to
right, the first column gives the name of the vacuum, the second gives the specification in
the irreducible-representation framework (IRF), and the third gives its translation to the
reducible-representation framework (RRF).

The need to introduce the parameter € in table 2 results from the definitions given by
eq. (5.1), where the w;, i = 1,2 are chosen to be non-negative. Naively one might expect
the number of constraints to be equal to the number of free parameters of the solution.
This is not the case, as can be illustrated by considering eq. (C.7) in the limit wg = 0.

In the complex case there is a richer structure of possible vacua and again we have so-
lutions that are similar when specified in terms of p’s but not in terms of w’s. Furthermore,
in some cases solutions which can be described in an elegant way in one of the frameworks
do not look so elegant in the other or may fall into a particular case of a more general one
already given in that framework. As an illustration of the first remark let us consider the
solution (p1, p2, p3) = z(1,1,€'7), this is a special case of C-III-a, with y = z, however the
same solution after a permutation becomes a special case of C-III-h. On the other hand,
the solution (p1, p2, p3) = x(1,€7,e7%7) is a special case of C-III-i, with solution C-I-a a
special case of this one again.

In tables 3 and 4 we list the conditions on the potential parameters, in the irreducible-
representation framework.

The vacuum C-III-c (see tables 2 and 3) falls in the category satisfying eq. (5.5a).
Examples of the constraints (5.7) are to be found in the vacua C-IV-b and C-IV-e (see
tables 2 and 4). The constraints (5.8) apply to the vacuum C-V (see tables 2 and 4).

The case C-I1I-c of table 2 is very interesting. It is a solution with wg =0 and Ay =0
with the additional constraint Ao + A3 = 0, allowing for a free relative phase between the
vevs of h1 and hy. This solution can be specified in terms of two non-zero moduli and one
single phase. Once we replace g in terms of A3, the Lagrangian is still left with two of the
initial coefficients that multiplied terms that were sensitive to a relative phase between hq
and ho, to wit A3 and A7. However, the new term in A3 is now invariant under the separate
rephasing of these two doublets, the same is not true for the term in A;. The fact that
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IRF (Irreducible Rep.) RRF (Reducible Rep.)
w1, W2, Ws P1; P2, P3
C-I-a w1, ki, 0 T, Te %,xei%
C-I1I-a 0, Wee'2 g Y, y, xe'T
C-ITI-b +iwy, 0, wg T+ iy, x — 1y, T
C-III-¢ W1, Wee?, 0 ze' — Y —ze — 4y
C-1II-d,e +in, €W, Wg xe' T, xe T,y
C-III-f +iw1, 19, Wg ref + iz, re F iz, %re‘i’) — %reip
C-Ill-g oWy, —iWs, Ws re " 4+ iz, re " T ix, %reip — %re*"p
C-11I-h V3109€172 | 10972 g xe', Y,y
y,ze'7,y
C-I1I1-i %wgewl , x,ye', ye i
:|:1f)26_i arctan(3 tan 01)’ Wg yei’?" z, ye—iT
C-1V-a* W1e1, 0, g re + x, —re' +x,x
C-IV-b w1, Tiwe, Wg re +x, —re W 4+, —re? +re P 4z
C-IV-c V1 + 2 cos? o9ta, re" +1ry/3(1 + 2cos? p) + ,
Woe'2 g re —ry/3(1 +2cos? p) + x, —2re? +x
C-Iv-d* W€, el g rie +x, (rg — 1) + x, —roe? +
C-IV-e — :iﬁ ggf woet, ret? 4 re'Pié 4 g retf? — retP1€ + 1,
Wee'2 g —2re? 4 ¢
C-TV-f 2+ 01202) i, reift 4 reif2y) +
Wee'2 g refl — re'f2q) 4 x, —2rett 4 x
C-v* W11, Wee'7? g ze'™ yel™, z

Table 2. Complex vacua. Notation: ¢ = 1 and —1 for C-III-d and C-Ill-e, respectively; & =
V/—3sin2p1/sin2ps, ¥ = /[3+3cos(p2 — 2p1)]/(2cos pa). With the constraints of table 4 the
vacua labelled with an asterisk (*) are in fact real.

the moduli of the two vevs are different will play an important role in the discussion of
spontaneous CP violation. In this particular case, due to hermiticity of the scalar potential
the only coefficient that could be chosen to be complex is A7, however this choice would
not lead to explicit CP violation since a simultaneous rephasing of h; and hy would allow
to remove the phase of A7, rendering all coefficients of the potential real. Another way of
achieving the same result would be by rephasing hg alone. Neither of these transformations

alters the specifications of the vacuum corresponding to this case.

Cases C-IV-a, C-IV-d and C-V are listed in table 2 for completeness and to allow for
an enlightening discussion. Once one takes into consideration the constraints given in table
4 they become real.
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Vacuum Constraints
C-I-a Mg =-2 ()\1 — )\2) QZ)%
C-III-a pg = —iNw3 — Asd,
'u% = — ()\1 + )\3) ﬁ)% — % (>\b — 8 cos? 02)\7) ﬁ)gv,
4
M = coib(;zws)\
C-III-b pd = —30f — Asw?,
13 = — (A1 + A3) df — SN0,
AM=0
C-ll-c pi = —(A1 4 A3)(@F + 03),
A+A3=0,4=0
_ —02) (02 —302
C-IIL-d e i3 = (o + Ag) LIS — o, LIt (Ei000)
—5 (X5 + Xe) (@f +@3) — A3,
Ao (a2 an2
ui=— (A = Ao (l@% +U75) — M L (s 4 ) i
225
A= 50 0 + Xg) - fg(ﬁiugw?u‘i
C-IlI-f,g pd = —5)\,) (0] + w3) — As3,
1 =— (A + A3) (0 + @3) — 2N, A =0
C-111-h pd = =223 — As,
/L% =—4 ()\1 + )\3) Z@% -1 ()\b — 8cos? 0‘2)\7) QZ)%,
A4 _ 2coso'2w5)\
w2
. 2 16(173tan201)2 A (1 tan2 01)(1 3tanZo1) w3
G40 = Tz (2 P M) %7 g 0T s
—2(11;3&113 :11) (A5 + )‘6>w2 )\8w57
2 4(1+3tanZ01) (1 3tan? 0'1)
M= =T otanTe, (M~ A)@3 F e Ao

— (X5 + Ao,
(1 3tan? 01)w2 (5—3tan201)1?12 I\

)\7 == (1+9tan2 0'1)’11) (>\2 + )\3) :F 2 /1+9tan2 UITI}S 4

Table 3. Constraints on complex vacua. Notation: ¢ = 1 and —1 for C-III-d and C-III-e, respec-
tively. Where two possible signs (+ or F) are given, they correspond to those of table 2. Here, A,
is defined in eq. (4.5).

Solution C-IV-d is more general than solution C-IV-a and reduces to C-IV-a once we
fix wo = 0, so it suffices to discuss C-1V-d. Both of these require \y

At first glance case C-V looks like the most general case, however we are assuming
that it does not fall into any of the previous cases, so, as a result, full generality requires
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=0and Ay =0, and as
a result the potential acquires symmetry for the transformation of hi, hs and hg under a
unitary transformation of the form U = diag(e'”, ¢'”, 1) which allows to remove the phase
o1 from the vacuum, making it real.



Vacuum Constraints

C-IV-a* ,u% —5 ()\5 + X¢) w1 )\gws,
13 = — (A1 + A3) 0F — 5 (X5 + o) 0,
M=0,X7=0

w w2 2 N A ~
CIV-b | = (ot 20) T 100 4 ng) (02 4 23) — Asid,
g == (M = Ao) (@F +@3) — 5 (A5 + Ae) W
w2_w2
M =0\ = —7( 112)2 2) ()\2 + )\3)
S

C-IV-c u% = 2cos? oy (1 + cos? 02) (A2 + )\3) w—%
— (1 4+ cos®02) (A5 + X¢) @3 — Agws,
,u% = — [2 (1 + cos? 02) A — (2 + 3 cos? 02) Ay — cos? 02)\3] w;

—5 (A5 + )\6) w,5'7
cos? o2
A = 200&% A2+ A3), A7 = w?; 2 (A2 + A3)
C-TV-d* Ho = =3 (A + Ae) (@ +103) — Mg,
M%:—(A1+A3) (wl +7,U2) %(A5+)\6)w§"
)\4 — 07 )\7 =0
C-IV-e ph = G Qe 2 3
sin“ (20 S
_% (1 — %) ()\5 + )\6) 'lUQ AB’UJSa

ph == (1 3222) () — Aoy — (A5 + Ao)
A =0, = — M()\2+)\3)

sin QUlws
9 _ (cos(o1—202)+3cosor)cos(oa—01) y W3
C-IV-£ Ho = 2 cos? o1 M Wy
cos(o1—202)+3 cos oy
- 2cos o1 ()‘ + )‘6) ’11)2 ASwS'v
_ cos(o1—202)+3cosoq
/’1’1 - cos o1 ()\1 + )\3)'[[}2

_3cos201+2cos(2(01—02))+cos 202+4 S | ~9
4 cos(o1—02) cos o1 A 4W2Ws <)‘5 + )‘6) Wg,

cos o1g _COS(oz 01)w2
)\2 + )\3 " 2cos(o2—01)W2 )\4’ )\7 - 2cosoig >\

C-v* 1y = —3 (As + A) (0F + 03) — Agd%,
i =— (A1 +Xg) (07 +193) — 5 (As + Ae) 03,
A+A3=0,=0,A7=0

Table 4. Constraints on complex vacua, continued. The vacua labelled with an asterisk (*) are in
fact real.

Ao+A3 =0, Ay = 0 and A7 = 0 and there is no term in the potential sensitive to independent
rephasing of each of the h fields. As a result any phase in the vevs can be rotated away.
Under these circumstances, it is equivalent to a real set of vacua.
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There are, in particular, two possible complex vacua that have been discussed previ-
ously in the literature. One of them is:

we',  we ", g, (5.10)

by Pakvasa and Sugawara [18]. We shall refer to this as the PS vacuum, assuming w # 0
and wg # 0. There is also a solution given by Ivanov and Nishi [22]

we',  we', g, (5.11)
which we shall refer to as the IN vacuum, assuming again w # 0 and wg # 0. By imposing
the minimisation conditions it can be checked that both of these solutions require A4 equal
to zero, corresponding to the SO(2) symmetry of the potential given by eq. (2.12). It is
clear that eq. (5.11) does not break this symmetry spontaneously.

The PS vacuum specified by eq. (5.10) is only consistent for the following choices:

PS-a: A =0, and o= +7/2, included in case C-III-f,g, (5.12)
W2 included in case C-IV-e

PS-b: Ay =0, and A7 = —2co0s20—5 (A2 + A3), (5.13)
Wg with o9 = —07.

As a special case of PS-b, we can have Ay = 0 and ¢ = 7/4 or 3w/4, with (Ay + A3)
unconstrained.

The IN vacuum specified by eq. (5.11) is only consistent if either of the following two
sets of conditions is verified:

IN-a: X\ =0, and o= 4n/2, included in C-III-f g, (5.14)
IN-b: A =0, and A\; =0, included in case C-IV-d. (5.15)

As discussed above, the conditions listed under IN-b lead to a real vacuum since they allow
for the common phase of w; and wy to be rotated away.

Special limits. Some of the vacua listed in table 2 can be seen as special limits of
another, more general case. These include

e C-IlI-a and C-III-h are equivalent in terms of the RRF.

C-III-b, for A7 = 0 becomes real and falls into C-IV-a.

C-IV-a is contained in C-IV-d with w9 = 0.

Solution C-IV-e reduces to C-IV-b for o9 = 01 £+ 7/2, in the limit o1 — 0.

C-IV-c is contained in C-IV-f for o1 = 0.
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5.2 The Reducible-Representation Framework (RRF)

Below follow further general comments on the different vacua, as well as some constraints
on the parameters in the reducible-representation framework:

e Vacuum C-I-a requires

2\ + v = 2224 + 2C + 2C — D — 2F; — By — E3 + 2Ey). (5.16)

e Vacuum C-III-h allows for a particular realisation in terms of the RRF with y = «,
of the form
C-RRF-a: (p1, p2, p3) = (1,7, €. (5.17)

Here, we have applied an overall phase rotation to the first solution presented in
table 2 for this vacuum, thus complying with the notation defined by eq. (3.9). De-
pending on where we put the phase, we may have two different translations in terms
of the IRF: one of them in C-III-h and the other in C-III-a. This leads to three
independent minimisation conditions (as specified by the label III), two “radial” ones
from 0V /vy = 0 and OV /0ve = 0 and one “angular” one from 9V /97 = 0. The two
radial equations are quadratic in cos 7, whereas the third is linear. With x and 7 as
input, these equations allow to constrain three parameters of the potential. Alter-
natively, one may remove terms quadratic in cos 7 by forming linear combinations of
the two radial equations. With the rescaling

N =)z A =q/2 (5.18)

we find two radial equations

—4D—4E1+E2+E3—E4—2"}/

CoST = 22D + ) , (5.19a)
al / /
_ _A_C_EC;IZ;QEEj T A (5.19b)
and the angular equation
_ A R~ Y
COST = 251 2E(22D f3E4)E4 i . (5.20)
Consistency of the first and the third expressions leads to
2D+ Ey — By — B3 =0, (5.21)
which corresponds to
A= V2\7. (5.22)

Consistency of the second and third equation leads to:

(2A +2C +2C — E4)(2D + E,) — 3E? — 2(2D + Ey)\N — 2E1v = 0. (5.23)
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Invoking eq. (5.18), we may solve for z2:

2 2(2D + Eq)\ + 2E1y (5.24)
(2A+2C +2C — E4)(2D + Ey) — 3E? ‘

The conditions
22>0 and |cos7| <1 (5.25)

will further constrain the potential parameters for this particular vacuum.
As presented in table 2, Case C-III-h illustrates, once again, the fact that trivial
permutations of the reducible triplet lead to different constraints for the IRF.

e The cases C-11I-d, C-III-e and C-III-i, when presented in the RRF, in the limit y = z,
become

C-RRF-b: (pla P2, :03) = ZL‘(l, eiTa e_iT)a (526)
and permutations.> These three IRF cases merge into one RRF case.

There are three minimisation conditions, involving x2? and cos 7. The constraint from
the minimisation with respect to 7 can be expressed as a cos7-dependent relation
among the quartic terms:

Ey+ E3 = (4cosT —2)D + Ey + 2(1 — cos ) Ey, (5.27)
whereas the others can be solved for v and A. Making use of eq. (5.27), these take
the form

2
v = ?[(2 —8cos?7)D — 3E; + (1 — 4cos ) Ey], (5.28)
2
A= %[Q(A +C+4C) —4cosT(1 —cosT)D 4 (2cos> T+ 2cos T — 1) By

—(2cos® T — 2cosT + 1) Ey]. (5.29)

The three constraints (minimisation conditions) of table 3 will for C-1II-d, C-III-
e, and C-III-i take forms equivalent to these egs. (5.27)—(5.29). Equations (5.28)
and (5.29) can be solved for x2, but the two solutions impose a cos 7-dependent
consistency condition on the coefficients of the potential, given by eq. (5.27).

e The vacua C-RRF-a and C-RRF-b have the same form as the PS and IN vacua of
egs. (5.10)—(5.15). However, it must be stressed that they refer to the fields of the
reducible-representation framework.

6 Complex vacua vs real vacua

The complex vacua, which are specified by three moduli and two (relative) phases are found
as solutions of five conditions, whereas the real vacua are found as solutions of three. The
following questions then arise: can the complex vacua be seen as generalisations of the real

3Vacuum C-I-a is of course a special case of this one, with 7 = 27/3.
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Complex Real “origin”
C-I-a none
C-ITI-a R-II-1a
C-ITI-b none
C-ITI-¢ | R-I-2a,2b,2¢, R-I1-3
C-ITl-d,e none
C-III-f none
C-Ill-g none
C-IT1-h R-II-1b,1c
C-ITI-i R-II-1b,1c
C-1V-a* R-ITI
C-IV-b none
C-IV-c R-1II-1b,1c
C-1V-d* R-ITI
C-1V-e none
C-IV-f R-II-1b,1c
C-v* R-ITI

Table 5. Transitions from complex to real vacua in the IRF. The vacua labelled with an asterisk
(*) were shown to be real.

ones? Are the conditions on the moduli compatible with those for one or more of the real
vacua? Are these more restrictive, or less restrictive?

In order to discuss how a complex vacuum may be related to a real one, let us introduce
some notations. Let us denote by C(C-X-y) the set of constraints (such as given in tables 3
and 4) satisfied by a particular complex vacuum. Likewise, we let the real vacuum R-X’-y’
satisfy the constraints C(R-X'-y’) (see table 1). Then, we may consider a real vacuum
R-X'-y’ the “origin” of a particular complex vacuum C-X-y if the following two conditions
are satisfied:

e the C-X-y specification, in an existing real limit for the vacuum (there may be an
ambiguity of sign) coincides with that of R-X'-y’, and

e the constraints are compatible,

C(C-X-y) C C(R-X'-y"). (6.1)

The latter condition is important due to the fact that the transition to a real vacuum is
not always possible.

We list in table 5 the real vacua satisfying these two requirements.

In the following subsection, we study a particular example, how a complex vacuum is

related to a real one.
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6.1 Transition from Vacua R-II-1b,1c to Vacuum C-III-h

An important difference between the constraints of the vacua R-II-1b,1c and C-III-h is that
in the former case, the potential parameters \y and A7 are free, i.e., they are uncorrelated.
For the vacuum C-III-h, on the other hand, they are correlated as (see table 3)

A = :FM)\?- (6.2)
w2
Modulo positivity and other physical constraints, the whole As—A7-plane is available for
the real vacuua R-II-1b,1c, whereas only the lines defined by eq. (6.2) are available for
an “extension” to a complex vacuum C-III-h. This holds even for infinitesimal phases,
i.e., cosy — £1.
The following question arises: under what conditions is the complex vacuum deeper?

It turns out that the difference can be expressed as being proportional to Ay or Ay:
AV = V(R-II-1b,1c) — V(C-III-h) = —4\750%(1 F cos g9)%. (6.3)

The question of relating complex vacua to real ones is relevant for the discussion of global
minima [28, 29] as well as to understand the possible correlations of different parameters
of the potential.

7 The case of A\, =0

As mentioned in section 2.3, in the case of Ay = 0 the potential has an additional, continuous
SO(2) symmetry. This case was dismissed by Derman [20], as being “un-natural”. This
was due to the fact that this condition, when expressed in terms of the parameters of the
potential written by Derman, given by eqgs. (2.9), acquires the form given by eq. (4.10),
which is not instructive and the resulting symmetry is not apparent. Spontaneous breaking
of this SO(2) symmetry leads to massless particles. In this case, one way to promote this
to a viable model is to break this symmetry softly, by adding a term to the bilinear part
of the potential:

V=Va+Vy+Vy (7.1)

with V5 and Vj as defined by equations (2.10), and
1
wz?ﬂ@m+ﬂ@y (7.2)

The minimisation conditions (3.3)—(3.5) will now become

8wg = §wg,u0 + ng(\wl\ + |w2] )(/\5 + )\6)
1 1
+ ng(w% + w37 + iwgw%)\g =0, (7.3)
oV 1 1 1 1
8’(1){ = 571)1;1% + §w21/2 + 5101(‘11)1‘2 + |w2|2))\1 + 5102(111?11)2 — wlwg))\g
1 1 1
+ iwi‘(w% + w%))\g + Zwlfws‘Q(/\g, + )\6) + §wTW%A7 =0, (7.4)
oV 1 1 1 1
8’[05 = 5102}1% + §’LU1V2 + §w2(\w1\2 + |w2|2))\1 — iwl(wfwg — wlwz))\g
1 1 1
+ §w§(w% + w%))\g + ngfws‘Q()@ + )\6) + §w§w§~)\7 =0. (7.5)
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With these new conditions there will be some changes in the solutions. In particular,
the new term will bring new sources of CP violation, and spontaneous CP violation may
be easier to achieve. Notice that such a term also softly breaks some types of discrete
symmetries of the Ss doublet h; and hy that might otherwise be present. This feature was
exploited long ago in the context of two-Higgs-doublet models [30]. Soft breaking of the
S3 symmetry of the scalar potential has been applied in [31] in order to obtain a special
relation among the vevs of the three doublets that would allow to account for the observed
charged lepton masses.

An important implication of the type of vacuum solution and of the corresponding
allowed region of parameter space is the resulting different possible spectra for the physical
scalars.

8 Spontaneous CP violation

The Ss-symmetric potential offers a very rich phenomenology, and can accommodate a
variety of physical situations, as outlined in sections 4 and 5, where we classified the
different vacua.

We assumed, for simplicity, that all parameters of the potential are real. Therefore our
discussion is done in the framework of explicit CP conservation. This raises the question
of whether or not CP can be violated spontaneously. For that purpose we can inspect the
list of complex solutions presented in table 2. CP can only be spontaneously violated if the
Lagrangian is invariant under CP and if at the same time there is no transformation that
can be identified with a CP transformation, leaving both the Lagrangian and the vacuum
invariant. The idea of spontaneous CP violation was first proposed by T.D. Lee [3] in
the context of two Higgs doublets. In the context of the SM, with a single Higgs doublet,
a CP transformation of the scalar doublet amounts to its complex conjugation and the
scalar sector cannot violate CP. In models with several Higgs doublets complex conjugation
may be combined with a unitary transformation acting on the set of doublets, since this
transformation leaves the kinetic energy term of the Lagrangian invariant. In this case the
most general CP transformation is given by:

o, & 00, (8.1)

with U an arbitrary unitary matrix.* This equation together with the assumption that the
vacuum is CP invariant:

CPJ0) = [0), (8.2)
leads to the following condition [32]:
Uij 0[®4]0)" = (0]@4[0) , (8.3)

implying that there is spontaneous CP violation if none of the CP symmetries allowed
by the Lagrangian satisfy this equation. For real vevs this condition is obviously verified.

4Some authors refer to this transformation as a “generalised” CP transformation. This is somewhat
misleading since it suggests that there is also a “non-generalised” CP transformation.
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If the Lagrangian has a discrete symmetry one must take it into consideration before
drawing conclusions. In the discussion that follows we do not take the Yukawa sector into
consideration. We now comment on each one of the cases presented in table 2 concerning
the possibility of having spontaneous CP violation:

e The case C-I-a is a familiar one that has been discussed long ago in the framework
of the reducible representation [32]. It was pointed out that it has complex vacuum
expectation values with calculable non-trivial phases, assuming geometrical values,
entirely determined by the symmetry of the scalar potential. These phases cannot
be rotated away and yet they do not lead to spontaneous CP violation, since there
is a matrix U satisfying the constraint of eq. (8.3), namely:

100
U=[o001|, (8.4)
010

which is at the same time a symmetry of the potential.

In terms of the irreducible-representation framework we can write this solution
as (Liw,w;,0) and the matrix U satisfying the constraint (8.3) becomes U =
diag(—1,1,1) making use of the symmetry of the potential for hy — —h;. It was
shown [32] that solutions with calculable phases whose values are independent of the
coupling constants of the scalar potential do not necessarily conserve CP. Character-
istic features of such solutions in models with several Higgs doublets as well as the
interplay between symmetries and geometrical CP violation have been analysed by
several authors [33-39].

e Case C-III-a allows for a nontrivial phase which can be determined as a function of
A4, and A7, as shown in table 3. This solution violates CP spontaneously.

e Reasoning analogous to that for C-I-a can be applied to cases C-III-b, C-1II-d, C-
ITI-e where again the matrix U given above, U = diag(—1, 1, 1), satisfies eq. (8.3) in
terms of the irreducible representation framework. On the other hand, cases C-III-f
and C-III-g require Ay = 0 and therefore the potential acquires an additional SO(2)
symmetry. In these cases U can be chosen as U = diag(—1,—1,1). Case C-IV-b also
requires Ay = 0, as a result the potential is also symmetric under ho — —hg and one
can choose U = diag(1, —1,1).

e Case C-IIl-c is a very interesting one. On one hand it requires Ay = 0 and on the
other hand As+ A3 = 0. The most general S3 symmetric potential has four terms that
are sensitive to the relative phases among hy, he and hg, which are those multiplied
by the coefficients s, A3, Ay and A;. However, with these restrictions only the term
in A7 will be sensitive to relative phases and is the only one that could be chosen
to be complex. However, in such a case A7 could be made real by a simultaneous
rephasing of h; and hy with the same phase or else of hg independently. Clearly,
under such transformations the three vevs still remain in case C-III-c. This case
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does not allow for explicit CP violation by the scalar potential. Making use of an
overall phase transformation this solution can be written as (1€, wee=%,0). It is
clear that for w; = ws, CP would be conserved with U interchanging the two first
vevs. For Wy # wy CP can be spontaneously violated by the potential. There is
therefore a region in parameter space where the scalar potential does not violate CP
explicitly and yet CP can be violated spontaneously. The phase ¢ is not constrained
by the minimisation conditions but it parametrises triple and quartic Higgs couplings.
In realistic models, Yukawa couplings also have to be specified, and here again, in
general, this phase will play a réle. This very special situation arises from the fact
that wg = 0 thus eliminating all terms in the minimisation conditions proportional
to A7. This raises the question of what fixes this phase.

e C-III-f,g are discussed above together with C-III-b, CP is not spontaneously violated.

e [t is clear from this discussion that, in general, C-III-h can violate CP and as we can
see from table 3 the phase is determined by parameters of the potential.

e For C-III-i we can verify eq. (8.3) in the reducible representation framework with
U acting as a permutation between the two vevs with modulus y and there is no
spontaneous CP violation.

e Solution C-IV-a is in fact real, as discussed in section 5, since it requires Ay and A7
to be zero and therefore CP is not violated.

e C-IV-b is discussed above together with C-III-b, CP is not spontaneously violated.

e For C-IV-c the reasoning is similar to the one in case C-IIl-c; as a result eq. (8.3) is
not verified and CP can be violated.

e For C-IV-d again Ay and A7 must be zero and the same reasoning followed for C-IV-a
leads to the conclusion that CP is not violated.

e Solution C-IV-e requires Ay = 0, the extra symmetry acquired by the potential is not
sufficient for eq. (8.3) to be obeyed and CP can be violated.

e For C-IV-f there is no symmetry of the potential allowing to verify eq. (8.3) and
therefore CP can be violated.

e Solution C-V looks like the most general case but the constraints imposed on the
parameters of the potential make it equivalent to a real set of vacua as discussed in
section 5, so that there is no spontaneous CP violation.

The PS vacuum specified by eq. (5.10) requires Ay = 0 and therefore there is symmetry
under the interchange of the components of the S3 doublet. As a result, it is possible to
verify eq. (8.3) and CP is conserved, even when it falls into case C-IV-e, because it then
requires oo = —07.

— 24 —



Vacuum | Ay | SCPV | Vacuum | A4 | SCPV | Vacuum | \y | SCPV
C-lI-a X no C-lll-fg | 0 no C-IV-c | X yes
C-lll-a | X yes C-IlI-h | X yes C-Iv-d | O no
C-III-b | 0 no CIIlHi | X no C-IV-e | 0 yes
C-ll-c | O yes C-IV-a | O no C-Iv-f | X yes
C-Ill-d,e | X no C-IV-b | 0 no C-V 0 no

Table 6. Spontaneous CP violation.

The IN vacuum specified by eq. (5.11) also requires \y = 0. It is clear from the
previous discussion that this solution does not lead to spontaneous CP violation. In fact,
from egs. (5.14) and (5.15) it is clear that the allowed region of parameter space where this
solution minimises the potential is such that either the phase o can be rotated away and
therefore is not physical (IN-b) or it is fixed as £7/2 (IN-a) falling into one of the cases
C-ITI-f or C-I1I-g which were already discussed above.

We summarise these cases in table 6. In this table, we also indicate whether or not A4
is equal to zero. There are cases where CP can be violated, also with Ay = 0. The only
case where spontaneous CP violation is possible in principle, and there is no real limit (see
section 6), is C-IV-e.

9 Dark matter

Multi-Higgs models may provide viable Dark Matter candidates in the form of one or more
inert scalars. This idea was first proposed in the context of two-Higgs-doublet models. The
extra doublet is odd under an unbroken Z, symmetry and as a result the lightest member is
stable [15, 16]. Different implementations of this idea have been discussed in the literature
in different contexts [40-54].

Inert dark matter has also been studied in the context of three-Higgs-doublet models
without an S3 symmetry [55-57]. Models with three Higgs doublets have a richer phe-
nomenology than those with only two. A strong motivation for such an extension is the
possibility of having CP violation in the scalar sector [55, 56]. In these models dark matter
is also stabilised via a Zs symmetry.

Dark matter has been proposed within S3-symmetric models, exploiting fields that get
a vanishing vev. Models of this kind include those where the singlet plays the réle of the
SM Higgs, whereas the S5 doublet provides dark matter [58-60]. An alternative way to
embed dark matter could be to have the S5 singlet as inert in a solution where it has a
zero vev, such as C-III-c. For the C-III-c solution a specific example would correspond to
the following S35 representation assignments for the quarks:

Quw: (2,1), wgr: (2,1), dmw: (2,1). (9.1)

In order to prevent hg from coupling to the quarks we would need an additional Z, symme-
try under which hg — —hg and all other fields remain invariant. The form for the fermion
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mass matrices would be
—awi aws bwy

awy awi bws |, (9.2)
cwp cwy 0

with a different set of coefficients (a, b, ¢) for the up and down quark sector. Since solution
C-ITl-c requires A4 to vanish, no term in the potential will break this Z, symmetry. The
C-ITI-¢ vacuum breaks spontaneously the SO(2) symmetry obtained from having Ay = 0,
therefore, one way to obtain a realistic scalar spectrum is to include the additional soft
breaking term given by eq. (7.2). This has significant consequences for the solution of the
new minimisation conditions. The vacuum transforms into:

(e, 1,0), (9.3)

ith
W 1,1 1

COSO = ——V E——
4 12)2)\24-/\37

for a well defined region of parameter space. This was obtained by requiring wg = 0 and

(9.4)

A4 = 0, but relaxing the condition Ay + A3 = 0. This solution violates CP spontaneously
since the potential no longer has symmetry under the interchange of hy and ho. At this
stage, this should be seen as a toy model. A full analysis of possible realistic implementa-
tions generating the observed fermion masses and mixing is beyond the scope of this paper.

10 Concluding remarks

The S3-symmetric potential, with three doublets, is specified in terms of 10 parameters.
It can accommodate 2 charged Higgs pairs and 5 neutral ones. If their masses were to be
specified freely, one would need 7 parameters, leaving 10—7 = 3 “free”. On the other hand,
if we consider an arbitrary vacuum, then 5 minimisation conditions have to be satisfied,
determining 5 parameters. This mis-match illustrates that the spectrum can not be chosen
freely, it will be constrained. Alternatively, one might pick a vacuum for which not all 5
minimisation conditions are independent. This would be the case, for example, when one
vev vanishes.

Residual symmetries of the potential after spontaneous symmetry breaking play a very
important role in constraining the possibility of having spontaneous CP violation [21, 22,
64]. In ref. [21] it is proved that real vacua of S3 symmetric 3HDM always preserve an
So symmetry, whilst constraints on complex-valued minima are much less severe and there
are complex minima which totally break the S3 symmetry.

The transition from real to complex vacua is not trivial. Our work is done in the context
of explicit CP conservation. Table 1 illustrates a point that had already been emphasized
in ref. [21], which is that for real vacua, in the reducible representation framework, without
imposing a condition equivalent to Ay = 0, the only allowed solutions with all three vevs
different from each other are (x, —x,0) and their permutations. This is the reason why real
vacua always preserve an So symmetry. Complex vacua, on the other hand, can evade this
restriction as can be seen, for example, from solution C-IV-f.
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In this work we focused our attention on the study of the scalar potential. The first
necessary step to render such models realistic is to specify how the fermions transform
under S3 and how to generate a realistic CKM matrix [61, 62] (see also ref. [63]).
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A Converting between the two frameworks

The potentials in the reducible-representation framework, eqs. (2.9), and the irreducible-
representation framework, eqgs. (2.10), are related as follows:

2\ 1(-2 2\ (A
(9)-:(2%)C) =

A1 4 4 1 1 —41 =21 A
Ao 30 0 -11 0 1 0 —1] C
A3 2 -1 2 2 —-2-12 -1 C
M| 1 [V —2-2-2-11 1 1] D (A.2)
A5 12 24 4 —2-22 21 =2]||E |’ '
6 24 -2 4 -2 2 1 —2-2]| | E;
A7 4 —2-24 2 —2-21 E3
g 411 1 1 2 1 1 1] E,

with the inverse

2

()= () ()

A 4 0 4 42 2 2 4 1\ (M
C 24 0 -2 -2v2 2 -1 -21]| [
C 21 =3 4 —-2v2 -1 2 —21]| [ s
D| 1|21 3 4 -2v2-1-1 4 11|\ (A4)
Ei|l 9240 -4 -v2 1 1 21 [ | 25 '
Ey 22 6 —4 2v2 -2 1 —4 21 | | X6
E5 204 0 8 2v2 1 —2-42]| | X\
E, 41 =3 -2 V2 —1-1 1 1)) \\)g
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B Positivity

Das and Dey [24] have discussed necessary positivity conditions. Here, we discuss necessary
and sufficient positivity conditions, following the approach of refs. [55, 65]. In the general
case, these are rather involved. However, for the case of \y = 0, they can be expressed in

explicit form.

B.1 General formulation

We start by rewriting the Higgs SU(2) doublets as:

hi = [|hallhi, i=1,2,5, (B.1)

where ||h;|| are the norms of the spinors, and h; are unit spinors. We let the norms of
eq. (B.1) be parametrised as follows:

||h1]| = 7 cosysin 6, ||he|| = rsinysin 6, ||hs|| = rcosb. (B.2)

The complex product between two different unit spinors will be a complex number with
modulus less than or equal to unity, i.e.

ﬁ; hy = p3ei93, iLg hy = plewl, iLJ{ . iLS = ,026“92. (B.3)

5

Using this parametrisation,” we can write:

hJ{hl =r?cos? ysin? 6, h;hg = r2sin% vy sin? 6, hghg =r?cos?0,
h;hl = 12 cos v sin v sin? Opse™®, h; hy = 12 cos~y sin v sin” Opze %,
hghg = r2 sinsin 6 cos leewl , h£h5 = 2 sin sin 6 cos 9p16_i91 ,
h}r hs = 12 cos vy sin 0 cos Opae’®? hghl = 12 cos v sin 0 cos Opae 2, (B.4)
where > 0, v € [0,7/2], 0 € [0,7/2], p; € [0,1] and 0; € [0, 27).
The potential can now be written as
_ 4 2
V =r*Vy +r°Vs, (B.5)
with only the quartic, Vj, part relevant for positivity:
Vi=MA1 + XoAg + AgAz + MAs + A5 A5 + AgAg + A7 A7 + AgAs, (Bﬁ)

®Note that this parametrisation is unrelated to that used in the body of the paper. In particular, p1, p2
and ps do not here refer to the vacuum expectation values.
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where

Ay =sint0, (B.7)
Ay = —4p3 sin? O3 sin”  cos® v sin’ 6, (B.8)
Az = [cos4 v —2cos? ysin? y + sin? v 4 2p2(1 4 cos 263) cos? 7 sin? 'y] sin 0, (B.9)
Ay = 2 [2paps cos B cos b3 cos? vy 4 p1 cos 0y (cos v — sin? 7)] sin~y cos 6 sin®6,  (B.10)
As = cos® fsin? 6, (B.11)
Ag = (p3sin® y + p3 cos® v) cos® O sin’ 0, (B.12)
A7 = 2(p? cos 261 sin® y + p3 cos 205 cos® ) cos® O sin? 6, (B.13)
Ag = cost 6. (B.14)
The positivity condition is then
Vy >0, forall,~,p1,ps,ps, 01,0203 (B.15)

An alternative formulation of the positivity conditions has been given in terms of bilin-
ears [66].

B.2 The necessary conditions of Das and Dey

In eq. (4) of Das and Dey [24], they have listed seven necessary (but not sufficient) condi-
tions for positivity. They can be reproduced by looking at the boundaries in 8- space.

B.21 6=0
Vi@ =0)>0= Xg >0, (B.16)

which is eq. (4b) of Das and Dey.

B.2.2 ~=0
Vi(y =0) > 0= (A + A\3)sin® 0+ [As + pa( X + 2\7 cos 265)] sin? @ cos? §+\g cos® 6 > 0.

Minimising this with respect to 62 we get
(A1 4+ Az)sin? 0 4+ [Xs + p3(X6 — 2|A7])] sin® 0 cos® O + Ag cos™ § > 0.
Minimising this with respect to p2 we get
(AL + A3)sin? 6 4 [A5 + min(0, \g — 2|A7])] sin? 6 cos? @ + Ag cos® 6 > 0.

This can be treated in the same way as was done in the 2HDM [65], and is equivalent to
the three conditions:

A+ 23>0, Ag>0, As+min(0, s —2|A7]) > —2+/(A1 + A3) As. (B.17)

These are equivalent to egs. (4b), (4c), (4e) and (4f) of Das and Dey.
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B.2.3 0 =m/2

Va0 =7/2) > 0= (A + A\3) cos’ vy
+2{(A\1 = A3) + p3[(A3 — X2) + (A2 + A3) cos 2605]} cos? v sin® y
+ (A1 + A3)sinty > 0.

Minimising this with respect to 03 we get

(A1 + Az) cos? v+ 2{(A\1 — A3) + p3[(A3 — A2) — | A2 + A3|]} cos? ysin?
+ (A1 + A3) sin*~y > 0,

or

(AL + A3) costy + 2 (A —A3) + 202 min(—\s, A3)] cos? ysin? v
+ (A1 + A3)sin 4 > 0.

Minimising this with respect to p3 we get

(AL 4 A3) cos?y + 2[(A\1 — A3) 4+ 2min(0, — g, A3)] cos? ysin? y
+ (A1 + A3) Sin4’y > 0.

This can be treated in the same way as in ref. [65], and is equivalent to the two conditions:
AL+ 23>0, A — A3+ 2min(0, —A2, A3) > —|A1 + A3 (B.18)

These are equivalent to
MAA3>0, A >0, A —2A2>0. (B.19)

The combination of these three inequalities is equivalent to the combination of (4a), (4c)
and (4d) of Das and Dey.

B.24 ~=m/2
Va(y =7/2) > 0= (A + A3)sin® § — 2\4p; cos 0; cos fsin® 6
+ (X5 + p3( X6 + 2\7 cos 261)) cos® O sin® 6 4 Agcos? @ > 0.

The A\s-term of this expression complicates matters due to the factor cos §sin® . This has
not been completely solved. We can, however, reproduce (4g) of Das and Dey by putting
p1=1,0=mx/4 and 0; = 0 and 6, = 7, respectively. This gives us

MAA3 =204+ A5+ X +2XA 7+ Ag >0 and A+ A3+ 2 4+ A5+ Xg + 27+ Ag > 0,

which combine into eq. (4g) of Das and Dey.

— 30 —



B.3 Positivity for models with Ay, =0

If we put Ay = 0, we get

Vi=[(M+ A3)(cost v + sin v)
+2(A1 = Az + p3(A3 — A2 + (A2 + A3) cos 203)) cos® v sin® y] sin 0
+ [)\5 + pg()\g + 27 cos 269) cos?y + p%()\g; + 27 cos 267) sin? 7] sin® 6 cos® 6
+ Agcos? 6 > 0. (B.20)

We minimise this with respect to 01, 62 and 03 to get

Vi = [(A1 + A3)(cos v + sin? 7)
+2(A1 — A3 + 205 min(—Xa, A3)) cos® y sin? 7] sin @
+ [As + p5( X6 — 2| A7) cos® v + pT(Ag — 2|A7|) sin® ] sin® O cos? 6
+ Agcos? 6 > 0. (B.21)

Next, we minimise this with respect to p1, p2 and ps3 to get

Vi=[(\+ A3)(cost v + sin? )
+2(A1 — Az 4+ min(0, —2Xs, 2X3)) cos® v sin® 7] sin® 4
+ [As5 + min(0, Ag — 2|A7|)] sin? 6 cos? 6
+ Agcos? > 0. (B.22)

First we consider the boundaries in vy6-plane:

B.31 6=0
Like in the previous section, this leads to
Ag > 0. (B.23)
B32 ~=0
Like in the previous section, this leads to
A +A3>0, Ag>0, As+min(0, g —2|A7]) > —24/(A1 + A3)As. (B.24)

B.3.3 0 =m/2

Like in the previous section, this leads to
AM+A3>0, A1 >0, A1 —X>0. (B.25)

B34 ~=m/2
(AL 4+ A3)sin? 6 4 (A5 + min(0, \g — 2|A7])) cos® fsin? @ + Ag cos? 6 > 0,

Like in the previous section, this leads to

A+ A3>0, Ag>0, As+min(0, g —2|A7]) > —24/(A1 + A3) As. (B.26)
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B.3.5 Interior points in the 6-+ plane

Minimising (B.22) with respect to v we find (surprisingly) that the only possibility for an
interior minimum occurs when v = 7/4. Substituting this value of ~ into (B.22) we get

Vi = [A1 4 min(0, =\, A3)] sin® 0
+ [As + min(0, A\g — 2|A7])] sin® O cos? O + Ag cos* § > 0. (B.27)
Like in the previous section, this leads to

/\1+min(0, —)\2,)\3) >0, Ag>0, )\5—|—min(0, )\6_2‘)\7” > —2\/()\1+min(0, —/\2,)\3))/\8.
(B.28)

or explicitly
AM >0, A —XA2>0, A+A3>0, Xg>0,
A5 + min(0, As — 2|A7]) > —2¢/ A1 s,
As +min(0, \g — 2|A7]) > —2¢/(A1 — X2)As,
As +min(0, \g — 2|A7]) > —2¢/(A1 + A3)As. (B.29)

C Minimisation conditions in terms of moduli and phases

Here, we present explicit results for the derivatives of the potential (the minimisation
conditions) in terms of moduli of the vevs, and their phases.
C.1 Conditions in the reducible-representation framework
In the notation of equation (3.6),
(p1,p2,p3) = (V1€ ™, v2€"™ v3e'™), (C.1)

the derivatives with respect to moduli and phases can be written as
oV

1 1 —
o = — v + 37 [vg cos(Ta — 71) 4 vz cos(11 — 73)] + Avi + 5(0 + C)vy(v3 + v2)
1

1
+ = Duy [v3 cos(2m — 271) + v] cos(27y — 273)]
+ -FE [(31}%1}2 + v%) cos(my — 71) + (31}%1}3 + vg’) cos(m — 73)] (C.2)

+ = (B3 + E3)vaus [2v1 cos(T3 — o) + vg cos(T1 — T3) + v3 cos(ma — 71)]

i e el

+ = E4v9vs [2v1 cos(Ta+T3 — 271) +vg cos(2m0 — 11 — 73) w3 cos(T1+72 — 273)] = 0,

8—‘/—} vy [ve sin(Te — 71) — v sin(m — 73)]
871_271 2 2 1 3 1 3

1
+ §Dv% [v% sin(27 — 27) — v2sin(27] — 273)]

1 . .
+ ZElUl [(vg’ + v3vg) sin(my — 71) — (V3 4 v30?) sin(my — 73)] (C.3)
1

— Z(EQ —+ Eg)vl’t)gvg [1)2 Sin(Tl — 7'3) — VU3 SiIl(TQ — 7'1)]

W

1
+ 1E4v1v2v3 [2v1 sin(To+T3 — 271) —ve sin(m — 272 +73) —vg sin(Ty +72 — 273)] = 0,
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with OV/0va, OV /Ovs, OV /O, and OV /I73 given by cyclic permutations of the indices 1,
2 and 3.

C.2 Conditions in the irreducible-representation framework

We choose wg real and parametrise the complex wy and ws in terms of moduli and phases:
(wy, wo, wg) = (W1€", Wee'?, Wg). (C4)

Then the derivatives with respect to moduli can be written as

ov
<87i)> = iy 4+ Ay (03 +103) + Aoty 03 [cos (201 — 209 ) — 1]+ Mgy [10F 4103 cos(201 —2072)]
/o

1
+A4@1@2@5[COS(201 —(72) +2 cos 02] +§(A5+A6)1ﬂ1w%+)\7w11ﬂ§ cos 207, (05)

ov . NPT IE 9. e N
(812} > = 13y + Ao (03 +103) + Aotb g [cos(20) — 200) — 1]+ Azt [0 cos (201 —20) +103]
2/0

Ao . . 1 o .
+ ?4105 [1? cos(201 —a9) + (210% — 3b3) cos o] + 5 (A5 Ng ) Woth + Aptboth % cos 2072,
(C.6)
ov V! 9 . 1 IO A
<87115> —u8w5+ 5 0 1o [10? cos (201 — o)+ (2103 —2) cos o]+ §(A5+/\6)(w%+w%)ws
+ A\t cos 201 103 cos 209] + A3, (C.7)
and those with respect to angles as
ov B2 A2 N ~282
8— —(Ag + A3)wiib3 sin(201 — 209) — M abotbs sin(201 — 09) — A% sin 2071,
g1
(C.8)

ov \
<802> = (Ao 4 A3)3b3 sin(207 — 209) + ?4711212)5[@% sin(201 — 09) — (207 — W3) sin o]
— Aqb3i? sin 207. (C.9)

When we add the soft term discussed in section 7, these derivatives get modified as

follows:
;Z _ ( §V1>0 + i cos(or — o), (C.10)
SZ _ ( gv)o + i cos(or — o), (C.11)
355 = (05 o
gavl = <801>0 — %1/222)111)2 sin(oy — o9), (C.13)
gavz B (i)o * %”2“71% sin(o — o). (C.14)
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